HOI TOAN HOC VIET NAM  KY THI OLYMPIC TOAN SINH VIEN HOC SINH NAM 2019

,\ Mon thi: Giai tich
o Thoi gian lam bai: 180 phut

DAP AN

Loi gidi cac bai 6 diém

2

2z x .
1. bat = In(1 — ,taco f’ = >0 Vx >0.| 1diém
it f (@) =In(1+a) = e @) = s 20 v
Viy, f don diéu khong gidm trén [0, +00). Do d6, f(x) > f(0) = 0 Vz > 0. Ma z; > 0 nén
(bang quy nap) «,+1 = f(,) xac dinh va khéng 4m v6i moi n > 1.
. 2 2 AL £r z? 1 .
22.Taco (1 +x) - (24 x)* > -4 = 4z° nén f'(x) = < - Vx>0V

Q14+=z)(2+x)2 4
thé, ap dung dinh ly so gia gi6i néi (dinh 1y gia tri trung binh) ctia Lagrange, ta c6

N/

76) = F(@)] = |f(@)] - 1b—al < (b~ a a

v6i moi a, b € [0, +00) (c 6 gilta va phu thudc vao a va b). 1 diém

Tk (1), suy ra

1
|Tnt1 — @n| = [f(@n) — f(Tn-1)| < len —Tn-1| Vn >2

(diéu phai chitng minh). 1 diém

3. Cach 1: Ta sé chitng minh bang quy nap theo n > 1 rang

2019
|| < a1’ (2)
Hién nhién, (2) ding khin = 1.

Gid st n > 2 va (2) di ding dén n — 1. Khi d6, theo (1) va gia thiét quy nap,

2019
4qn—1’

1
|$n - Ol = |f(mn—1) - f(O)l S Z'wn—l - 0| S

vay, (2) dung v6i moi n > 1. 1 diém

Tt (2), tacdé lim =z, = O. 0.5 diém
n—-+4oo

3. Cach 2: Tu y 2., ta thiy

1
|$n+1_wn|§2|wn_wn—1|S"'< |2 — z1].

- 4n—1

Vi thé, v6i moi n, p € N* ta cé:



p

P
|Tntp — Tn| < Z [Ttk — Tntr—1] < Z pr = |z2 — 1|
k=1 k=1
1 SN 1 ,
:4n_1|$2—wl|‘ZF§4n_1|~’132—$81|- 1—)0 khi n — 4o0.
k=1 1— Z

| 1diém |

Vay, (z,,) 1a mot day Cauchy nén né hoi tu.
e Dita = lim =z, > 0. Chuyén cdng thitc truy hdi qua giéi han ta dugc
n—-+4oo
< g(a) = 0; (3)

a:ln(1+a)—2+a

trong do, g(z) = x —In(1+x) + 212 = & — f(x) v6i moi > 0. D& thiy a = 0 thda (3).
x

Mit khac,
22
>0 Vx >0.

")=1— f(x)=1—
g@) =1 f@) =1
Tit d6, g ting ngit trén [0, +00). VAy, @ = 0 13 nghiém (khéng 4m) duy nhét cta (3); suy ra:
| 1diém |

lim =z, = 0.
n—-+oo
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,\ Moén thi: Giai tich
o Thoi gian lam bai: 180 phut
DAP AN
Loi giai bai 6 diém
e Theo dinh nghia cta D, ta ¢6 | f(xo) — f(yo)| < |To — yo| v6i moi f € D.
e Suyra
sup|f(zo) — f(yo)| < |xo — yol- (1)
feb
e Cach 1: bat g(z) = |z — x| > 0 v6imoi = € R.

e Theo bit ding thiic tam giac, ta c6

9(®) —g(y) = |z —xo| — [y — zo| < [(® —20) — (¥ — 20)| = |2 — 9|

v6i moi ¢,y € R. 1 diém

e Bing cich hoan d6i vi tri clia  va vy, ta thiy lg(x) — g(y)| < |z — y| v6i moi x,y € R. Do do,

g € D. 1 diém

e Suyra ;uglf(wo) — f(yo)| > lg(z0) — g(yo)| = |zo — yol. Két hop véi (1) ta cb
(S

rjpea[))df(xo) — f(yo)| = |zo — yol-

1 diém

e Cach 2: bat g(x) = max{x — yp,0} > 0 v6i moi = € R. 0,5 diém

e Xéttly y x,y € R. Ta sé chltng minh ring

lg(xz) —g(y)| < |z —yl. (2
That vy, néu = va y clng 16n hon yo thi (2) tré thanh ding thitc. Néu x va y ciing bé hon yq

p—

thi vé tréi b%’lng 0 nén (2) hién nhién dung. 1 diém

e Trong trudng hop con lai, khéng mit tinh téng quat, xem = < yo < y. Khi d6, |g(z) — g(y)| =
10— (¥ — 0)| = lyo — y| < |& — y| nén (2) ludn ding. Do dé, g € D.

e Tuong tu, néu dit h(x) = max{x — xg,0} v6i moi x € R, ta ciing cé h € D. 0,5 diém

e Suyra

?ggﬁ(wo) — f(yo)| = max{g(zo) — g(yo), h(yo) — h(zo)} = max{g(zo), h(yo)}

> max{zo — Yo, Yo — o} = |To — Yol-

Két hgp v6i (1) ta cod
r}leaglf(mo) — f(yo)| = |zo — yol-

1 diém
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,\ Mon thi: Giai tich
o Thoi gian lam bai: 180 phut
DAP AN
Loi giai bai 6 diém

1
e 1.Khiz # 0, tacd f(x) = In(1 + x2) cos — va
x

2z 1 1 1
() = .cos — + — - In(1 4 z?) - sin —.
fi@) =7 e _ g In(l+2%) -
s . f(=)—f(0) . In(l+a?) 1 P
e 2. Xet gldl han %%W = ;};%T « & COS ;.
1 1 .
e Viz — 0va cos — bi chin (bdi 1) nén lirrb <a: cos > =0.
x z— T
. ln(]‘ + xz) A “ 7 2, A N g
e Do lurr%)i2 = 1, nén gidi han G trén bang f/(0) = 1.0 = 0.
r— @x
1 In(1+ 22 1
e 3. Xét gidi han lim f/(x) = iig(l)(l Tareos n(;m) . sin w)
1 .
* Chondiy, = —— — Okhin — +o0.Tac lim f'(zn) = 0.
nwmw n——+o0o

1
e Chondédyy, = w+—— — Okhin — +oo. Talai cé ngrfwf’(yn) =1 # 0,nén 9%i_t}r%)j"’(av)

5 + 27
khong ton tai. VAy, ham sb f/ khéng lién tuc tai z = 0.
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DAP AN

Loi gidi cac bai 6 diém

e Theo dé bai, ta c6 ham chi phi san xuit: C = 8K + 4L + 100. VA ta can tim K, L sao cho C
dat cuc tiéu véi diéu kién rang bude

K3L3 = 2000.

(2000)3

Kz nén ta biéu dién dudc

e Cach 1: Theo diéu kién rang budc, L =

(2000)3

nhu 13 ham ctia mét bién sé K € (0, +00).
2000)3 2000)3 .
e Taco: C'(K) = 8—8-! C’"(K) = 24-(K4)Véim(_)iK € (0,—|—oo).

K3
e Phuong trinh C’ = 0 ¢6 nghiém duy nhit K = 2000. b€ y: C”(K) > 0 v6i moi K. Do dé, C
dat cuec tiéu (tuyét dbi) tai K = 2000. 1,5 diém

e Viy, d€ chi phi san xuét 13 thap nhit, nim 2019 doanh nghiép cin thué K = 2000 don vi vén
tu ban va L = 2000 don vi lao dong. 0,5 diém

e Cach 2: Ap dung bat ddng thitc TBC-TBN cho 3 s6 duong va sit dung diéu kién rang bubc ta cd
C =8K+4L +100=4- (2K + L) + 100 > 4-3K3L5 + 100 = 24100;

e diu "="xay ra khi va chi khi K = L = 2000. 0,5 diém

e Vay, d€ chi phi san xudt 12 thip nhét, nim 2019 doanh nghiép cin thué K = 2000 don vi v6n
tu ban va L = 2000 don vi lao dong. 0,5 diém
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,\ Mon thi: Giai tich
Thoi gian lam bai: 180 phut

DAP AN

Loi gidi cac bai 6 diém
e 1.Dit F(z) = [} |f/(t)|dt, tacé F(1) = 0va F'(z) = —|f'(z)| (Vz € [0,1]).

e Hon ntia,

1
/ f’(t)dt' =f1) - f@|=If(@)] (veeclo,1]). @D

1
F(z) = / 17()]dt >

e Laico

/01 F(x)dx = mF(m)‘z — /01 xF'(z)dx = /01 z|f'(x)|dx. (2)

T (1) and (2) suy ra bat dang thtic can chting minh.

e 2.bdt f(x) = z(1 — ), ta c6 mOt ham f kha vi lién tuc trén [0, 1], v6i f(1) = 0 va

1 1 1 , _1
/Olf(w)ldwz /Occlf(m)|da:_ )

6’ 4

Vay, f théa yéu chu dé bai.
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,\ Mon thi: Giai tich
\ Thoi gian lam bai: 180 phut

DAP AN

Loi gidi cac bai 6 diém

e 1. Him f lién tuc, don diéu khong ting va bi chin dudi bdi 0 nén ton tai giéi han hitu han

im_f(@).

e Tit gi thiét suy ra su héi tu cla tich phén suy rong

/+°° f(#)dt = lim /m f(t)dt.
0 r—+oc0 Jo

1 diém

o V6i F(x) = [J f(t)dt, ton tai gi6i han hituhan lim F(x). Do dd, lim (F(2z) — F(x)) =
T—r1+00

x——+o0

0. 1 diém

e Ti tinh don diéu khong ting cia f > 0, ta co

2x
F(2x) — F(x) = f@)dt > xzf(2x¢) >0 Vx>0
nén lirf xf(2x) = 0. Suyra lirJqu xf(x) = 0 (diéu phai chiing minh).
r—r+400 T—>1 00
1 —
e 2. Cach 1: bit f(x) = @12 @12 v6i moi & > 0. Dé thay f la mot ham duong, lién
tuc va giam trén [0, 4+00), v6i lirf xf(x) = 0. Hon ntta:
r—r+00
+oo d +oo 1 d r=-+00
x)dx = z =Inln(x + 2 = +o0.
@ [T e @+2)|
2(x +1)

e Cach 2: bit f(x) = v6i moi > 0. D& thdy f 1a mét ham

[(x+1)2 4+ 1] In[(x + 1)2 + 1]
duong, lién tuc trén [0, 4+-00), va liI_ll_l xf(x) = 0nén lir_|1_1 f(x) = 0. Hon nita:
r—+00 T—>r00

oo e 2(z + 1) _ [
/0 f(m)dm_/o [(a:+1)2+1]1n[(w+1)2+1]dm_/mz uf

u=-+4o0
=Ilnu = 400}
u=In2
trong 46, u = Inl(e + 1)7 + 1. Ve, _lim_(£(2) + J§ 70t ) = +x.
2 1 2
e Cuoi cung, trén [0, +00), cac ham g(x) = (zc—fl—';2+1’ h(x) = n[(z + % 1 1] duong va

gidm nén f(z) = g(w)h(x) ciing gidm.



