HOI TOAN HOC VIET NAM  KY THI OLYMPIC TOAN SINH VIEN HOC SINH NAM 2018
,\ Mon thi: Giai tich
o Thoi gian lam bai: 180 phut

DAP AN

Bai 6 diém

Cho (z,)2° , la day s6 duoc xac dinh béi cac diéu kién

L o 2017
— X xTr
2018 ™ ' 2018

r1 = 2019, Tn+4+1 — n vn > 1.

1. (2 diém) Chting minh rang (n)52 ; la mot day s6 ting ngit va khong bi chin trén.
2. (2 diém) Chiéing minh réng

Ln

1
= 2018 ( — > Vn > 1.
Tn+1l — 1

3. (2 diém) Tim

1im< 1o, %2 +...+x">.

n—oo \ g — 1 xrg — 1 acn_|_1—1

Loi giai cac bai 6 diém

e Dé théy ZTn > 1v6imoin > 1. Hon nlta, 2018(xpy1 — Tn) = a:fL —xp, >0 Wiz, >1) vl

moi n > 1. Tut ddy suy ra (z,)$2 ; la mot day tdng ngat. 1 diém

e Gia st day (x,)32, bi chan trén; tic la (do tinh tdng cta day), ton tai gi6i han hitu han
lim,, yo0o T, = a > 1.
Chuyén 2018z, 11 = 22 + 2017z, qua gi6i han ta dudc 2018a = a? + 2017a; suyraa = 0
hodc @ = 1, miu thuln! Viy, diy (2r)52 4 khong bi chan trén. 1 diém

e V6imoin > 1, ta co:

I

2018(zpi1 — 1) = 22 + 2017z, — 2018 = (x, + 2018)(z, — 1
1 z,+2018 T, N 1
ZTp,—1 2018(xpy1 —1)  2018(xpiy1 —1)  @pyg—1

Ty 1 1
=——— = 2018 — .
Tn4+1 — 1 Ly — 1 Tn+1 — 1

=

.Suyrazzyzla”:zolz;( ! >
Tiy1 — 1 x1 — 1 Tpt1 — 1

e Viday {«,} tang va khong bi chén trén nén lim,, o, ®, = +00.
o Vay limy, oo Y], — = O g,

:ci+1—1_£c1—1
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,\ Mon thi: Giai tich
\ Thoi gian lam bai: 180 phut

DAP AN

Bai 6 diém

Gid st f : [0,1] — R 1a mbt ham sé kha vi sao cho

1 1
/ f(x)dx = / zf(x)dx.
0 0
Chitng minh rang ton tai s thuc ¢ € (0, 1) sao cho

f(c) = 2018f'(c) /Oc f(z)dz.

Loi giai bai 6 diém
Cach 1:

e Dit F(z) = = [y f(t)dt — [; tf(t)dt, ta cé ham F kha vi trén [0, 1] v6i F(0) = F(1) = 0.
Theo dinh Iy Rolle, ton tai o € (0, 1) sao cho F’(xg) = 0, tiic 1a o f(t)dt =o0.
o Dit G(z) = e 20185(®) (¥ £(t)dt, ta c6 ham G khd vi trén [0, 1] v6i G(0) = G(mo) =
0. Vin theo dinh Iy Rolle, tén tai ¢ € (0, z) sao cho G/(c) = 0. Tit day ta dudc f(c) =
2018f'(c) [5 f(D)dt.

Cach 2:

e Dit F(z) = [J f(t)dt, ta 6 F'(x) = f(x) va [J F(t)dt = zF(x) — [;tf(t)dt =
z [T f(t)dt — [T tf(t)dt. Do d6, [ F(t)dt = 0. Theo dinh ly gi4 tri trung binh cho tich

phén, ton tai z¢ € (0, 1) sao cho F(xo) = 0 hay 152 f(t)dt = o.
o Dit G(z) = e 20185(®) (¥ £(t)dt, ta c6 ham G khd vi trén [0, 1] v6i G(0) = G(mo) =

0. Theo dinh Iy Rolle, ton tai ¢ € (0,xq) sao cho G’(¢) = 0. Tit day ta dudc f(c) =

2018f/(c) [y F(t)dt. 3 diém
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,\ Mon thi: Giai tich
o Thoi gian lam bai: 180 phut

DAP AN

Bai 6 diém

Cho ham sb

:l: 7
0 néux = 0.

1 p
x2sin— néuxz #0
fla) = { >0

1. (2 diém) Tinh f’(z) néu z # 0.
2. (2 diém) Tinh f(0).

3. (2 diém) Ham f c6 dao ham cp hai tai diém « = 0 hay khong?

\,e «?e N e o« A
LOi gidi bai 6 diém

1 1 1 B

e Khix # 0,tac6 f(x) = z2sin — va f/(x) = 2xsin — — cos —.
T T T

— f(0 1 5

e Xét gi6i han lim,_,q f(x)(]:() = limg_,o = sin —.
T — T

1 1 2

e Viz — 0 vasin — bi chan (bdi 1) nén lim,_,g « sin — = 0.
T T

. Vay, £/(0) = 0.

() — f/(0 1 .
e Xét gidi han lim,_,q f()(J:() = limgz_,0 g(x) v6ig(x) = 2sin ——— cos —.

T — T x T
1
e Chon day ¢, = —— — 0 khin — oo. Ta ¢6 limy,, 00 g(n) = lim, o0 (2sin(2nw) —
nm
2nm cos(2nm)) = limy, o0 (—2n7) = —o0.
0 . 1 . L1
(Cling c6 thé chon day y, = ———— — 0 khin — oo. Ta ¢6 lim, 00 9(yn) =
2n+1)=

limy, o0 (2n + 1)7 = +00.)

e Tit d6, g(x) khong c6 gi6i han (hitu han) khi « — 0; vi thé, ham f khéng c6 dao ham cp hai

taixz = 0. 0.5 diém
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\ Thoi gian lam bai: 180 phut

DAP AN

Bai 6 diém

Cho hai sb thuc a < b. Gid st f : [a, b] — R 14 mét ham sb kha vi lién tuc sao cho

/ab f(x)dz = 0.

Chitng minh rang
T b — 2
[ swar] < O e (@)

8 z€la,b]

max
z€Ja,b)

Loi gii bai 6 diém

e Dat M = m[a)g]|_f'(a:)| (0 < M < 4oodo f/lién tuc) va
xr€la,

F(z) = /m Ftydt + &= “)2(% —b)

Ta c6: F(a) = F(b) = 0vi F"(z) = f'(z) + M >0 Vz € [a, b].

e Do F 13 ham 15i trén [a, b] va F(a) = F(b) = 0nén F(x) < 0 Vz € [a, b]; viy,

(Vz € [a, b]).

x —a)(b— M - b— 2 (b—a)?
/ Fyar < &= DO M <(m 2 m)> = bmay,
o 2 2 2 8
v6i moi z € [a, b].
- —b
o Dit G(z) = [ f(t)dt — ' “)2(”” ) (¥ € [a, b]), ta c6 ham G 16m trén [a, b] va di
dén bAt dezmg thiic (dbi ngﬁu):
T b— 2
| ftyae> —(8“)M

v6i moi x € [a, b].
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DAP AN

Bai 6 diém

Gid st f : [0,1] — R 1a mét ham s6 lién tuc sao cho

/01 F(a)ds = /01 2 f (z)da.

Chitng minh rang ton tai s thuc ¢ € (0, 1) sao cho

f(c) = 2018 /ch(a:)da:.

Loi giai bai 6 diém
Cach 1:

e Dit F(z) = = [y f(t)dt — [; tf(t)dt, ta cé ham F kha vi trén [0, 1] v6i F(0) = F(1) = 0.
Theo dinh Iy Rolle, ton tai o € (0, 1) sao cho F’(xg) = 0, tiic 1a o f(t)dt =o0.

o Dit G(z) = e 2018 [ f(t)dt, ta c6 ham G kha vi trén [0,1] véi G(0) = G(ze) = 0.
Ciing theo dinh Iy Rolle, ton tai ¢ € (0,xq) sao cho G/(c) = 0. Tit day ta dudc f(c) =
2018 J§ £(£)dt.

Cach 2:

e Dt F(xz) = [J f(t)dt, ta 6 F'(x) = f(x) va [J F(t)dt = zF(x) — [ tf(t)dt =
x [ f(t)dt — [ tf(t)dt. Do db fol F(t)dt = 0. Theo dinh ly gia tri trung binh cho tich

phéan, ton tai z¢ € (0, 1) sao cho F(xo) = 0 hay 152 f(t)dt =o.
e Dit G(x) = e~2018% [* f(t)dt, ta c6 ham G kha vi trén [0, 1] véi G(0) = G(xo) = 0. Theo

dinh Ij Rolle, tén tai ¢ € (0, zo) sa0 cho G’(c) = 0. Tir d6 f(c) = 2018 [ f(t)dt.
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,\ Mon thi: Giai tich
o Thoi gian lam bai: 180 phut

DAP AN

Bai 6 diém

M6t quan sat vién C ding cach dudng dua Ot mot khoang OC = 1 km (OC L Ot).

Hai vAn dong vién dién kinh A, B xuét
phat tai O va chay cung ltc (sang phai,
nhu hinh vé) trén dudng dua. Géc 6 =
Z(CA,CB) dugc goi la goc nhin tu C
dén hai vin d6ng vién. Gia st B luén chay
nhanh gip bén 14n A.

BPudng dua 0

1. (2 diém) Tinh tan 0 theo © = O A (km).

2. (4 diém) Xéc dinh vi tri clia hai vin dong vién trén dudng dua d€ géc nhin 6 tit C dén ho dat gia
tri 16n nhét.

Loi gidi cac bai 6 diém

e Theo gid thiét, 0A = z (> 0), OB = 4.
e Tacod
OB . tan OC A + tan 6 tan 6
4z =20 —tan(0CA 4 g) = P0OCATtanb | @A tand
ocC 1—tanOCA - tan @ 1—xtan
1 diém
3 5
e Vay, tanf = . 0.5 diém
1+ 4x2

Géc 6 16n nhét khi tan 6 16n nhit. VA ta cAn tim « sao cho tan 6 dat gid tri 16n nhat.| 1 diém

3(1 — 42?)
(1 + 4x2)2°

bat f(x) = .Taco: f'(x) = fllz) =0z = ; 1 diém

1+ 4x2

~ 7 1 1 £
Ta de thay f/(x) > 0khi0 < = < > va f/(x) < Okhiz > 2 Vay, ham so f dat gia tri 16n

5 1 0
nhat tai x = > 1 diém



4 , \ 7 A 2. 1
e Vi tri cia hai vdn dong vién trén duong dua dé goc nhin 0 16n nhat dude cho béi OA = 2 (km)

va OB = 2 (km).
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DAP AN

Bai 6 diém

Gid st f : [0, 4+00) — R 13 mot ham sb kha vi, v6i f/ duong va lién tuc, sao cho

1
f(0) =0va lim

e P42+ f@)

1. (3 diém) Chiing minh rang ham f bi chin trén.
2. (1,5 diém) Hay tim vi du vé mét ham f : [0, +00) — R kha vi va bi chin trén, véi f/ duong va
lién tuc, £(0) = 0, sao cho gi6i han
li !
im
z—+oo f/(z)(1 + 22 + f(z))

ton tai va hitu han.

3. (1,5 diém) Hay tim vi du vé mot ham f théa mén tit ca cac diéu kién ctia dé bai.

Loi giai bai 6 diém

o Tit gid thibt, f ting trén [0, +o00); do do, f(x) > F(0) = 0 véi moi & > 0.
o Vi

. 1
lim

z—+oo f/(2)(1 4+ 22 + f(x)) = too,
nén ton tai ¢o > 0 sao cho
1
>
f(x)(1+ 22+ f(x)) —

1 1 B
Suy ra: (@) < 17— < véi moi @ > ao.
X

+ f(z) = 1+ 22

dt .
o f(x) — f(xo) = f;o F@yat < 7 = arctanx — arctanxo Vx > xo.

o 1 4 ¢2

e Dodo f(x) < g — arctanxzg + f(xg) Vo > xo.

1 v6i moi = > xg.

e Xét ham sb f(x) = arctanx (bi chin trén!). Ta ¢6 f£(0) = 0 va f'(z) = gl trén
xr
[0, +00). Ngoai ra,
1 14 22
lim i + =1.

= 1
z—+oo /() (1 + x2 + f(x)) sc—ir—{loo 1+ z2 4+ arctanx



. 2 1
e Cach 1: Xét ham s6 f(x) = arctan(x? + x). Ta cd £(0) = 0va f'(x) = T (a: 2++ E >0
2+

trén [0, +00). Ngoai ra,
. 1 . 1+ (22 4+ )2
lim = lim =
z—+oo f/(x)(1 + x2 4+ f(x)) @—+oo (2 + 1) (1 + x2 + arctan(x? + x))

Cach 2: Xét ham sb6 f(z) = 1 — e ®. Tacd f(0) = 0 va f'(x) = e~® > 0 trén [0, +00).
Ngoai ra,

+o0.

1 . e”

lim = lim
z—+oo f/(z)(1+ 22 + f(x)) e—too

— = +-o0.
1

2 _

24+ x -

e



