Bai B.1. (T6ng = 6 diém) Cho mdt s6 thuc a va mot sb nguyén nn > 0. Xét ma tran vuong cép n sau

a 0 ee. 0 n—-1
0 a cee 0 n—2
A= : : .o :
0 0 R ) 1
n—1 n—2 ... 1
Tinh dinh thttc ctia A trong cac truong hop
(@) (2diém) n = 4;
(b) (4 difm) n = 2018.
Hudng dan giai
Ky hiéu ma trin can tinh dinh thtc 13
a 0 0 n—1
0 a 0 n—2
Aﬂ:: E
0 0 a 1
n—1 n—2 1

(a) (2 diém) Tinh truc tiép ta dudc |A4| = a* — 14a?;

(b) (4 diém) Khai trién theo cot thit nhét, ta dudc

|An| = alAp_1| + (=1)""!(n - 1)|B|,

vOi
0 ... 0 n—1
a ... 0 n—2 9 5
|B|=|. . . . =(—1D""*(n—1)a""".
0 a 1 n—1xXn—1
Do dé

n—1
1
|An| = alAn_1| — (n —1)2a" 2 =a™ —a™? Z i?=a" — Ea"_2(n —1)n(2n —1).
=1

VAy Aso1s = a?918 — 1009.1345.2017.a2°16 = 2018 _ 2,737, 280, 785.a2916,



Bai B.2. (A.2.=B.2.) (Téng = 6 diém) Ngudi ta khdo sat mot m6 hinh di cu dén sb gifIa hai ving d6 thi
va nong thon véi quy luat nhu sau: Hang nim, co 50% dan sb ving nong thén chuyén vé ving d6 thi Va
dong thoi c6 25% dan sb vung do thi chuyen vé vung néng thon sinh song. Gia st x, y tuong Gng la sb
dan ving néng thén va ving do thi é thoi diém ban dau (z, y > 0).

(a) (4 diém) Hai sau k nim dan sb cla vung n6éng thon va vung do thi la bao nhiéu?

(b) (2 diém) Gia st ban du sb nguoi séng 4 néng thén va dé thi 1a bang nhau. C6 thé dén 1ac nao dé
déan s6 cta vung do thi vudt qua 80% tong dan so ctia ca hai vung khéng? Giai thich cau tra 16i.

Hudng dan giai
(a) (4 difm)
Cach 1:

- Goi @k, Yk tu’(jng 1'Ing 13 sb dén tai céc vfmg noéng thon va ving do thi sau k nam. Vidu, zg = x,yo = y.
Ta cod 41 = zck + 4yk,yk+1 = 4yk + a:k Noi cach khac

Yr+1 2 1 Yk
-Tu do suy ra,
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- Da thic dic trung cta A la 2 — %w + % =(x—1)(z — %). Tu day, ta suy ra A c6 cac vécto riéng
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[2] , [_1] tuong Ung vdi cac gia tri riéng 1,1 /4. Vay, neéu ta dat P = {2 _1] ,thi P~1AP = D, trong

d6 D 1a ma trin dudng chéo véi cac hé sb trén dudng chéo 14n ludt 13 1 va 1/4. Ta dé dang tinh dugc
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Luu y: Dé tinh A ciing ¢6 thé dung quy nap theo n.

Cach 2: Lap luén tuong tu trén, ta c6 xp41 = %:ck + %yk, Yk+1 = %yk + %wk. Thay yr, = 4xr1 — 2z
vao phuong trinh tha hai, ta dugc
4xp — dxp_1 + xp_2 = 0.

Tt d6 din dén z), — 1 = 4%3/ — 24%:1:. Vay

ko1 ko1
mk:mg—l—zzy—ZZEm.

T do6 suy ra

Tuong tu

(b) (2 diém) CAu tra 15i 1a khong. Néu yr = 4z thi thay vao phuong trinh trén ta dudc
(24 10/4%)x + (2 — 5/4F)y = 0.

Vi z,y > 0 nén diéu nay chi cé thé xdy ra k = 0 va y = 4, trai v6i gia thiét.



Bai B.3. (T6ng = 8 diém) Cho ma trin

2 2 2 -3
6 1 1 —4
4= 1 6 1 —4
116 —4

(a) (3 diém) Tinh A%;

(b) (5 diém) Chiing minh rang hai hé phuong trinh sau c¢6 cting tip hop nghiém trong R4,

Ax = 0, (D
(A+ A2+ A3+ AYHz = 0. (2)
Hudng dan giai
(a) (3 diém) Ta cb
15 15 —10 -—-10 100 —25 —25 —25
A2 — 15 15 —10 -—-10 A3 — 100 —25 —25 —25
13 10 —15 —-15 1100 —25 —25 —25
10 35 —15 -—15 200 —50 —-50 -—50

Tit d6 tinh duge A* = 0;

(b) (5 diém)

Cach 1:

- D& thiy nghiém ctia hé Az = 0 ciing 13 nghiém ctia hé con lai.

- Ngudc lai, gia st véc to = 1a mot nghiém cta hé phuong trinh (2), ta cd
(A+A?+ A% z=(E+A+ A%) Az =0,

trong d6 F la ma tran don vi.

- Chiing minh E + A + A% = (E — A)~' 1a ma tran kha nghich.

-Vivay Az = 0.

Luu y: Ciing 6 thé chitng minh A + A2 13 ity linh d€ suy ra E 4+ A + A2 14 kha nghich.

Cach 2:

- Tinh truc tiép ma trin

117 -8 —-33 —-38
121 -9 —-34 -39
136 —9 -39 -—-44
211 —14 —59 —69

A4 A%+ A3 =



- Gii hé phuong trinh ta dugc nghiém (%314, %ac4, %m4, T4).

- Mit khéc, gidi hé Az = 0 ta cling dudc nghiém (34, 124, 24, 24).



Bai B.4. (T6ng = 4 diém) Mot ma trin vudng dudc goi 12 duong néu tit ca hé sb ctia né 1a cac sb thuc
duong.

(a) (2 diém) Chting minh ring mébi ma trn duong cAp 2 déu cé hai gia tri riéng 13 cac sb thuc khac nhau
va gia tri riéng c6 gia tri tuyét doi 16n nhat la mot so duong;

(b) (2 diém) Cho A 13 mét ma trin duong cp 2. Gid stt v € R? 1a m6t véc to riéng (ng voi gia tri riéng
16n nhat cta A. Ching minh rang hai thanh phan ctia véc té v ¢6 cung dau.

Huéng dan giai

(a) (2 diém) bit A = <$ Z) v6i a, b, c,d > 0. Da thiic dic trung cia A c6 dang 2 — (a + d)z +

(ad — be). Biét thiic clia da thitc ndy A = (a — d)2 + 4be > 0. VAy A c6 2 gid tri riéng phan biét va déu
14 s6 thuc.

Vi téng hai nghiém bing a + d > 0 nén tri riéng co gia tri tuyét dbi 16n nhét phai 1a sé duong.

(b) (2 diém) Goi t 1a tri riéng 16n nhitva v = (x,y) la véc td riéng Gng vdi ¢. Ta cd
(a—tx+by=cx+(d—t)y=0.

Néu z va y khéng cling dau thi @ — ¢ va b cing diu, d — ¢ va ¢ cing ddu. Do d6 @ — ¢t va d — t déu

> 0.Hayt < %(a + d). biéu nay méu thuln véi viée ¢ 14 gia tri riéng 16n nhit (vi tdng cac tri riéng béing
a+ d).



Bai B.5. (T6ng = 6 diém) Cho truéc 6 diém phan biét trén mot dudng tron.

(a) (3 di€m) Chia 6 diém d6 thanh ba cip va ndi hai diém trong médi cip bdi mét ddy cung. Hdi c6 bao
nhiéu cach chia sao cho khong c6 hai day cung nao cat nhau?

(b) (3 diém) Panh sb céc diém dé6 lén lugt tr 1,2, ...,6. Mbi day cung ndi hai diém bét ky dudc gan
vGi gia tr1 tuyet dbi cta h1eu cac sb 6 hai dau mut. Chon ra 3 day cung, doi mot khéng c6 ddu mut
chung, roi 14y téng ctia cc sb gan véi cac ddy cung d6. Hoi gid tri 16n nhit clia tdng nhéin dude bing
bao nhiéu?

Hudng dan giai

(a) (3 diém) Ki hiéu cac diém dudgc danh diu, theo chiéu kim déng hd, 14n luot la Aq, Aa, ..., Ag. D&
thay rang A; phai dudc nbi v6i Az, Ag hodc Ay.

- Néu A; nbi véi A4 thita phai nbi Ay v6i A va As v6i Ag.

- Néu A; noi v6i Ao thi hodc la Ag noi v6i As con Ag noi v6i Ay, hodc la Ag noi véi Az va As noi voi
Ay.

- Tuong tu, néu A; ndi véi Ag thi hoac la As ndi v6i Az va Ay v6i As hodc la As ndi véi As va Az véi
Ay.

Nhu viy, ¢6 ca thay 5 cach nbi.

(b) (3 diém) T6ng clia cac sb gan cho cac day cung la
= Ja—a|+ b -yl + e — =],
véia,b,c,x,y,zlacacsbtir1,2,...,6. Tong nay 16n nhit khi a, b, ¢ 16n nhéit va z, y, z nhd nhit.

Két luén: max(S) = 9, dat dugc nfuz=1,y=2,2=3,a=4,b=5,c = 6.



