Bai A.1. (Téng=6 diém) Cho ma trin

2 4 -3
A=14 6 -5
8 12 -10

(a) (2 diém) Tinh A%;

(b) (4 diém) Tim sb6 nguyén duong N nhé nhit sao cho rank(A¥) = rank(A**+1) véi moi k > N,
trong d6 rank (M) 1a hang cia mét ma trdn M (c6 giai thich r6 cac 14p ludn va tinh toan).

Hudng dan giai
(a) (2 difm)

-4 -4 4 —16 —16 16
A= -8 -8 8|, A*=[-32 —32 32
—16 —16 16 —64 —64 64
(b) (4 diém)
Céch 1: Tinh truc tiép.
- Tinh rank(A) = 2.
- Tinh
-4 -4 4
A2=| -8 -8 8
—16 —16 16
va do d6 rank(A?) = 1.
- Tong quat, véi k > 1 thi
—(=2)  —(=2)* (—2)* -1 -11
Ak = [ (=2)k+1  (—2)kt1 _(—2)kt1 ) = (—2)F | -2 —2 2
—(=2)F? —(=2)F?  (—2)k+2 -4 —4 4

va rank(AF) = 1.
Vay N = 2.

Céch 2: Stt dung dang chuén Jordan.
- Tinh dang chu4n Jordan ctia A, c6

01 0
A~B={(0 0 O
0 0 —2
-Do do
00 0
Ak~B¥=100 o
0 0 (—2)k
v6i moi k > 1. Néi riéng, rank(A*) = 1 v6i moi k > 1.

VAy sb nhoé nhét cAn tim 14 N = 2.



Bai A.2. (A.2.=B.2.) (Téng = 6 diém) Ngudi ta khéo sat mot md hinh di cu dén sb gifIa hai vung d6 thi
va nong thon véi quy luat nhu sau: Hang nim, co 50% dan sb ving nong thén chuyén vé ving d6 thi Va
dong thoi c6 25% dan sb vung do thi chuyen vé vung néng thon sinh song. Gia st x, y tuong Gng la sb
dan ving néng thén va ving do thi é thoi diém ban dau (z, y > 0).

(a) (4 difm) Hai sau k nam dan sb cla vung nong thon va vung do thi 1a bao nhiéu?

(b) (2 diém) Gia st ban dau s nguoi séng 4 néng thon va dé thi 1a bang nhau. C6 thé dén ltc nao dé
dan s6 clia viing d6 thi vuot qua 80% tong dan s6 ctia ca hai viing khong? Giai thich cau tra 10i.

Huéng dan giai

(a) (4 diém)

Cach 1:

- Goi zx,, yi, tuong Ung 12 sb dan tai cac ving néng thon va ving d6 thi sau k nim. Vi du, zo = x, yo = y.
Ta cod 41 = %:ck + %yk, Yr+1 = %yk + %:ck Noi cach khac

ool =1t 4[]

[mk} = A". -‘”0} ,
Yk LYo

N[ =
NSNS
L )

- Tt @6 suy ra,

2 4
- Da thitc déc trung cta A la 22 — %:c + % = (x—1)(z — i) T day, ta suy ra A co6 cac vécto riéng

11
trong d6 A = [% §]

2
d6 D 1a ma trin dudng chéo véi cic hé sb trén dudng chéo 1an luot 13 1 va 1/4. Ta dé dang tinh dugc

[1] , [_11] tuong Ung voi cc gid tri riéng 1,1/4. VAy, néu ta dit P = E _11] ,thi P"1AP = D, trong

101
P_1:|:§ 31:|.
3 ~3
-Suyra A = PDP~'va
1 1 1 0 1 1 1+L 1_ 1
R BRI S
2 —-1]10 w]l5 —3 3 34 3134
- Tu do,
B 1+ 2 +<1 1 )
Te=\3T3.4x) T\ 3 3.4¢)Y
_<2 2 ) +<2+ 1 >
Ye=\3 3.4¢) T \3 T 3.4 ¥

Luu y: Dé tinh A cfing ¢6 thé dung quy nap theo n.

Cach 2: Lap ludn tuong tu trén, ta c6 xp41 = %:ck + iyk, Yk+1 = %yk + %azk Thay yr = 4xk+1 — 22k
vao phuong trinh thit hai, ta dudc
4x, — dxp_1 + xp_2 = 0.



Tut d6 dan dén xy, — Tp—1 =

Tt d6 suy ra

Tuong tu

4%;1/ — 24%33. Vay

ko1 k1
:l?k:wo—l-g Ey—2§ Ecc

_(1, 2 +<1 1 )
Te=\3 T 3.4x) T 3 53.4¢)Y

_<2 2 ) +<2+ 1 )
Ye=\3 7 3.4x) T 3T 3. 46 ¥

(b) (2 diém) Cau tra 1oi 13 khoéng. Néu Yr = 4z thi thay vao phuong trinh trén ta dudc

(2 +10/4%)x + (2 — 5/4%)y = 0.

Vi z,y > 0 nén diéu nay chi c6 thé xay ra k = 0 va y = 4, trai véi gia thiét.



Bai A.3. (Tong = 6 diém)

(a) (2 diém) Gia st X, A 1a cac ma tran vuong véi hé s6 thuc thod min X2 = A. Chiing minh rang
AX = X A;
(b) (4 diém) Tim s cac ma trin vudng X véi hé sb thuc thda min

1
2
16

X2 =

S o=
o =~ O

Huéng dan giai
(a) (2difm) Tacd XA = X3 = AX.

(b) (4 diém) Goi ma trin bén phai la A, nhu vy X2 = A. Dudi day la hai cach giai
Cach 1: Gidihaihé AX = XAva X% = A.
- Gid st X = (@;5)3x3. T AX = X A, ta dudc hé phuong trinh cta «;;, rut gon lai la

T21 = 31 = T32 = 12 = 0,
T2 + 623 — 33 =0

x11 + 15213 — x33 = 0.

- Két hop v6i X2 = A, ta dugc x3, =1, 22, = 4, 3; = 16. Tit d6 tinh dudc x13, @23, cac gid tri nhin
dude déu théa man X2 = A. VAy c6 tat ca 23 = 8 ma tran thda man dé bai.

Cach 2: - Da thtic dic trung cia A la Iz (xz) = det(xls — A) = (x — 1)(z — 4)(xz — 16).

- Da thitc ¢6 3 nghiém don nén A c6 thé chéo hoa dudc véi cac hé s trén dudng chéo bing 1, 4, 16. Nhu
véy, ta c6 thé viét A = P~1DP, trong d6 D 1a ma trin vudng v6i cac hé sb trén dudng chéo 1an luot 1a
1,4,16 va P la mo6t ma tran kha nghich. Ta suyra PX2P~! = D.

- Nhu vay, néu ta dit PX P~! = Y thi phuong trinh ban dau tré thanh

Y2 =D. (%)

Theo céu (a), tasuyra YD = DY. T day, dé thay Y phai la mot ma trdn dLrOng chéo. Goi yl, Y2, Y3
tuong tng la cac hé sb trén duong chéo cua Y. Thé thi (*) tuong du0ng le y? = 1,y3 = 4,y3 = 16.
Tu day, ta suy ra 8 nghiém la (y1,y2,y3) = (£1,+£2,+4). Ta két luan rang (*) c6 8 nghiém va vi thé
phuong trinh ban du ¢6 8 nghiém.



Bai A.4. (Téng = 6 diém) M6t ma trn vudng dudc goi 1a duong néu tit ca hé sb cta né 1a cac sb thuc
duong.

(a) (2 diém) Chting minh ring mébi ma trn duong cap 2 déu cé hai gia tri riéng 13 cac sb thuc khac nhau
va gia tri riéng co gia tri tuyét doi 16n nhat la mot so duong;

(b) (2 diém) Cho A 1 mét ma trin duong cip 2. Gia st v € R2 1 mot véc to riéng ting véi gia tri riéng
16n nhat cia A. Chitng minh rang hai thanh phan cta véc t6 v ¢6 cung dau;

(¢) (2 diém) Cho A 1a mot ma trin duong cip 3. Xét tip cac gia tri riéng ctia A (k€ ca cac gia tri phiic),
chiing minh rang gia tri riéng ¢6 mo6 dun 16n nhat cia A la mot s6 thue duong.

Hudng dan giai

(a) (2 diém) bit A = <CCL Z) v6i a, b, c,d > 0. Da thiic dic trung cia A c6 dang 2 — (a + d)z +
(ad — bc). Biét thitc clia da thitc nay A = (a — d)2 + 4be > 0. VAy A c6 2 gia tri riéng phan biét va déu
la so thuec.

Vi téng hai nghiém bing a + d > 0 nén tri riéng cé gia tri tuyét dbi 16n nhét phai 1a sé duong.

(b) (2 diém) Goi t 1a tri riéng 16n nhitva v = (x,y) la véc td riéng Gng vdi t. Ta cd

(a—t)x+by=cx+(d—t)y=0.

Néu z va y khéng cling du thi @ — ¢ va b cing diu, d — ¢ va ¢ cting diu. Do d6 @ — ¢t va d — t déu
> 0.Hayt < %(a + d). Piéu nay mau thuin véi viéc ¢ 12 gia tri riéng 16n nhat (vi téng cac tri riéng bang
a+d).

(¢) (2 difm) A c6 it nhit mét gia tri riéng khac 0. That vy, néu tit ca cac tri riéng cia A déu béng 0 thi
theo dinh ly Cayley-Hamilton, A% = 0. Piéu nady mAu thuan véi viéc A 1a ma trin duong.
bat ¢ la tri rleng clla A ma c6 md dun 16n nhit (¢ c6 thé 1a sb phu’c) Sau day ta ky hiéu |a:| la véc to
ma thanh phin 13 m6 dun cla cdc thanh phin cla véc to . Ta viét = > y néu cac toa d6 clia = déu >
toa d6 tuong ting cta y. Gid st  1a véc to riéng cia A Gng véi t. Ta ¢ (theo bat ding thic tam giac
la +b] < |a] + b)),
|Az| < Alal.
Tu do
t|x| = |tx| =< Alz|.

Ta cAn chitng minh diu bang xay ra. Gia st trai lai. Pit B = A/ |t| Thi Blz| — || = y > 0. Nghia la
véc to y khac 0 va co cac thanh phan khong am. Tit d6 By co tAt ca cac thanh phan > 0. bat z := B|z|
thi ta cd

Bz — z = By.

T tinh chit clia By néi trén, ton tai A > 1 sao cho
Bz > A\z.

Theo trén thi z 13 véc to c6 cac thanh phan déu ducng, B c6 cac tri riéng déu c6 méd dun < 1. Tic déng B
nhiéu lan vao bat dang thiic cuoi cung ta suy ra vo ly.



Bai A.5. (Toéng = 6 diém) Cho trudc 6 diém phan biét trén mot dudng tron.

(a) (3 diém) Chia 6 diém d6 thanh ba cip va ndi hai diém trong médi cip bdi mét ddy cung. Hdi c6 bao
nhiéu cach chia sao cho khong c6 hai day cung nao cat nhau?

(b) (3 diém) Danh sb mot cach ngﬁu nhién cac diém d6tt 1,2, ..., 6. Mdi day cung nbi hai diém bét ky
dudgc gan véi gia tri tuyét doi ctia hiéu cac so 6 hai dau mut. Chiing minh rang luén tim duge ba day
cung, d6i mot khong ¢ diém chung, sao cho tong cuia cac so gan véi ba diy cung do6 bang 9.

Hudng dan giai

(@) 3 diém) Ki hiéu cac (jiém dugce danh diu, theo chiéu kim déng hd, 14n luot 1a A, A, ..., Ag. D&
thay rang A; phai dudc noi véi As, Ag hodc Ay.

- Néu A, ndivéi Ay thi ta phai nbi As v6i Ag va As voi As.

- Néu A; nbi v6i A, thi hodc 13 Ag nbi v6i As con Az ndi véi Ay, hodc 1a Ag ndi véi Az va As nbi véi
A4.

- Tuong tu, néu A; nbi véi Ag thi hodc 1a A, nbi véi Ag va Ay v6i As hoidc 13 Ay nbi véi As va Ag véi
A4.

Nhu viy, ¢6 ca thay 5 cach nbi.

(b) (3 diém) Goi X 1a tép 3 diém du0c gan cac sb 1,2,3 va'Y 1a tap 3 diém con lai. Ta sé chi ra rang tén tai
3 day cung khong co diém chung, mo1 day cung nbi moét diém cta X va mét diém cta Y. Mot cach nbi nhu
vy thoa man yéu cAu bai todn vi tong cac s6 tuong tng v6i 3 day cung nay bang4+5+6—1—2—3 = 9.

- Dé thay rang c6 mot diém cua X nam ké mot diém ctia Y (d6 13 hai diém lién tiép néu ta di theo chiéu
kim dong hd). Ké déy cung nbi 2 diém nay rdi loai bé 2 diém danh dau nay lan day cung di, ta con lai 4
diém dugce danh diu trén dudng tron va 2 tip con X’, Y tuong ting, mdi tap gorn 2 diém dugc danh diu.
- Bay gid, 1ap luan tuong tu, ta ciing suy ra c6 mot diém cta X’ ké nhau v6i mét diém Y trén dudng tron
da bé di 2 diém trude dé. Ké diy cung nbi 2 diém nay cling nhu diy cung nbi 2 diém con lai. Bay gid, khoi
phuc lai déy cung ban dAu. D& thiy, 3 day cung dudc ké d6i mot khéng c6 diém chung. Bai toan dudc gidi
quyeét.



