HOI TOAN HOC VIET NAM  KY THI OLYMPIC TOAN SINH VIEN HOC SINH NAM 2016
,\ Mon thi: Giai tich
o Thoi gian lam bai: 180 phut

DAP AN

Loi giai bai

Tit cOng thite truy hoi ta thiy ngay diy sb (un )22, don diéu khéng giam.

2. Néuné héituvé £thi £ = £+ (£ — 2016)2 = £ = 2016.
1. Vi ddy don diéu khéng gidm nén néu né hoi tu vé £ thi u, < £ = 2016 (Vn > 1). Dic biét,

a + (a — 2016)% = uy < 2016 = (a — 2016)(a — 2015) < 0 = 2015 < a < 2016.

Dao lai, cho 2015 < a < 2016. Khi dd, 2015 < u; < 2016. Gia stt v6i n > 1 nao d6, ta da co
2015 < uy, < 2016. Suy ra:

(un — 2016) (U — 2016 + 1) < 0 = (un — 2016)% + u,, — 2016 < 0.

Theo c6ng thitc truy hdi, bit ding thitc cudi nay c6 thé viét duge thanh u,4q < 2016; vay,
2015 < up, < upt1 < 2016. St dung nguyén ly quy nap ta thu duge 2015 < u,, < 2016 v6i
moin > 1.

Day da cho don diéu va bi chan nén hoi tu.

Két ludn: cac gia tri cAn tim cla a 12 2015 < a < 2016.
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1. D& thdy ham f lién tuc trén (0, 1] nén f lién tuc trén [0, 1] khi va chi khi né6 lién tuc (bén phai)
tai 0.
Néu o > 0 thi 1im+ac°‘ = 0, nén tit bit dang thitc |f(z)| < = (Va € (0,1]) ta suy ra ngay
z—0
lim f(x) = 0 = f(0), titc 1a f lién tuc (bén phai) tai diém 0.
x—0

Ddo lai, vi zp, := (5 + 2n7r)_1 — 01 véisin wi = 1, ta thdy néu f lién tuc (bén phai)

(n——4o00)
tai diém O thi phdi c6 lim x,* = lim f(x,) = f(0) =0.Suyraa > 0.
n—-+oo n—+oo

2. D& thy ham f kha vi trén (0, 1] nén f kha vi trén [0, 1] khi va chi khi n6 c6 dao ham bén phai

tai diém 0.

. xz) — f(0 " A
Néu a > 1 thi lim f(@) = 5(0) = lim z® 'sinl = 0 (chinh 1a két qua cta phan 1 vi
z—0t z—0 z—0+t z

a —1 > 0), nén f c6 dao ham bén phéi f/ (0) = 0.

Ddo lai, iy, := (2nw)™* — 01 véisin yi = 0, ta thdy néu f c6 dao ham bén phai tai

(n——+4o00)
> . — fF(0
diém 0 thi £7.(0) = lim S =TO) _
+ n—-+4oo Yn — 0
N xn) — f(O
Véy, v6i x, nhu dé néi 6 phan 1, ta c6 0 = f4 (0) = lim f(@n) = 7(0) = lim z,% L
n——+oo x, —0 n——+oo
Diéu nay chi xay ra khi o > 1.
3. D& thiy ham f kha vi lién tuc trén (0, 1] v6i
’ a—1 _: 1 a—2 1
() = ax sin — — x cos — Vx € (0,1] 1)
x x

nén f kha vi lién tuc khi va chi khi n6 ¢6 dao ham bén phai f/ (0) = 0 (két qua cta phan 2) va
lim_f(z) = £, (0).
z—0+

Néu a > 2 thi

D= |f(@)<ax*'+2*2? - 0= lim f'(z) =0= f.(0).
z—0t z—0t

Dao lai, v6i y,, nhu da dung & phan 2, vi cos yin = 1, ta thiy néu
lim f'(z) = f,.(0) =0
Tim f'(@) = £4(0)

thi0 = — lim f/(yn) = lim y,* 2. Diéu nay chi xdy ra khi a > 2.
n—+oo n—+oo
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e Trong diéu kién tht nhét, chon z = 0 ta thiy £(0)2 < 0 = F(0) = 0. V6i = # 0, tit diéu kién

2
ax

f(3 2) > 0. Vay, f(x) > 0 v6i moi x.

a“x

nay ta cling ¢ f(x) >

e Néu a = 1, diéu kién thtt nht tré thanh f(z)? < x2f(x), tasuyra f(x) < x2 véi moi sb thuc
@, nén dpcm la dung. Bay gio, xét trudng hop a > 1.
_ f@) _ f(=)

e Dit g(x) := 2/a ~ 2?/a > 0 v6i moi x # 0. Tu nay, xem & #% 0 va chi con phai ching

2
minh rang g(z) < 1. Theo dinh nghia ctia g, ta c6 f(z) = m—g(a))
a

e Tir d6, viét lai theo g diéu kién thd nhit nhu sau:

((aw)2 ?

1132
- g(aw)) < Cib‘“’wz;g(w) & g(ax)? < g(=). (1)

Dung (1), bing quy nap theo n € N, ta thiy:
Zr 2
g(z) < g (an) Vn € N. @

e Theo diéu kién thit hai, ton tai m, M € (0, c0) sao cho (0 <) f(t) < M khi |[t| < m (trong

bai B2, m = 1). Via > 1 nén ciing ton tai ng € N (phu thudc vao z) dé —| <m v6i moi
a

n > ng; va véi cac sb tu nhién n nhu thé, (2) kéo theo

2—"n

7 () :
- 2n+41
L < a2 MZ_". (3)

x \2 - 2"
an

= 0 (c6 thé dung quy tac I'Hospital), nén bang cach cho n — oo trong

g(z) <

~ 2n +1
e Dé thay lim +

n—oo

(3), tacd ngay g(x) < 1, dpcm.
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Gia st phan chiing rang phudng trinh f” (a:) = 0 vO nghiém. Theo gla thiét, f” lién tuc nén tu day
suy ra: f” khéng d6i diu trén R. Néu cin, sé thay f bi — f, ta c6 thé xem ring f”(x) > 0 v6i moi
x.

Lic nay f’ ting ngit. Néu ton tai a d€ f’(a) > 0 thi véi moi x > a ta co

f@) = 1@+ [ " (6)dt > f(a) + / " f(a)dt = f(a) + £(a) (@ — a);

chia hai vé cho & > max{a, 0} rbi liy liT , dung gia thiét ta thiy:
Tr—r+00

0= Ilim M> lim f()

r——4oco T xz—+oo r—+00

=@,
vo ly!

M4u thudn d6 chiing t6 rang f/(z) < 0 v6i moi =. Ma f” ting ngit, nén ton tai b d€ f/(b) < 0. Voi
moi x < b, ta lai co

b b
F(x) = f(b) — / Ft)dt > fb) — / F(b)dt = f(b) + f'(b)(x — b).

Chia hai vé clia bat dang thitc nay cho < min{b, 0} r6ildy lim , ding gia thiét ta thay:
r——00

0= lim @S lim f()
T——00 I r—r—00

x—b
+50) tim "2 = ),
ciing vo Iy! Tt ca cac mau thuln gip dudc chitng té ring phuong trinh f”(x) = 0 phai c6 it nhat mét
nghiém.

Ghi chii: Thuc ra chi cin gia thiét f kha vi hai 14n (f” khéng nhét thiét lién tuc). Khi dé, dung tinh
chat nhén gia tri trung gian ctia ham dao ham, ta thay néu phuong trinh f”(x) = 0 v6 nghiém thi f”
cling khong déi dau trén R.
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e Dung dinh Ij co ban ctia phép tinh vi-tich phan (vé dao ham theo cén cla tich phan x4c dinh):

1 (1/2)z=?2 1-=27Y2 z-1

!
— — = = >0 Vx>1
(@) Inx In x1/2 Inz vrinzx v
nén f tdng ngat va lién tuc trén I := (1, 0o).
e D& tim tip anh J cla f, ta danh gia
- —1
f(x) > (z— \/_)mln{ \/_<t<ac}:m:\/5-ﬁ +o0o (1)
Inx Inz (z—+o0)
(quy tac ’Hospital).
o g el »
D6i bién s0 t = e%, ta c6: f(x) = f(lf;;) Ina € T va dé y: v6imoi > 1, khi (1/2)Inz <
u
u < Inz, thi/z < e* < x, suy ra
Inx Inx du
Vrln2 = \/_/ <f(x)<x/ — =xln2
(1/2)Inz U (1/2)Inz U
= lim f(x) =1In2 (2)

rz—1+
Tit (1)-(2), ta thdy J = (In 2, co).
Ghi chi: dé chitng minh (1) ta ¢ thé dung bt ddng thitc et > 1 4+¢ >t = Int < t =

1 1
i > fv01m01t>1 VAy, f(x) >f\/— = In /. Suy ra (1).



