Multiple Choice Questions
1. If @ = 8%3, b= 16% and ¢ = 64?7, then which of the following inequalities is true?

(Aye>b>c (B)e>b>a (C)b>a>c (D)b>c>a (E)c>a>h

9. If a, b, ¢ are real numbers such that |a — b =1, |b—¢|/ =1, |¢ — a| = 2 and abc = 60, find
a b c 1 1 1

the value of P o e s e )
be ca ab a b ¢
(A) - (B) ! (C) L D) 1 (E) None of the ab
- B0 = e == 3 e ove
30 20 10 W) " Hha

3. If z is a complex number satisfying z* + = + 1 = 0, what is the value of 29 450 4 23 4
x52 4 2587

A 1 ® -5 © 0

4, In ANABC, ZACB = 36° and the interior angle bisectors of ZCAB and ZABC intersect
at P. Find ZAPB.

G
4

(A) T72° (B) 108° (C) 126° (D) 136° (E) None of the above

5. Find the number of integer pairs z,y such that zy — 3z + 5y = 0.

(A) 1 (B) 2 (C 4 (D)8 (E) 16

6. Five young ladies were seated around a circular table. Miss Ong was sitting between Miss
Lim and Miss Mak. Ellie was sitting between Cindy and Miss Nai. Miss Lim was between
Ellie and Amy. Lastly, Beatrice was seated with Miss Poh on her left and Miss Mak on

her right. What is Daisy’s surname?

(A) Lim (B) Mak (C) Nai (D) Ong (E) Poh




7. Given that ABC is a triangle with D being the midpoint of AC and E a point on CB
such that CE = 2EB. If AE and BD intersect at point F' and the area of AAFB = 1
unit, find the area of AABC.

C

@ s ® 3 © 5 O4 ®

8. ABCD is a square with sides 8 cm. M is a point on C'B such that CA =2 cm. If N is a
variable point on the diagonal DB, find the least value of CN + MN.

M

(A) 8 (B) 6v2 (C) 10 (D) 8v2 (B) 12

9. ABCD is a rectangle whose diagonals intersect at point . E is a point on AB such that
CE bisects #ZBCD. If ZACE = 15°, find ZBOE.

c D

(A) 60°  (B) 65° (C) 70° (D) 75° (E) 80°

10. Let S be the smallest positive multiple of 15, that comprises exactly 3k digits with &k ‘0’s,
F'3's and £ ‘8’s. Find the remainder when S is divided by 11.

(A) 0 (B) 3 (C)5 (D 6 (E) &



Short Questions

11,

T2.

13.

14.

16.

17.

Find the value of +/99992 4 19999.

If the graphs of y = 22 4+ 2ar + 6b and y = z° 4+ 2bx + Ba intersect at only one point n the
xy-plane, what is the z-coordinate of the point of intersection?

Find the number of multiples of 11 in the sequence 99,100, 101,102, -+ ,20130.

In the figure below, BAD, BCE, ACF and DEF are straight lines. It is given that
BA=BC, AD=AF, EB=FD. If /BED = z°, find the value of .

B

CIfa=1.69,b=173and c = 0.48, find the value of

1 2 1
a2—mac—ab+bc+bz—ab—bc+ac+cﬁ—ac—bc+ab'

Suppose that x1 and xy are the two roots of the equation (x — 2)? = 3(z + 5). What is
the value of the expression z129 + o7 + £37

Let ABCD be a square and X and Y be points such that the lengths of XY, AX and
m
AY are 6, 8 and 10 respectively. The area of ABCD can be expressed as — units where
1
m and n are positive integers without common factors. Find the value of m +n.

A B




18.

19.

21.

22

Let = and y be real numbers satisfying the inequality
5$2+y274xy+24 < 10z — 1.

Find the value of 2% + 3*.

A painting job can be completed by Team A alone in 2.5 hours or by Team B alone in 75
minutes. On one occasion, after Team A had completed a fraction ™ of the job, Team B
took over immediately. The whole painting job was completed in 1.5 hours. If m and n

are positive integers with no common factors, find the value of m + n.

b b 1 1
. Let a.b and ¢ be real numbers such that TP =, O, P . Find the
a+b 3 b+c 4 c+a B
24abc
value of ————.
ab + be + ca
Let 1 and 22 be two real numbers that satisfy @25 = 2013, What is the minimum value

of (.E1 -+ 5'32)2?

Find the value of /45 — /2000 + /45 + /2000.

. Find the smallest positive integer & such that (k — 10)4026 > 20132013

. Let a and b be two real numbers. If the equation az + (b — 3) = (5a — 1)z + 3b has more

than one solution, what is the value of 100a + 457

. Let S ={1,2,3,...,48,49}. What is the maximum value of n such that it is possible to

select n numbers from § and arrange them in a circle in such a way that the product of
any two adjacent numbers in the circle is less than 1007

. Given any 4-digit positive integer & not ending in ‘0°, we can reverse the digits to obtain

another 4-digit integer y. For example if @ is 1234 then y is 4321. How many possible
4-digit integers x are there if y — z = 31777

- Find the least positive integer n such that 2% 4+ 21 4 27 is a perfect square.

. How many 4-digit positive multiples of 4 can be formed from the digits 0.1, 2,3, 4, 5.6 such

that each digit appears without repetition?

. Let m and n be two positive integers that satisly

mo 1 L 1 " 1 & 4 1
n  10x12 12x14 14 x 16 2012 x 2014

Find the smallest possible value of m + n.



30.

31,

33.

34.

35.

Find the units digit of 2013" + 20132 + 20133 + - . 4 20132013,

In AABC, DC = 2BD, ZABC = 45° and Z/ADC = 60°. Find ZACB in degrees.

A

45° 60°

. If @ and b are positive integers such that a2 +2ab— 36> —41 = 0, find the value of a® + b%.

Evaluate the following sum

o 81 8 8 B B 81 5 -

up to the 2013 term.

What is the smallest possible integer value of n such that the following statement is always
true?

In any group of 2n — 10 persons, there are always at least 10 persons who have the same
birthdays.

(For this question, you may assume that there are exactly 365 different possible birthdays.)

What is the smallest positive integer n, where n # 11, such that the highest common
factor of n — 11 and 3n + 20 is greater than 17
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1. Answer: (D)

First note that ¢ = (82)%7 = 8% o we see that ¢ > q. Next, b = (42)41 = 482 5pnd
¢ = (4%)%" = 481, Therefore we have b > . Consequently b > ¢ > q.

2. Answer: (B)

a b c 1 1 l_a2+b2+czﬁbc—ca—ab

be ca ab a b ¢ abe
_(a2—2ab+bz)+(bz—25c+02)+(c2—2ca+a2)
a 2abe
_(a=02+(b-c)?+(c—a)? -
a 2abe
_1P1r4+22 g
1200 20

3. Answer: (A)

$3

Note that 22 + 2 +1 =

—1
; ;80 22 4+ 2+ 1 = 0 implies that 2% =1and z # 1. Now

749 4 g0 4 51 | 82, 58 _ %1+ 2+ %) + 25z 4 o)
=¥ % 0+ (@)1 (-1)
=17 x (1) =-1.

4. Answer: (B)

Let ZCAB =z and ZABC =y. Then = + y = 180° — 36° = 144°,
Now ZAPB =180° — LY — 108°.

5. Answer: (D)

Ty — 3z + 5y = 0 is equivalent to (z + 5)(y — 3) = —15.
If 245 =aand y—3 = b, then there are e

ght distinct pairs of integers a, b (counting
signs) such that ab = —15.




6.

10.

Answer: (B)

Beatrice, being between Miss Poh and Miss Mak cannot be Miss Ong who was between
Miss Lim and Miss Mak. This means that we have in order from the left, Miss Poh,
Beatrice, Miss Mak, Miss Ong and Miss Lim. So Beatrice must be Miss Nai. Since Ellie
was beside Miss Nai and also besides Miss Lim, she must be Miss Poh. This implies Cindy
is Miss Lim and Amy was Miss Ong leaving Daisy as Miss Mak.

. Answer: (D)

Construct a line joining C and F. Then using [XY Z] to denote the area of AXY Z, we
know that [ADF] = [DCF]| = z and if [BFE] = z, then [FCE] = 2z.

Furthermore, we have [ADB] = [DCB]ie. z+1=12+3z,80 z = 3.
Also, 2 X [AEB| = [ACE]ie 2+2z=2z+2z,502=1.
In conclusion, [ABC] = 1 + 2z + 3z = 4 units.

. Answer: (C)

Join A to N. By symmetry, AN + NM = MN + CN, and the least value occurs when
AN DM is a straight line. Thus the least value is

VAB? + BM? = /82 + 62 = 10.

. Answer: (D)

Since C'F bisects £/ BCD, Z/BCE = 45°, Thus /CERB = 45° also and ACBE is isosceles.
Therefore BC = BE.

Now £ BCO = 45° + 15° = 60°. As CO = BO, we conclude that ACODB is equilateral.
Thus BC = BO = BE giving us an isosceles triangle OBE. Since ZOBE = 30°, thus
/BOE = 75°.

Answer: (D)

S being a multiple of 5 and 3 must end with ‘0’ and has the sum of digits divisible by
3. Since 3 + 8 = 11, the smallest positive k such that & x 11 is divisible by 3 is 3. Thus
S = 300338880 and the remainder is

0—8+8—-843-340-0+43=-5=6 (mod11).




Short Questions

11. Answer: 10000
V99992 + 19999 = /99992 + 2 x 9999 + 1 = \/(9999 + 1) = 10000.

12, Answer: 3
Let (@, 8) be the point of intersection of the two graphs. Then

B =a?+ 2aa + 6b = o + 2ba + 6a.

It follows that 2(a —b)a = 6(a—b). Since the two graphs intersect at only one point, we see
that a — b # 0 (otherwise the two graphs coincide and would have infinitely many points
of intersection). Consequently 2« = 6, and hence a = 3.

13. Answer: 1822

The the number of multiples of 11 in the sequence 1,2,...,n is equal to l15)- Thus the

2{11130J — l%J = 1830 — 8 = 1822.

answer to this question is [ R

14. Answer: 108

Let ZABC = a and /BAC = §. Since BA = BC, we have /BCA = /BAC = 8. As
EB = ED, it follows that ZEDB = /EBD = /ABC = «. Then ZAFD = /ADF =
ZEDB = o since AD = AF. Note that ZDAF = 180° — 8. In AABC, we have
a+ 28 = 180°; and in AADF, we have 2o + 180° — 8 = 180°. From the two equations,
we obtain a = 36°. By considering ABDE, we obtain = = 180° — 2a = 108°.

15. Answer: 20

1 2 1

aﬂ—ac—ab+bc+b2—ab—bc+ac+cz—ac—bc—l-ab
~ 1 2 1
"G00 B-apb-9 D=
_c—=b—=2(c—a)-(a—1b)
a (a=b)(b—c)(c—a)

—1

BRI R

16. Answer: 60

The equation (z —2) = 3(z + 5) is equivalent to z2 — 7z — 11 = 0. Thus z; + xzp =7 and
r129 = —11. So

T1Ts + 23 + :r% = (z1+22)2 — 2129 =T% - (—11) = 60.




17

18.

19.

20.

21.

Answer: 1041

Let the length of the side be s. Observe that since 6% + 8 = 10* so ZAXY = 90°. This
3 AB

allows us to see that AABX is similar to AXCY. Thus SR, i L s

Xy XC'" 6 s-BX
Solving this equation gives s = 4BX and we can then compute that

82 — AB? + BX? =16BX”>+ BX>

4 1024
So BX=—8— and s = 16 x 6—=;. Thus m +n = 1041.

V17 17 15

Answer: 125
The inequality is equivalent to
(z—5)%+ 2z —-y)*<0.

Thus we must have (z —5) = 0 and (2x — y) = 0, hence 22 + 4% = 52 + 10?7 = 125.

Answer: 6

Suppose Team B spent ¢ minutes on the job. Then

mt_+9()—t#1
75 150

Thus t = 60 minutes and so Team A completed % = % of the job. So m +n = 6.

Answer: 4
Taking reciprocals, we find that % + % =3, % Ea % =4 and % + % = 5. Sumuming the three

equations, we get
1 1 1 - be ,
12=2(-+=-+= g O EE
b ¢ abc

24abc

Hence ——m— =
ab + be + ca

Answer; 8052

(z1+ 22)% = (21 — 22)® + dz172 > 0+ 4 x 2013 = 8052.
If £; = x2 = /2013, then (z; + -;cj)z = 8052.

; Ans{ver: 10

Let 21 = \/45 — /2000 and o = /45 + v/2000. Then 7 + 23 = 90 and
TiZ = \/(45 — /2000)(45 + v/2000) = /452 — 2000 = v/25 = 5.

Thus
(z1 + )% = 25 + 3 + 22122 = 100.

As both z7 and z» are positive, we have z1 + z2 = 10.

10




2

o
[$3}

[S]

=1

4.

. Answer: 55

(k — 10)%26 = ((k — 10)?)2913 > 2013213 is equivalent to to (k — 10)% > 2013. As k — 10
is an integer and 44% < 2013 < 452, the minimum value of k — 10 is 45, and thus the
minimum value of & is 55.

Answer: 19

Rearranging the terms of the equation, we obtain
(1-4a)z=2b-+3.

Since the equation has more than one solution (i.e., infinitely many solutions), we must

1 3
have 1 —4da =0 and 2b+ 3 = 0. Therefore a = 7 and b= 5 Consequently, 100a + 4b =
19. -

Answer: 18

First note that the product of any two different 2-digit numbers is greater than 100. Thus
if a 2-digit number is chosen, then the two numbers adjacent to it in the circle must be
single-digit numbers. Note that at most nine single-digit numbers can be chosen from S,
and no matter how these nine numbers 1,2, ..., 9 are arranged in the circle, there is at

most one 2-digit number in between them. Hence it follows that n < 18. Now the following
arrangement "
1,49,2,33,3,24,4,19,5,16,6,14,7,12,8,11,9.10,1

shows that n > 18. Consequently we conclude that the maximum value of n is 18.

Answer: 48
Let # = abed and y = deba where a,d s 0. Then

y—ax=1000xd—d+100xc—10xc+10xb—100 x b+ a — 1000 x a -
=999(d —a) + 90(c—b) =9 (111(d — a) + 10(c — b)) .

So we have 111(d — a) + 10(¢ — b) = 353. Consider the remainder modulo 10, we obtain
d — a = 3, which implies that ¢ — b = 2. Thus the values of a and b determines the values
of d and ¢ respectively.

a can take on any value from 1 to 6, and b can take any value from 0 to 7, giving 6 x 8 = 48
choices.

Answer: 12
Let 25 4+ 211 4 27 — 12 and so
2" = m? — 2%(1 4 8) = (m — 48)(m + 48).
If we let 28 = m + 48, then 2% = m — 48 and we have
2k — 2"k = gnR(9?hn 1) = 96 = 2° x 3.

This means that n —k =5 and 2k — n = 2, giving us n = 12.

11



28. Answer: 208

Note that a positive integer k is a multiple of 4 if and only if the number formed by the

last two digits of k& (in the same order) is a multiple of 4, There are 12 possible multiples

of 4 that can be formed from the digits 0,1, 2, 3,4, 5, 6 without repetition, namely
20,40,60,12, 32, 52,04, 24,64, 16, 36, 56.

If O appears in the last two digits, there are 5 choices for the first digit and 4 choices for
the second digit. But if 0 does not appear, there are 4 choices for the first digit and also

4 choices for the second digit. Total number is
475 x448x4x4=208.

29. Answer: 10571

100() Mlﬂb

E 4ZM+1) 4ZA~ P
_ ( 1
N 5 1007
_ 501
~ 10070

Since ged(501,10070) = 1, we have m +n = 10571

+20139°13 i5 equal to the units

30. Answer: 3
Note that the units digit of 2013' + 20132 + 20133

digit of the following number
: 3_013

3t LBt gty
i 32013

Since 32 = 9,3% = 27,3% = 81, the units digits of the sequence of 31,32 3% 3%,

are
3,9,7,1,3,9,71,---,3,9,7,1,3.

N

2012 numbers

Furthermore the sum 3+ 9+ 7 4+ 1 does not contribute to the units digit, so the answer is

3.

12



31.

Answer: 73

Construct a point M on AD so that CM is perpendicular to AD. Join B and M.

Since ZADC = 60°, ZMCD = 30°. As sin30° = %, g0 2M DD = DC'. This means that
BD =MD and AMDBE is isosceles. It follows that ZMBD = 30° and ZABM = 15°.
We further observe that AMBC is also isosceles and thus M B = MC.

Now £BAM = /BMD — ZABM = 15°, giving us vet another isosceles triangle ABAM.
We now have MC = MB = MA, so AAMC' is also isosceles. This allows us to calculate
SACM = 45° and finally ZACB = 30° + 45° = 75°.

2. Answer: 221

We have a®+2ab—3b* = (a—b)(a+3b) = 41. Since 41 is a prime number, and a—b < a+3b,
we have a — b = 1 and a + 30 = 41. Solving the simultaneous equations gives a = 11 and
b= 10. Hence a? + b* = 221.

Answer: 62
We first note that for 1 <7 <k, |z] =0 and L%j = 1. The total number of terms up to

| & is given by %.-"V(!\“r + 1), and we have the inequality

N
@%@ = 1953 < 2013 < 2016 = 63(‘)64).

So the 2013 term is L%j and the sum up to this term is just 62.

34. Answer: 1648

By the pigeonhole principle in any group of 365 x 9+ 1 = 3286 persons, there must be at
least 10 persons who share the same birthday.

Hence solving 2n — 10 > 3286 gives n > 1648. Thus the smallest possible n is 1648 since
2 % 1647 — 10 = 3284 < 365 « 9, and it is possible for each of the 365 different birthdays
to be shared by at most 9 persons.

35, Answer: 64

Let d > 1 be the highest common factor of n — 11 and 3n + 20. Then d | (n — 11) and
d| (3n+20). Thus d | [3n+ 20 — 3(n — 11)], i.e., d | 53. Since 53 is a prime and d > 1, it
follows that d = 53. Therefore n—11 = 53k, where k is a positive integer, so n = 53k +11.
Note that for any &, 3n+20 is a multiple of 53 since 3n+20 = 3(53k+11)4+20 = 53(3k+1).
Hence n = 64 (when k = 1) is the smallest positive integer such that HCF(n—11, 3n+20) >

13




Singapore Mathematical Society

Singapore Mathematical Olympiad (SMO) 2013

(Junior Section, Round 2)

Saturday, 29 June 2013 0930-1230

1. Let a < b < ¢ < d < e be real numbers. Among the 10 sums of the pairs of these
numbers, the least three are 32, 36 and 37 while the largest two are 48 and 51.
Find all possible values of e.

2. In the triangle ABC, points D, E, F are on the sides BC, CA and AB respectively
such that F'E is parallel to BC and DF is parallel to CA. Let P be the intersection
of BE and DF, and @ the intersection of FE and AD. Prove that PQ is parallel
to AB.

3. Find all primes that can be written both as a sum of two primes and as a difference
of two primes.

4. Let a and b be positive integers with a > b > 2. Prove that é«‘;f—i is not an integer.
5. Six musicians gathered at a chamber music festival. At each scheduled concert
some of the musicians played while the others listened as members of the audience.

What is the least number of such concerts which would need to be scheduled so
that for every two musicians each must play for the other in some concert?

14
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1. We have 37 is either a +d or b -+ ¢ and
a+b=32, a+c=36, c+e=48 d+e=51

Thusc—b=4,d~c=3 and d—b=7. Therefore (a +b)+ (d —b) = a +d = 39. Hence
b+ ¢ = 37. We thus have a = 15.5, b= 16.5, ¢ = 20.5, d = 23.5 and e = 27.5.

2. Since I'E is parallel to BC' and DF is parallel to CA, we have the triangles PFE,
FPDB and ECB are similar. Also the triangles AF(Q) and ABD are similar, FBD and
ABC are similar. It follows that

DP BP BD BF DQ
PF  PE DC FA QA

so that PQ is parallel to AB.

3. Let p be such a prime, then p > 2 and is therefore odd. Thus p = ¢—2 = r + 2
where g, r are primes. If =1 (mod 3), then p=0 (mod 3) and therefore p = 3 and
r =1 which is impossible. If r =2 (mod 3), then ¢ =0 (mod 3) and thus ¢ = 3 and
so p = 1, again impossible. Thus 7 =0 (mod 3), which means 7 = 3 and hence p = 5
and g = 7. Thus p = 5 is the only such prime.

15



4. We have a = bm + r where m = |a/b| and 0 < r < b. Thus

2a+1_2a—2T+2r+1
ob_ 1 26 _1 " 9b_71°

Note that 2% — 2" = 27(2¢~" — 1) = 27(2t™ — 1), and

2P — 1= (@) —1= (@ - D[+ @) 4+ 1]

2% 2"
281

Observe that if b > 2, then 2°71(2 — 1) > 2, i.e.,

Therefore is an integer.
M41< 2 1< 22—,

2941
2b—1

3 . .
Therefore §b+1 is not an integer. Thus

=5 is not an integer.

5. Let the musicians be A, B,C, D, E, F. We first show that four concerts are sufficient.
The four concerts with the performing musicians: {A, B,C}, {A, D, E}, {B, D, F} and
{C, E, F} satisfy the requirement. We shall now prove that 3 concerts are not sufficient,
Suppose there are only three concerts. Since everyone must perform at least once, there
is a concert where two of the musicians, say A, B, played. But they must also play for
each other. Thus we have A played and B listened in the second concert and vice versa
in the third. Now C, D, E, F must all perform in the second and third concerts since
these are the only times when 4 and B are in the audience. It is not possible for them
to perform for each other in the first concert. Thus the minimum is 4.
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