HOI TOAN HOC VIET NAM

n

Mon thi: Giai tich
Thoi gian lam bai: 180 phut

KY THI OLYMPIC TOAN SINH VIEN VA HOC SINH NAM 2017

DAP AN
AN . . N o .I\’
LGi giai bai 6 diém
Y |Cach|Buéc Noi dung Diém
1 1 | CHUNG MINH TiNH CHAT —1 < u,, < OKHIn > 2
Do u; = 1 ta tinh dudc up = —1/2 € (—1,0).
Giastrtada cé —1 < u,, < 0V6i n > 2 nao do. Lic nay,
Uy 2 1 1
1< 2 1< -—-1=--<0
2 2 2
ticla —1 < up41 < 0.
Két ludn: —1 < u,, < 0VGimoin > 2 (tu do, néu day (uy) co6 gi6i han hitu
han thi gi6i han khong duong).
2 | CHUNG MINH |u,, — (1 — v3)| < (v/3/2)" 2|uy — (1 — v/3)| khin > 2
Ky hiéu @ = 1 — /3. Khi d6 a 12 nghiém 4m ctia phuong trinh @ = a2?/2 — 1.
Ta co
Uy, 2 a? 1
|up+1 — al = % —1— (? — 1)‘ = §|un—a||un—|—a|
véimoin > 1.
Do —1 < uy, <0Vvéimoin > 2,taco
1 V3
—\/§:—1+(1—\/§)<un+a<a<0:>§|un+a|<7
véimoin > 2.
Vay ta c6 danh gia
V3 V/3\n—1
Iun+1—a|<7|un—a|<---<(7> luz — a
2 2
véi moin > 2.
3 | KET LUAN
Do v/3/2 < 1 nén
\/§ n—1
(—) ~0
2
khi n — oo.
Suy ra: |tun41 — a| — 0 khin — oo; titc 13, diy (uy,) héituvé a = 1 — /3.
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Mon thi: Giai tich
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KY THI OLYMPIC TOAN SINH VIEN VA HOC SINH NAM 2017

DAP AN
A . . \ o . I\"
Loi giai bai 6 diém
Y |Cach|Buéc Noi dung Diém
1 | 1 | CHONG MINH BAT DANG THUC BANG PHUONG PHAP PHAN CHUNG
Gia st phan chiing: ton tai & > 0 va @o > 0 sao cho
4
xr
(f (z))2017
v6i moi & > xy.
Tich phan hai vé& bét ding thitc trén trén doan [zg, ] ta dudc
z (s 1 1 1
d(x —xp) < F(s) s = ( — )
. (f(S))2017 2016 f($0)2016 f(w)2016
v6i moi = > xo.
T d6 ta thu dude danh gia
———— > 20160 (z — x
£ (20)2016 ( 0)
v6i moi ¢ > xo. Cho  — oo ta gip mau thuln; suy ra bt ding thic cin
chiing minh!
2 | CHI RA PHAN VI DU KHI THAY 2017 BOI 1
Két luan trén khéng con ding néu thay s6 2017 béi 1. Ching han c6 thé lay
vi du v6i ham f(x) = exp(z?).
That vay trong truong hgp nay
fl(@)  2wexp(a?)
= > = 2x.
f(z) exp(z?)
Vay
/
lim inf I %) —
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n

Mon thi: Giai tich
Thoi gian lam bai: 180 phut

DAP AN
A . . \ o . I\,
Loi giai bai 6 diém
Y |Cach|Buéc Noi dung Diém
1 Tim mét ham lién tuc f théa man ca hai diéu kién tich phan 2,00
1 1 | XAC DINH DANG CUA HAM
Ta sé tim ham f dudi dang f(z) = cx + d.
2 | LAP HE PHUONG TRINH CHO ¢ VA d
Ta co
1 c
/ f(@)de=0 & —-—+d=0
0 2
va
[err@ae=1 & S13=n
xr r)ar = — — = 1.
0 4 3
3 | GIAI HE VA KET LUAN
Giai hé (theo ¢ va d) thu dudc ¢ = 12, d = —6. Viy, mdt vi du vé ham lién
tuc f thoa man cac diéu kién 1a f(x) = 12 — 6.
2 Chi ra su ton tai ctia () # (a,b) C [0, 1] 4,00
1 1 | SUDUNG PHUONG PHAP PHAN CHUNG
Vi f lién tuc nén gia sit phan chitng sé dwa dén bat dang thitc | f(x)| < 4 v6i
moi x € [0, 1]. Khi do
1 1
1 :/ f(w)<w2 — —)dw
0 4
1/2 1 1 1
= f(x) <m2 — —)d:c + f(x) (a:z — —)da:
0 4 1/2 4
1/2 1 1 1
<4/ (—:L'2>d:c+4/ (azz——>dm
0 4 1/2 4
=4 ! + 4 ! =1
12 6
2 | cHi RA DIEU VO LY
Viy, diu bing trong bt ding thic trén xay ra. Do f lién tuc trén [0,1], nén
—4 nbuo<z<i
f(z) = A1 2
4 neu ; <« <1.
Tuy nhién trong truong hgp nay ham f khong lién tuc tai 1/2.
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Ldi gidi bai

7 diém

I-<\

Cach

Budéc

No6i dung

. A"
biem

Xac dinh vi tri cia C néu r = /2.

2,00

KHAO SAT NANG LUONG TIEU TON

D€ tién cho cac tinh toan vé sau, ta gia st BC = « km véi « € [0,12]. Khi
d6 néang lugng tiéu ton sudt hanh trinh bay ctia chim (theo quan sat) la

V16 + 22W + (12 — )L = Lf(x),

vOi
f(®):=ry16+ 22 4+12 —x

kha vi lién tuc trén [0, 12] (va r = v/2).

Khao sat ham f ta co:

, _ rT _
I(z) = Nt 1

4
nén f'(z) =0 =20 i= ——— =4 (Vir = V2).

r2 — 1

CUC TIEU HOA VA KET LUAN

f’ < 0trén (0,4) nén f gidm ngat trén [0, 4];
f’ > 0trén (4,12) nén f tdng ngat trén [4,12].

Vay, mingco,12) f(x) chi dat tai z = 4; ticla, BC = 4 km.

Gia st BC = 3 km. Tinh r.

1,00

zo = 3 LA MOT DIEM TOI HAN CUA f

Theo gia thiét  ddu bai, dudng bay chim chon lam cho

f(3) = min_ f(z)

x€[0,12]

nén f’(3) = 0.

KET LUAN




Trong 16 gidi Y 1, ta d4 thiy: di€m t6i han duy nhét cla f 13z := T ;
T —
nén
— =3 & r=35/3.
r2 —1 /

Vi tri ctia C thay d6i nhu thé nao khi r bién thién trong khoang (1, c0)? | 3,00
TRUONG HOP z, € (0,12)
Dé théy:
4 V10
rgi= —€ (0,12) r> ——.
0 m ( 9 ) 3
V10
Véir > 5 thi f/ < 0 trén (0, o) nén f giam ngat trén [0, zo] va f/ > 0
trén (o, 12) nén f tang ngdt trén [zo, 12]; vay, mingeco,12] f () chi dat tai
4
xg; ticla, BC = —— € (0,12).
0 m ( ) )
Luc nay, ta thay:
4
BC=—10MmMén C — B) khir 1 oc;
gV T
V10
BCTlZnénC—)thiriT.
TRUONG HOP z, ¢ (0,12)
V10
Vil < r < 3 thi f/ < O trén (0,12) nén f giam ngat trén [0, 12];
vay, mingco,12) f(x) chi dat tai z = 12; tic la, BC' = 12 (n6i cach khac,
C = D).
V6i nhiing gia tri ndo cda r thi chim bay thang dén t6? C6 kha ning nao 1.00

dé chim bay dén B truéc rdi méi bay vé td khong?

CHIM BAY THANG PEN TO

Chim bay thang vé t8 khi va chi khi C = D. Theo khdo sat 6 Y 3, diéu nay
V10

xdyranéuvachinéul < r < —

CHIM BAY DEN B ROI MOI VE TO

Ludn ¢6: BC = xy > 0 = C # B. VAy, chim khong bao gis bay dén B
truée r6i méi bay vé 8.
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Ldi gidi bai

5 diém

I-<\

Cach

Budc

NOGi dung

. A’
biem

1

XET TRUONG HCOP o > 2

B4t ding thic ta cin c6 trd thanh

‘(:B_i_y)a_ama—ly_wa‘ gcma —2 2+Cy

Duing c6ng thtic khai trién Taylor, ta thiy
14+8)*=1+4+at+O0(1)t> Vte[0,1]

trong d6 O(1) chi mét dai lugng bi chin bdi mét hang s6 khéng phu thudce
vao t trén [0, 1].

Ghi chil: Cong thifc trén diing cho o bdt ky. Ciing ¢é thé thu dugc cong thite ndy
nhd tinh lién tuc cia [(1 4+ t)® — 1 — at]/t2 theo t € (0, 1] va su ton tai gidi
han hitu han ctia [(1 + t)® — 1 — at]/t2 khi t — 0% (quy tdc 'Hopital).

St dung cong thite trén ta thu duge
(x+y)* = a:o‘(l + %)a =z + ax® 1y + O(l)w"‘(%)2
néu y/x < 1. Vay
[(z + y)* — az® 'y — 2% < Cz*?y?

néuy/x <1

Trong trudng hop y/x > 1 ta dé dang uéc luong
[(x+y)*—az®"ly—z®| < max{2%yY*, ay®+y*} = max{2%, a+1}y*.

That ra, udc lu’ong nay dung khi y/x > 1 v6i a > 1 néi chung. Viy ton tai C
dt 16n dé bét dang thitc can c6 la ding v6i moi x, y > 0.

XET TRUONG HOP 1 < a < 2

BAt ding thic can c6 trd thanh

[(z + y)* — ax® 'y — x| < Cy°.

Ta van c6 danh gia
1+t)*=14+at+01)t> Vte][0,1]

trong dé O(1) chi mét dai luong bi chin bdi mét hing s6 khoéng phu thudce
vao t trén [0, 1].




V6i truong hop y/x < 1 ta tiép tuc sit dung danh gia trén, véi cha y
z(y/x)? = (y/x)2 "y, d€ c6 danh gia

(z + y)* === (1 +aZ 4 0(1)(g)2)
x x
=z + ax® 1y + O(l)a:o‘(%)2
=z 4+ azx® ly + O(l)(g)z_aya.

Nhung néu y/x < 1 thi (y/x)2~ < 1 nén tit day ta cé dpem.

Trong truong hop y/x > 1 ta dé dang uéc luong

’(a: +y)* — ax® ly — aca’ < max{2a > oy ly 4+ yo‘}
= max{2°‘, a+ l}yo‘.

Ghi chii: P thu dugc udc luong trén thi diéu kién o > 1 la quan trong, do ta
muon cé £ 1 < y* 1khidicd0 <z < y.

XET TRUONG HOP O < a < 1

Trong trudng hop nay khong thé ton tai sé thuc C > 0 dé bt ding thiic

‘(:B +y9)* —az*ly — wo‘} < Cy“®
dting v6i moi > 0, y > 0. That vAy bing phan chiing gia sit ton tai mét
hang so C > 0 c6 tinh chat nhu trén. Xét y = kx trong d6 k > 0. Thay vao

bt ding thitc ta thu dugc

‘(1 + k)%z® — akx® — x®| < Ck“z®.

Chia hai vé cho s6 duong k®*z ta di dén
1\« 1
_ _ 11—« - <
‘(1 + k) ok ka‘ <0

Ly gi6i han khi k — oo ta cé ngay diéu vo 1y do vé trai tién ra vo cung.




