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GIGI THIEU

Ky thi Olympic Toan hoc 14n thit 28 danh cho sinh vién cac trudng dai hoc,
cao ddng, hoc vién va hoc sinh phé théng cac trudng chuyén trong ca nudc
da dugc t6 chitc trong hai ngay 23-24/4/2022. Nim nay Ban T6 chitc da
quyét dinh t6 chic qua hinh thic truc tuyén d€ tranh dnh hudng bt ngd clia
dai dich, du vdy ching ta vin dugc du lai phan nao khéng khi ctia nhitng ky
thi Olympic Toan hoc hing niam.

Quyén ky yéu nay tap hop cac bai dé xult cla cac trudng tham du ky thi v6i
mong muon cung cap thém mot tai liéu tham khao cho nhitng ngudi quan
tAm. Chiing t6i gift nguyén hiu hét cach viét, trinh bay ban diu khi cic doan
gtii dén, céng viée bién tip chl yéu 13 chinh stta mot sb ndi dung chua chinh
x4c, ca toan va chinh ta, va phan loai tuong dbi cac bai ciing nhu bién tip
dinh dang chung. Mét s6 ky hiéu nhu ma trdn, chuyén vi ctia ma trin, tp
s6 thuc, sb tu nhién, ... ¢6 su khac nhau giita cic doan, ching tdi ciing di cb
ging chinh sta theo nhiing cach ky hiéu phd bién nhit nham tao thuén 1oi
cho ngudi doc, tuy nhién do thoi gian han ché nén viéc chinh stta vin chua
duge nhu mong mubn.

Nhom bién tap
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Phan I

KY THI OLYMPIC TOAN HOC SINH
VIEN - HOC SINH LAN THU 28






Thong tin vé ky thi

Pon vi td chitc
e B0 Giao duc va Dao tao
e Hoi Toan hoc Viét Nam*
e Lién hiép cac Hoi Khoa hoc va Ky thuat Viét Nam
e Trung udng Hoi Sinh vién Viét Nam
e Truong DH Khoa hoc Tu nhién - PHQG Ha Noi*
e Vién Nghiérl ctiu cao cip vé Toan - Chuong trinh trong diém qubc
gia Phat trién Toan hoc giai doan 2021-2030
*: don vi to chitc chinh.

Ban t6 chiic

Trudng ban: PGS.TSKH. Vii Hoang Linh - Phé Cht tich kiém Tong thu ky Hoi
Toan hoc Viét Nam.

Ph¢ trudng ban: Dai dién Bo Gido duc & Dao tao; Dai dién Trung wong Hoi
sinh vién Viét Nam; GS.TSKH. Pham Thé Long - Phé Cha tich H6i Toan hoc
Viét Nam.

Uy vién: PGS. TS. Poan Trung Cudng, Phé TTK Hbi Toan hoc Viét Nam; TS.
Lé Cudng, Vién Cong nghé Théng tin - DHQG Ha Noi; TS. Tran Nam Diing,
Trudng DH Khoa hoc Tu nhién - PHQG Tp. HCM; PGS.TS. Tran Kiém Minh,
Trudng Pai hoc Su pham - PH Hué; TS. Nguyén Chu Gia Vuong, Vién Toan
hoc; ThS. Pham Dinh Hiéu, Trudng DH Khoa hoc Tu nhién - PHQG Ha Noi.

Ban giam khao
PGS.TSKH. Vi1 Hoang Linh (Trudng ban), PGS.TS. Doan Trung Cudng (Pho

trudng ban), TS. Nguyén Chu Gia Vuong (Phé trudng ban), PGS.TS. Ngd
Quoc Anh, TS. bao Phuong Bac.

Cac tiéu ban ra dé

Tiéu ban Dai sb: TS. Dao Phuong Bac (Trudng tiéu ban), TS. Nguyén Chu
Gia Vugng.

Tiéu ban Giai tich: PGS.TS. Ngb Quéc Anh (Trudng tiéu ban), TS. Nguyén
Duy Thai Son, PGS.TS. Do Dtic Thuan.

Tiéu ban Trung hoc Phé théng: TS. Nguyén Chu Gia Vuong (Trudng tiéu
ban), Th.S. Tran Quang Hung.



Tong két

Sau 2 nam bi gian doan do dai dich COVID-19, ky thi Olympic Toan hoc Sinh
vién — Hoc sinh 14n thi 28 di dudc t5 chiic vio hai ngay 23-24/4/2022 véi
hinh thic truc tuyén - cac ddi thi tai chd dudi su gidm sat cia Ban TS chiic
qua camera va sy giam sat chéo gifta cic doan qua phin mém Zoom. Ky thi
13 hoat d6ng thudng nién do Ho6i Toan hoc Viét Nam phbi hop cling B Gido
duc va Dao tao, Lién hiép cac Hoi khoa hoc va ky thuéat Viét Nam va Trung
wong Héi Sinh vién Viét Nam t6 chiic, ndm nay 13 14n d4u tién ky thi dugc &
chtic theo hinh thitc truc tuyén. Ky thi nim nay d4 nhan dude su tng ho va
tai trg ctia Lién hiép cac Ho6i khoa hoc va ky thuit Viét Nam va Chuong trinh
trong diém cip Qudc gia vé Toan hoc giai doan 2021-2030 ctia Bé Gido duc
va Dao tao (thong qua Vién Nghién cttu Cao cip vé Toan).

Viéc chuyén hinh thitc t8 chic ky thi tit truc tiép nhu truyén thdng sang truc
tuyén dé thich ¢ng véi tinh hinh dich bénh d& dugce Ban T6 chitc chudn bj ti
niam 2021 véi viée x4y dung quy trinh coi thi, nép bai thi, chAm thi va ban
hanh cac quy dinh, quy ché.

Ban T6 chtic ky thi nim nay da nhan dudc ding ky tham gia cia 102 doan
(58 trudng dai hoc, hoc vién, cao ding va 44 trusng THPT trén toan qubc)
v6i 767 thi sinh va trén 800 ludt thi (c6 gin 100 sinh vién ding ky thi hai
moén). DAy 14 con sb ky luc ca vé sb doan du thi va sb thi sinh. Tuong tu nhu
nhitng nim trude, cic sinh vién tham gia thi mot trong hai mén Dai sb va
Gii tich, cAc hoc sinh phd thong tham gia ca hai bai thi S6 hoc va Hinh hoc.
Mo6n Dai sb ¢6 249 sinh vién tham gia thi, mon Gidi tich c6 244 sinh vién
tham gia, chia theo hai béng A va B. C6 362 hoc sinh THPT tham gia ky thi
nim nay. S& lugng thi sinh va so doan truong THPT tdng manh so v6i nhiing
nim truée cho thay mot loi thé clia hinh thtc thi truc tuyén.
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Thi sinh lam bai thi (hinh anh tit camera). Anh: Hbi Toan hoc Viét Nam.

Do thi truc tuyén nén nhiéu hoat déng truyén théng ctia ky thi Olympic bén
canh hoat déng thi ¢t nhu thé thao, van nghé duong nhién khong t6 chiic
dudc. Bén canh do, ngay truéc ngay khai mac, Ban To chtic da to chiic chuoi
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4 bai giang danh cho hoc sinh THPT do nhiing chuyén gia trong linh vitc bbi
duong hoc sinh gidi toan bac THPT ding 16p.

P& dam bao su céng khai, minh bach va c6ng bang, ngay 15/5/2022 Ban
TS chiic dd hop truc tuyén véi cac trudng doan d€ chét ngudng xét gidi trén
co s§ cac nguyén tic da dude thong bao trude. Cin clt ngudng xét giai dudce
nhét tri cao, Ban T6 chtic quyét dinh trao giai phan dai hoc nhu sau:
— 26 giai nhit mén bai sb, 20 gii nhit mén Giai tich;
— 41 giai nhi mén bai sb, 38 giai nhi mén Giai tich;
— 70 giai ba mén Dai sb, 64 giai ba mén Giai tich;
— 23 gii khuyén khich mon Dai sb va 23 giai khuyén khich mén Giai
tich.
Dbi v6i cac hoc sinh THPT, Ban t8 chitc da quyét dinh trao 29 gidi nhéit, 59
giai nhi, 82 gidi ba va 32 giai khuyén khich.
Mic du khéng xép hang cdc doan, Ban t6 chic ghi nhin thanh tich xuét sic
cta cac doan
— Truong DH Khoa hoc Tu nhién-DHQG Ha Noi va Truong DH Khoa hoc
Tu nhién-DPHQG TPHCM c6 thanh tich ddn diu bang A véi 6 giai nhit,
3 giai nhi, 1 giai ba;
— Trudng DH Mé-bia chit din diu bang B v6i 7 giai nhét, 2 giai nhi, 1
giai khuyén khich;
— Trudng THPT chuyén KHTN, DPHQG Ha Néi din diu céc trudng THPT
véi 6 giai nhét, 3 gidi nhi.

Vﬁ vA tq-sd-.d.v Ve ALAQLVAMDIR ¥ NWiTaYa -
A T L L) Bl 4 ¥ ALl maw
N LIO :
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GS Ngo Viét Trung, Chu tlch Héi toan hoc V1et Nam (ngoa1 cung ben phai), khen thudng
cac doan cé nhiéu thi sinh dat thanh tich tét. Anh: Héi Toan hoc Viét Nam.
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Ban TS chiic ciing ghi nhan nb luc ctia mot sb trudng 6 cac ving mién khé
khin di dat két qua tbt nhu Trudng PH Quy Nhon (bang A), Trudng DH
Quang Nam, Trudng PH Dong Thap (bang B), Trudng THPT chuyén Chu Vin
An-Binh Dinh, Truéng THPT chuyén Lé Quy Dén-Quang Tri, Truong THPT
chuyén Luong Van Chanh-Phu Yén, Truong THPT chuyén VO Nguyén Glap—
Quang Binh. Nhin chung, Ban T6 chitc danh gia cao su nghiém tic va c6
gang clia tAt ca 102 doan tham gia ky thi.

Vé c4 nhén, ¢ 6 sinh vién da dat giai nhAt ca hai mé6n Dai sb va Gidi tich. D6
la 5 sinh vién Nguyén Truong Thinh (Trudng Dai hoc Cong nghé Thong tin
— PHQG TPHCM), Nguyén Mac Nam Trung (Truong Dai hoc Khoa hoc Ty
nhién - PHQG TPHCM), Nguyen Tién Hoang (Trudng Pai hoc Khoa hoc Tu
nhién — PHQG TPHCM), Tra Tran Quy Thién (Truéng Dai hoc Quy Nhon),

Lé Vin Manh (Trudng Pai hoc Su pham TPHCM) dat 2 giai nhit bang A;
sinh vién Ng6 Thanh Ha (Trudng Dai hoc Quing Nam) dat 2 giai nhét bang
B. Dac biét, sinh vién Nguyén Mac Nam Trung (Truong Dai hoc Khoa hoc
Tu nhién — PHQG TPHCM) ¢6 két qua dimng du ca 2 mén (29,5/30 diém
mon Dai s6 va 30/30 diém mén Gidi tich). Ba hoc sinh THPT c6 ‘diém cao
nhit déu dén tit Trudng THPT chuyén KHTN, DPHQG Ha Nbi 1a Tran Thing
Long (52/60 diém), Pham Duy Nguyén Lim va Ding Quang Thiang (déu
51/60 diém).

Ngay 29/ 5/ 2022, Hoi Toan hoc Viét Nam da t6 chiic Hoi nghi tong két va
Lé trao giai ky thi tai Trudng Pai hoc Khoa hoc Tu nhién, PHQG Ha No6i. Ky
thi Olympic Toan hoc Sinh vién - Hoc sinh ndm nay tiép tuc gép phan ning
cao chit luong day va hoc toan, thiic ddy phong trao hoc toan trong sinh
vién, déng thoi phat hién, bdi dudng cc sinh vién gidi toan trong cac trudng
dai hoc, cao ding va hoc vién. Bén canh dé, ky thi ciing thiic ddy niém say
mé toan hoc trong hoc sinh khi THPT, phat hién, bdi dudng hoc sinh gi6i
toan cling nhu tao co héi giao luu gifta cac hoc sinh gidi toan khbi THPT véi
cac sinh vién va giang vién toan tai cac trudng dai hoc va hoc vién trén toan
quoc.

Vi Hoang Linh
Trudng Ban To chiic



Danh sach cac doan

bai hoc

1. bai hoc An Giang. Truéng doan: Lé Van Chua

. bai hoc Bach khoa - bai hoc Qudc gia Tp. HCM. Trudng doan: Nguyén

Tién Diing

Pai hoc Cong nghé - Dai hoc Qubc gia Ha Noi. Trudng doan: Lé Phé Do

4. bai hoc Cong nghé Pong A. Trudng doan: Nguyén Thi Thanh Ha

5. bai hoc Cong nghé Théng tin - Pai hoc Qubc gia Tp. HCM. Trudng doan:

© ©® N

10.
. Dai hoc Dong Thap. Trudng doan: Nguyén Vin Diing
12.

13.

14.
15.
16.
17.
18.
19.

20.

21.

Cao Thanh Tinh

Pai hoc Céng nghiép Ha Noi. Trudng doan: b6 Thi Thanh
Dai hoc Cong nghiép Tp. HCM. Trudng doan: Lé Phtic Lit
Pai hoc Da Lat. Truéng doan: Ding Tuin Hiép

Pai hoc DAu khi Viét Nam. Trudng doan: Pham Thi Hoai Lan
Pai hoc Dong Nai. Trudng doan: Quach Vin Chuong

Pai hoc Gido duc - Pai hoc Québc gia Hi Noi. Trudng doan: Dao Thi Hoa
Mai

PH Giao thong vén tai, phan hiéu Tp. HCM. Trudng doan: Nguyén Thi
Thai Ha

Pai hoc Hai Phong. Trudng doan: Nguyén Thi Thanh Vin

Pai hoc Hang Hai Viét Nam. Trudng doan: Nguyén Vin Trinh

Pai hoc Hong Dic. Trudng doan: Lé Anh Minh

Dai hoc Hung Vuong, Phu Tho. Trudng doan: Ha Ngoc Phu

Pai hoc Khoa hoc - Pai hoc Hué. Truéng doan: Bui Van Chién

Pai hoc Khoa hoc Tu nhién - Dai hoc Qudc gia Tp.HCM. Trudng doan: Vo
Pic CAm Hai

Pai hoc Khoa hoc Tu nhién - Dai hoc Quéc gia Ha Noi. Trudéng doan: Trinh
Viét Dudc

Pai hoc Khoa hoc - Pai hoc Thai Nguyén. Trudng doan: TrAn Xuan Quy
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22.
23.
24.
25.
26.
27.
28.
29.
30.
31.
32.
33.
34.
35.
36.
37.
38.
39.
40.
41.
42.
43.
44.
45.
46.
47.
48.
49.
50.
S1.
S2.
53.
54.

Pai hoc Kién Giang. Trudng doan: Nguyén Thanh Sang

Pai hoc Kién triic Ha Noi. Trudng doan: Ding Dinh Hanh

Pai hoc Kinh t& Qubc dan. Trudng doan: Nguyén Hoang Ha

Pai hoc K§ thuat — Hiu cAn CAND. Trudng doan: Phan Quang Huy
Pai hoc M6 - bia chét. Truéng doan: Nguyén Thi Lan Huong

Dai hoc Ngoai thuong, Co sé 1. Trudng doan: Phung Duy Quang

Pai hoc Nong LAm Hué. Trudng doan: Nguyén Ditc Hong

Pai hoc Pham Vin Dong. Trudng doan: Tran Ngoc Khué

Dai hoc Phenikaa. Trudng doan: Phan Quang Sang

Pai hoc Quang Nam. Trudng doan: Tran Ngoc Qubc

Pai hoc Quy Nhon. Trudng doan: Nguyén Ngoc Qubc Thuong

Pai hoc Sao D4. Trudng doan: Nguyén Viét Tuan

Pai hoc Su pham - Pai hoc ba Nang. Truéng doan: Pham Quy Mudi
Pai hoc Su pham - Dai hoc Hué. Trudng doan: V6 Ngoc Cuong

Pai hoc Su pham - Pai hoc Thai Nguyén. Trudng doan: Bui Thé Huing
Pai hoc Su pham Ha Noi. Trudng doan: Nguyén Cong Minh

Pai hoc Su pham Ha Nbi 2. Trudng doan: Tran Vin Bing

Dai hoc Su pham Ky thudt Nam Dinh. Trudng doan: Ng6 Thanh Binh
Pai hoc Su pham K§ thuét Vinh Long. Trudéng doan: Tran Hoai Ngoc Nhén
Pai hoc St pham Tp. HCM. Truéng doan: Tran Tri Diing

Pai hoc Tai chinh - Marketing. Trudng doan: Nguyén Tun Duy

Pai hoc Tai nguyén - Méi trusng Tp.HCM. Trudng doan: Ly CAm Hung
Pai hoc Tan Trao. Trudng doan: Khdng Chi Nguyén

Pai hoc Tay Nguyén. Trudng doan: Nguyén Ngoc Hué

Pai hoc Thing Long. Trudng doan: Nhdm Ngoc Tan

Dai hoc Thong tin lién lac. Trudng doan: Lé Vo Dai

Pai hoc Tht DAu Mét. Trudng doan: Tran Thanh Phong

Pai hoc Thiy Loi. Trudng doan: Nguyén Hitu Tho

Dai hoc Thuy 1di, Co s6 2. Trudng doan: Huynh Thi Kim Loan

Pai hoc Tra Vinh. Trudng doan: Nguyén Vin Sau

Pai hoc Tran Dai Nghia. Truéng doan: Nguyén Manh Hung

Dai hoc Vinh. Trudng doan: Tran Anh Nghia

Pai hoc Xy dung Mién Trung. Trudng doan: Dio Vin Duong



55.
56.

57.
58.

11

Hoc vién Hai quan. Trudng doan: Nguyén Canh Ting

Hoc vién Ky thuit Mat ma, phan hiéu Tp. HCM. Trudng doan: Phan Van
Tri

Hoc vién Ky thuét Quén su. Truéng doan: Hy Diic Manh
Hoc vién Phong khong - Khong quén. Trudng doan: Bui Quang Nam

Trung hoc Phé thong

1.

0 ©® N s WD
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14.
15.
16.

17.

18.
19.

20.

Khbi THPT Chuyén Khoa hoc, Truong DH Khoa hoc - DH Hué. Trudng
doan: Nguyen Van Hung

THPT Chu Vin An - Ha N6i. Trudng doan: Nguyén Ba Tuin

THPT Chuyén - Dai hoc Su pham Ha Noi. Trudng doan: Ha Duy Hung
THPT Chuyén - Dai hoc Vinh. Trudng doan: Lé Manh Linh

THPT Chuyén Bic Kan. Trudng doan: Nong Thé Nhu

THPT Chuyén Bic Ninh. Trudng doan: Trin Ngoc Diép

THPT Chuyén Bén Tre. Trudng doan: Lé Thanh Hai

THPT Chuyén Chu Vin An - Binh Dinh. Trudng doan: Huynh Duy Thuy
THPT Chuyén Chu Van An - Lang Son.

THPT Chuyén Ha Long - Quang Ninh. Truéng doan: Pham Vin Ninh

. THPT Chuyén Ha Tinh. Trudng doan: Nguyén Nhu biic
. THPT Chuyén Hoang Lé Kha - Tay Ninh. Truéng doan: Huynh Quéc Hao
. THPT Chuyén Hoang Vin Thu - Hoa Binh. Trudng doan: Nguyén Ngoc

Xuan

THPT Chuyén Hung Vuong - Gia Lai. Truéng doan: Huynh Thanh Luin
THPT Chuyén Hung Vuong - Pha Tho. Trudng doan: Triéu Vin Diing
THPT Chuyén Huynh Man Dat - Kién Giang. Truéng doan: Vii Nguyén
Duy

THPT Chuyén Khoa hoc Ty nhién - DPH KHTN - DPHQG Ha Noi. Trudng
doan: Pham Van Quoc

THPT Chuyén Lam Son - Thanh Hoa. Trudng doan: Bui Van Binh

THPT Chuyén L& Hong Phong - Nam Dinh. Trudng doan: Nguyén Hoang
Cuong

THPT Chuyén Lé Khiét - Quang Ngii. Truéng doan: Pham Viét Huy
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21.
22.
23.

24.
25.

26.

27.
28.
29.
30.
31.

32.

33.

34.
35.
36.
37.
38.
39.

40.
41.
42.
43.
44.

THPT Chuyén Lé Quy Dén - Binh binh. Trudng doan: V6 Qubc Thanh
THPT Chuyén Lé Quy Pén - ba Ning. Trudng doan: Nguyén Ngoc Tién

THPT Chuyén Lé Quy Dén - Khanh Hoa. Trudng doan: Doan Khanh Thanh
Tin

THPT Chuyén Lé Quy D6n - Quang Tri. Trudng doan: Trin Vinh Hop

THPT Chuyén Lé Quy Doén - Ba Ria Viing Tau. Trudng doan: Lit Thi Tra
Giang

THPT Chuyén Lé Quy Pén - Pién Bién. Trudng doan: Trdn Thi Thanh
Thay

THPT Chuyén Lé Thanh Tong - Quang Nam. Trudéng doan: Lé Binh Long
THPT Chuyén Luong Van Chanh. Trudng doan: TrAn Hong Son

THPT Chuyén Luong Van Tuy - Ninh Binh. Trudng doan: Tran Vin Kién
THPT Chuyén Nguyén Binh Khiém - Quang Nam. Trudng doan: Diép Tinh

THPT Chuyén Nguyén Quang Diéu - Déng Thap. Trudng doan: Nguyén
Tuan Anh

THPT Chuyén Nguyén Tit Thanh - Yén Béi. Trudng doan: Nguyén Khanh
Hoa

THPT Chuyén Nguyén Thi Minh Khai - S6c Tring. Trudng doan: Nguyén
Thi Thuy Phuong

THPT Chuyén Nguyén Tréi - Hai Duong. Trudng doan: Nguyén Thé Sinh
THPT Chuyén Phan Boi Chau - Nghé An. Trudng doan: Ngb Sy Thuy
THPT Chuyén Quang Trung - Binh Phudc. Trudng doan: Tran Minh Hién
THPT Chuyén Thai Binh. Truéng doan: Pham Cong Sinh

THPT Chuyén Thing Long - Da Lat. Truéng doan: Tran Trinh Minh Son

THPT Chuyén Trin Pai Nghia - Tp. HCM. Trudng doan: Nguyén Vin
Phuong

THPT Chuyén Tran Pht - Hai Phong. Trudng doan: Tran Quang Thing
THPT Chuyén Vinh Phic. Trudng doan: Hoang Manh Du

THPT Chuyén V6 Nguyén Giap - Quang Binh. Trudng doan: Lé Duy Hién
THPT Hoang Diéu - Soc Trang. Trudng doan: Phuing Kim Phu

Trudng Chau A Thai Binh Duong. Trudng doan: Pam Vin Ngoc
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DE THI CHINH THUC

1 Daiso
1.1 BangA

BAI 1. (a) Tinh dinh thitc va hang ctia ma trin vuéng cip n sau day theo n:

1 1.0 0 ... 0 0
2 2 0 ... 0 0
003 3 ... 0 0
0000 ... n—1n-—1
000 0 n

(b) Gia st (ey, ea, ..., e,) la mot co s6 cia khong gian vécto V. V6i nhiing gia
tri nao ctia n thi hé cac vécto (e; + ey, 265 + 2e3,3e3 + 3eq4...,(n — 1e,_1 +
(n — 1)en, ne, + nep) cling 1ap thanh mét co s6 ctia V?

BAI 2. Mot nha mdy san xuit mot loai san phdm tit ba nguyén liéu (4, B,
C); biét rang moi nguyén liéu la su két hgp caa ba thanh t6 (N, K va S) theo
mot ti 1€ khoi lugng c6 dinh va dude cho nhu sau:

. — Tén thanh t6 N | K S
Loai nguyén liéu

A 0,40,2|0,4

B 0,2]0,3|0,5

C 0,3/0,3|0,4

Gia st z,y, z 1an luot 1a tf 1é khoi luong cta cac nguyén lidu A, B, C déng
gop trong mot san pham dudc san xuat.
(a) Tinh cac ti 1& khéi luong ctia cac thanh té N, K, S chiém trong mot san
pham theo z,y, z.

(b) Tim z,y, z biét raing mot san pham c6 tf 1& khéi luong clia cdc thanh td
nhu sau 0,31 1a N; 0,26 1a K vaconlaila S.
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(©) Goi a,b lan lugt la t{ 16 clia cac thanh t6 N, K trong mot san phim.
Chiing minh rang
0,2<b<0,3:
0,5<a+b<0,6;
0,8 <a+2b<0,9.

BAI 3. Gia sit P(z) 1a mét da thitc v6i hé s6 nguyén.

2021 r. R T
(a) Biét rang o = m la mot nghiém cta da thitc P(z), hoi tong cac hé

s6 clia P(x) c6 thé bang 2023 hay khong? Tai sao?

T > 2021 2021
b) Tral h h = hia 12 =——1a
(b) Tra loi cau hoi tuong tu cho « 2022’ , nghia la néu o = 5022

nghiém ctia da thitc P(z) ndi trén, thi téng cac hé s6 clia P(z) cb thé
bang 2023 hay khong? Tai sao?

BAI 4. (a) Cho A = (ajj)2x2 1a mOt ma tran vuong kha nghich, cép 2, v6i hé
s6 phtic. Chting minh rang A c6 thé khai cin bac hai dudc, nghia 1a ton tai
mot ma trAn B vudng cap 2 v6i hé so phiic sao cho B? = A.

(b) Ton tai hay khong mét ma trdn B vudng cAp 2 véi hé sb phtic sao cho
, (0 1Y,
B = (O b):

BAI 5. Mot dudng hoan vi cia ma trin Vuong A chp n 1a mo6t bd gébm n hé sb
cua A sao cho hai hé s bt ky déu khong ndm trén cung mot hang, va khong
nam trén cung mot c6t. MOt ma tran Vuong cap n dudc goi la mét ma trdan
Olympic néu d6 la ma trin thdéa man dong thoi hai diéu kién:

(i) Mbi hé sb c6 gia tri thude {—1,0,1}.

(ii) Téng n hé sb trén cac dudng hoan vi déu bang nhau.

Ching han
-1 0 -1
A= 0 1 0
0 1 0

la mot ma tran Olympic.
Ky hiéu f(n) la so cac ma tran Olympic cap n.
(a) Chtng minh ring diéu kién (ii) § trén tuong duong véi viée hai hang
bat ky ctia ma tran sai khac nhau mot vecto hang véi cac toa dé bang
nhau.

(b) Tinh gia tri caa f(2).
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(¢) Tim cong thiic cta f(n) dudi dang
f(n) = aiby + axby + asby + a4,

trong d6 ay, by, as, by, as, bz, ay 1a cac hang so.

17
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1.2 BangB
BAI 1. (a) Cho a, b, ¢ 1a cac sb thuc. Tinh dinh thiic ctia ma trin A sau day:
a b 0
A=1c 0 b
0 c a

(b) Tim diéu kién ctia a, b, c d€ ma trn A c6 hang bing 3. V6i nhiing sb6 a, b, ¢
nhu vay, hay tim ma trin nghich ddo A~

BAI 2. M6t nha may san xuit mot loai san pham tit ba nguyén liéu (4, B,
C); biét rang moi nguyén liéu la su két hop cta ba thanh t6 (IV, K va S) theo
mot ti 1€ khoi lugng ¢6 dinh va dude cho nhu sau:

' — Tén thanh t6 N | K g
Loai nguyén liéu
A 0,40,2|0,4
B 0,210,3|0,5
C 0,3/0,3|0,4

Gia st z,y, z 1an luot 1a tf 1é khoi luong cta cac nguyén liéu A, B, C déng
g6p trong mot san phidm dugdc san xuit.
(a) Tinp cac ti 1é khéi lugng ctia cac thanh td N, K, S chiém trong mot san
pham theo z, v, .
(b) Tim x,y, z biét ring mot san phim c6 tf 18 khéi luong clia cdc thanh td
nhu sau 0,31 1a N; 0,26 1a K vacon laila S.
(¢) Goi a,b lan lugt 1a ti 1€ ctia céc thanh tb N, K trong mot san phim.
Ching minh rang
0,2<b<0,3:
0,5<a+b<0,6
0,8 <a+2b<0,9.

BAI 3. Cho ma tran

8§ -1 =5
A=|-2 3 1
4 -1 -1

(a) Ma tran A c6 chéo hoa dudc hay khong? Tai sao?
(b) Tim mét ma trdn kha nghich ) sao cho:

QAQ =

S O N
O = O
=~ — O
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BAI 4. (a) V6i A 1a mét sb phtic khac 0, cho A 1a ma trén sau:

Al

0 A/~
Chiing minh rang tn tai mot ma trdn B vudng cip 2 v6i hé sb phitc sao cho
B? = A.

(b) Ton tai hay khong mét ma trdn B vudng cip 2 véi hé sb phtic sao cho
, (0 1),
w00

BAI 5. Mot duong hodn vi clta ma trn vubng A cAp n 12 mét bd gébm n hé sb
cua A sao cho hai hé s bat ky déu khong ndm trén cung mot hang, va khong
nam trén cung mot cot. Mot ma trén vudng cip n dudc goi 1a mot ma trdn
Olympic néu do la ma trn thda man dong thoi hai diéu kién:

(i) Mbi hé sb c6 gia tri thude {—1,0,1}.

(ii) TOng n hé sb trén cac dudng hoan vi déu bing nhau.

Ching han
-1 0 -1
A= 0 1 0
0 1 0

la mot ma tran Olympic.
Ky hiéu f(n) 14 sb cic ma tran Olympic cip n.
(a) Ching minh ring diéu kién (ii) & trén tuong duong véi viéc hai hang

bat ky clia ma trin sai khac nhau mét vects hang véi cic toa db bang
nhau.

(b) Hay liét ké tht ca cac cach dién vao nhiing vi tri x con tréng clia ma
tran sau dé thu dudc mét ma tran Olympic:

1 0 1 x
0 -1 % 0
0 * * x
1 * % x

Giai thich tai sao.

(¢) Tinh gia tri caa f(2).
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2 Giai tich
2.1 Bang A

BAI 1. Cho (u,)>, 1a diy s6 dudc xac dinh béi

11 1
unzzﬂzﬁ_i—.“—i_m Vn > 1.
k=1

(a) Tim tét cd cac s6 nguyén duong n sao cho u, > 3/2.

)
n=1

(b) Chiing minh ring day sb (u,,)>, héi tu.

(c) Chiing minh rang gi6i han ctia day s6 (u,)°, 1a mot s6 vé ti.

BAI 2. Cho f: R — R 13 ham sb dudc x4c dinh béi cong thitc

Fa) = { sinz néuzx e Q,

—sinz néuz ¢ Q.

(a) Chtng minh ring ham f lién tuc tai 0.

(b) Ham f c6 kha vi tai 0 khong?

(¢) Tim tAt ca cic diém ma é d6 ham f kha vi.

BAI 3. Cho f: R — R 13 m6t ham sb thudc 16p C2(R) va cb liI}_l f(z)=0.
T—r+00

(a) Chiing minh ring ton tai mét day sb (z,,)°°, dan ra +oo sao cho

lim f'(x,) =0.

n—-+o0o
(b) Chiéing minh ring néu f” bi chin trén R thi
() Néu f’ bi chin trén R thi

6 ton tai khong? (HAay ching minh két ludn néu gi6i han dé ton tai;
trong trudng hop ngudc lai, hay dua ra mot phan vi du.)
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BA1 4. L .
Trong hinh vé bén canh, cho bo

tudng Cy va mit dit Cz. Mot gia do
MNP hinh tam giac can c6 day NP
dai p mét va c6 chiéu cao h mét. Gia
do dudgce dat cach bo tudng g mét.

Ngudi ta thiét ké mot cai thang AB
tua 1én gia d6 sao cho diu A ctia thang
tiép xtic bd tudng con diu B cta thang
cham mat dét. Coi thang AB nhu mot
doan thang (d6 day khong dang ké)
va cac khoang cach p, ¢, h 1a duong.

Hay xac dinh chiéu dai ngin nhét c6 thé c6 clia thang AB théa mén tit ca
cac yéu ciu trén.

BAI 5. Goi F 13 16p tht ca cac ham f : [—1,1] — [0, +0c) sao cho f(—1) =
f(1)=1va
f(z) = fy)| < 2022|z — y]
v6i moi x,y € [—1,1].
(a) Chting minh ring néu f € F thi f lién tuc.
(b) Chitng minh ring néu f € F thi

>_
/f Jdr = 5oos

(¢) DAu ding thitc trong y (b) cb dat duge hay khong? (Néu cau trd 16i 1a
“khong”, hay chiing minh; néu ciu tra 16i 1a “c6”, hay chi ra vi du vé mét
ham f lam cho dang thtic xay ra.)
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2.2 BangB

BAI 1. Cho (u,)>, 14 diy s6 dudc xac dinh béi

1
Zk, 1, ot Vel

(a) Tim tAt ca cac sb nguyén duong n sao cho u,, > 3/2.

(b) Chiing minh ring diy sb (un)o2; hoi tu.

BAI 2. Cho f: R — R 14 ham sb dudc xac dinh béi cong thitc

fla) = —sin’z néuz ¢ Q.

{ sinz néuzx € Q,

(a) Chtng minh rang ham f lién tuc tai 0.
(b) Ham f c6 kha vi tai 0 khong?

(¢) Tim tAt ca cic diém ma & d6 ham f kha vi.

BAI 3. Cho f: R — R 13 m6t ham sb thubc 16p C?(R) vacd lim f(z) = 0.

r—r-+00

(a) Chting minh ring ton tai mét day sb (n)02 , dan ra +oo sao cho

lim f'(x,) = 0.

n—-+oo
(b) Chiing minh ring néu f” bi chin trén R thi
lim f'(x)=0

r—r-+00

BAI 4. . L .
Trong hinh vé bén canh, cho bo

tudng C'y va mit dit Cz. Mot gia do
MNP hinh tam giac can c6 day NP
dai p mét va c6 chiéu cao h mét. Gia
do dugc dat cach bo tu’(‘mg q mét.

Ngudi ta thiét ké mot cai thang AB
tua lén gia d6 sao cho du A ctia thang
tiép xtic bo tudng con diu B clia thang
cham mat dAt. Coi thang AB nhu mot
doan thang (d6 day khong dang ké)
va cac khoang cach p, ¢, h 1a duong.
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~ 7 . . A \ . g A , N7 ~ A
Hay xac dinh chiéu dai ngan nhat c6 thé cé cta thang AB théa man tat ca
cac yéu cau trén.

BAI 5. Goi F 13 16p tht ca cac ham f : [-1,1] — [0, +00) sao cho f(—1) =
f(1)=1va
[f(@) = f(y)] < 2022|z — y|
v6i moi x,y € [—1,1].
(a) Chiting minh ring néu f € F thi f lién tuc.
(b) Chitng minh ring néu f € F thi

1
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3 Trung hoc pho thong

3.1 Ngay thd nhit: S6 hoc

Thi sinh dugc sit dung két qud cia cdc cdu trude trong chitng minh ctia cdu sau.
Neu mdt cdu dugc chitng minh khéng dua vao két quad cua cdc cdu trudc thi co
thé diing dé chiing minh cdc cdu trudc.

Day s6 Fibonacci modulo mét s6 nguyén duong

Nhic lai ring diy sb Fibonacci 14 ddy s6 tu nhién duge dinh nghia nhu sau:
Fo =0,F, =1va F,., = F, + F,_; v6i moi so0 nguyén duong n. Ta cling
nhac cong thiic: v6i moi n thi

A. Mot vai hé thitc co ban, dinh nghia va mét sb tinh chat diu tién ctia
k(m)

BAI 1. a) Chting minh rang v6i moi sb tu nhién u, v, trong dé v > 1, thi
Fu—l—v =F,.F, + Fqu—H-
b) Chitng minh ring véi moi s6 nguyén duong n thi

F2n = Fn<Fn71 + FnJrl)a
Fony1 = Ff + F§+1~

BAI 2. Cho sb nguyén duong m.
a) Chitng minh ring ton tai cic sb nguyén 0 < i < j < m? sao cho F; = F;
(mod m) va Fj11 = Fj41 (mod m).
b) Chung minh rang ton tai sb nguyén duong k sao cho F,,, = F,, (mod m)
vGi moi so tu nhién n.
Ky hiéu k(m) 1a sb nguyén duong nhé nhét sao cho Foikm) = F, (mod m)

vGi moi so tu nhién n.

¢) Chting minh rang k(m) la s6 nguyén duong nhé nhit ma Fym) =0
(mod m) va Fipy41 =1 (mod m).

d) Cho s6 nguyén duong k. Ching minh rang F, ., = F, (mod m) v6i moi
so tu nhién n khi va chi khi & chia hét cho k(m).
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BAI 3. Cho s nguyén duong N. Chiing minh rang c6 vo han sb hang ctia day
Fibonacci chia hét cho N.

BAI 4. a) Chting minh ring v6i moi sb nguyén duong m;, m, thi
k([ma, ma]) = [k(ma), k(ms)].

(Trong d6 [a, b] ky hiéu bdi sb chung nhd nhét ctia a va b.)
b) Xac dinh k(2), k(4), k(5), k(10).

B. Mot s6 tinh chit khac ctia k(m)

BAI 5. Gia st p 1 sb nguyén t6 1é sao cho p = +1 (mod 5). Chting minh ring
a) 57 =1 (mod p).
b) F,_1 =0 (mod p).
o) k(p)|p-—1.

BAI 6. Gia stt p 12 sb nguyén t6 1 sao cho p = +2 (mod 5). Chitng minh rang
a) F,11 =0 (mod p).
b) k(p) | 2p + 2.
¢) k(p) chia hét cho 4.

BAI 7. Cho s nguyén duong s. Chiing minh ring
a) F59-1 =0 (mod 2°) va Fs9s-1,7 =1 (mod 2°).
b) k(2°) =3.2°"

BAI 8. Chitng minh rang k(m) 1a s6 chin véi moi m > 2.

Chul y: Piém sb ciia Bai 8 chi dugc ding dé€ xép hang cdc thi sinh 6 diém tuyét
doi.
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3.2 Ngay tha hai: Hinh hoc

Thi sinh dugc sit dung két qud ctia cdc cdu trudc trong chitng minh ctia cdu sau.
Neu mét cdu dugc chitng minh khong dua vao ket qud cua cdc cdu trude thi co
thé dung dé chiting minh cdc cdu trudc.

A. Diém Fermat-Torricelli ctia tam giac

Trong sudt phan nay ta ludn gid st ABC 1a mét tam gidc cb cac gbc nhd hon
120°.

BAI 1. [Diém Fermat-Torricelli] Chting minh rang ton tai duy nhit mot diém
T nam trong tam gidc ABC sao cho /BTC = /CTA = ZATB = 120°. Piém
T xé4c dinh nhu vdy dudc goi 1a diém Fermat-Torricelli ctia tam giac ABC.
BAI 2. [Cach dung khac cho diém Fermat-Torricelli] Dung ra ngoai tam giac
ABC ba tam giac deu BCD, CAE, ABF. Chtng minh rang AD, BE, CF
dong quy tai 7.

BAI 3. [Bai toan Fermat] Xét mot diém P nam trong mit phang chita tam
giac ABC. Goi T 1a diém Fermat-Torricelli ctia tam giac ABC'. Chling minh
rang

a) — — —
TA TB_ TC
TA TB TC
b) — — — — — —
PA-TA PB-TB PC-TC
PA+ PB+ PC > =t Tt T
c)

PA+PB+PC>TA+TB+TC
va dang thitc xay ra khi va chi khi P trung véi 7.
B. M6t vai mé rong bai toan Fermat

BAI 4. Gia st tam gidc ABC nhon. Data = BC, b= CA, c = AB.
a) Ky hiéu H 14 truc tAm clia tam giac ABC'. Chitng minh rang
A HB [l
a-m—Fb-ﬁ—i—c-H—C:O.
b) Xét mot diém P niam trong mit phang. Chiing minh ring téng
aPA+bPB + cPC

dat gia tri nh6 nhét khi va chi khi P tring véi H.
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BAI 5. [Bai toan Steiner] Cho t giac 16i M N PQ. Gid st tdon tai hai diém U
va V nam trong tu giac thda man

LMUN = /ZMUV = ZNUV = ZQVU = LPVU = ZPVQ.
Xét hai diém X va Y trong mét phang. Chiing minh rang téng
XM+XN+XY+YP+YQ
dat gia tri nhé nhatkhiva chikhi X = U, Y = V.
C. M6t sb tinh chit hinh hoc ctia diém Fermat-Torricelli

Trong sudt phin nay ta lai gid st ABC 1a mot tam gidc c6 cac gbe nhd hon
120° va 7' 1a diém Fermat-Torricelli cia no.

BAI 6. Goi G 13 trong tAm clia tam gidc ABC. Chiing minh ring G cach déu
cac dudng trung truc cua cac doan thang T A, TB, TC.

BA1 7. Goi H,, H,, H. tuong ing la truc tam cac tam giac TBC, TC A, TAB.
a) Ching minh rang 7T 1a trong tAm ctia tam giac H,H,H,.
b) Goi D, E, F tuong tng la giao diém ctia H.H, va canh BC, H.H, va
canh CA, H,H, va canh AB. Chiing minh ring tam gidc DEF déu.
¢) Chting minh rang cac dusng thang di qua D, E, F va tuong ting vudng
gbc v6i BC, CA, AB dbng quy tai mot diém. Ky hiéu diém d6 1a S.
d) Chitng minh ring 7'S song song v6i dudng thang Euler clia tam giac
ABC. (Nhic lai ring dudng thang Euler cia mét tam giac 13 dudng
thang di qua trong tim, truc tAm va tdm dudng tron ngoai tiép cla
tam giac do.)
BAI 8. Cho tam giac ABC ¢6 dlem Fermat-Torricelli la 7. Goi (N,) 1a duéng
tron ngoai tiép tam glac TBC. Lay X trén (N,) sao cho T'X vudng goc voi
BC. Goi giao diém clia doan thang BC va dudng tron ngoai tiép tam giac
TN,X 1a D. binh nghia tuong tu cac diém Y, Z, E, F. Cac dudng thang dbi
xtng ctia dudng thang Euler clia tam gidc ABC qua BC, CA va AB, theo
thit tu, cat XD, YE va ZF tai P, Q va R. Chiing minh rang AP vudng goc
v6i QR khi va chi khi AB = AC hodc 2BC? = AB? + AC™.

Chil y: Piém sb ciia Bai 8 chi dugc ding dé xép hang cdc thi sinh 6 diém tuyét
dbi.



CAC BAI DE XUAT: DAI SO

1 MA TRAN

Bai 1.1 (DH Bach Khoa-DHQG TP HO6 Chi Minh, N.H. Hiép). Cho A €
M, (R),n > 2 kha nghich. Chitng minh rang, ton tai mét da thiic hé s6 thuc

g(x) théa A~ = g(A).

Bai 1.2 (PH Bach Khoa-DHQG TP Hd Chi Minh, N.H. Hiép). Cho A €

-4 1 2

Msy(R) va B € Moys(R). Biét rang AB = [ —4 1 2. Tim tit ca cac

ma tran BA.

-5 1 3

Bai 1.3 (PH Béch Khoa-DHQG TP Hé Chi Minh, N.H. Hiép). Cho A, B ¢
M,(R) la hai ma tran doi xting thuc. Chttng minh rang neu ton tai hai ma
trdan X,Y € M,(R) sao cho AX + BY kha nghich thi A* + B? kha nghich.

Bai 1.4 (DH Da Lat, D.T. Hiép). Cho ma tran

Tinh ma trn A%%?!,

I

I
— == =N
— = =N

=N ==
—_ N = = =
N — = = =

Bai 1.5 (DH Dong Thép, N.T. Phtic). Tinh hang ctia ma trin sau:

0982708113
0904700224
0985558800
0913223202

0913922300
0382708335
0385210229
0914708444

Bai 1.6 (DH Giao théng VAn Tai, N.H.
trn vuong cap 3 véi cac phan tir 1a 1 hodc —1. Hay chi ra tAp hop M c¢b chita
bao nhiéu phan t 1a ma trdn kha nghich.

0907221538 0385263366
0382777300 0913112004
0975008761 0913708000
0382701222 (0913444331

Hoang). Cho M tap hop tit ca cdc ma
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Bai 1.7 (PH Hang Hai Viét Nam, N.TD. Hanh). Cho A = [a;;] 1a ma trdn
thuc cap 2021 khong suy bién. Xét cac ma tran cot

Ak = [alk asg CI,QOQLk]t 3 (k’ = 1, 2, Ce ,2021)

Diat M = Ay + 24 + - - - + 2021 Agge;. Tim tt ca cdc ma trin X thda man:

X(M—-4) = flh — Ago21
X(M—4,) = E(AQ — Asoz0)
1
X (M — Ay) = E(Ak — Ago22-1)
X(M—-A _ A A
(M — Agpo1) = M( 2021 — A1)

2021

Bai 1.8 (DH Hang Hai Viét Nam, N.V. Trinh). Cho da thitc f(x) = ) (—1)(i+
=0

1) ' va ma tran

2 —5 4
A=13 =7 5
4 -9 6
Tinh f(A).
Bai 1.9 (PH Hung Vuong - Pha Tho). Cho r 13 mét s6 nguyén duong, & =
2i N B ) . . . .
exp 27 1a mot can phtic bac r cua don vi 1. V6i a € R, ta dinh nghia
r

A¥ige

) . Tim ma trdn nghich ddo ctia ma trin

'3 Iexp(

(1 £ . 5(T*1)a T
1 €a+1 L f(r—l)(a+1)
e .a. . ce T_. . .a
1 gotk oo (et
_1 £a+r71 . f(rfl)(a+7“71)_

Bai 1.10 (PH Su pham Ha Néi 2). a) Tinh A*?!, trong d6

PR
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b) Cho A 1a mét ma trn vudng cip n va lity linh. Chitng minh rang hai hé
phuong trinh sau c6 cung tap nghiém trong R"
Ax =0
(A+2A% + ... +20214%*" )z = 0.
Ba1 1.11 (DH SPKT Vinh Long, T.H.N. Nhin). Tim tht ca cac ma tran thuc A

cap n c6 tt ca cac phan t khéng 4m va ma trin nghich ddo A~ ciing c6 tit
c& cac phan tit khéng 4m.

Bai 1.12 (PH SPKT Vinh Long, TH.N. Nhan). Gia st A 1a mét ma trin vudng
khéng suy blen mo1 dong chi c6 mot s6 khac 0 va bang +1 hodc -1. Chiing
minh ring ton tai sé ty nhién k sao cho A* = A”.

Bai 1.13 (PH Thuy Loi, N.V. Dc). Tim A", n € N* biét ring:

1 1 1 1
2022 2022 2022 2022
1 1 1 1
2022 2022 2022 2022
A= 1 1 1 1
2022 2022 2022 2022
1 1 1 1
12022 2022 2022 2022

Bai 1.14 (PH Thuy Loi, N.V. bic). Cho G la tap nhiing ma trin vuéng cp n
ma moi hang va moi cot co ding mot phan ti khac 014 —1 hodc 1. V6i méi
A thudc G, chitng minh ring ton tai s6 nguyén duong k sao cho A* = 1.

Bai 1.15 (PH Thuy Lgi, N.V. Dac). Cho A la ma tran liiy linh va da thtc
f(z) = 202222 +20212%9%° + ... + 22 + 1.

Chitng minh rang f(A) 1a ma trin kha nghich.

7T =12 =2
Bai 1.16 (DH Tra Vinh, T.Q. Ha). Chomatrin A= | 3 —4 0 |.Tinh
—2 0 -2

A?°22 bang 2 phép nhan ma tran.

Bai 1.17 (PH Tra Vinh, T.Q. Ha). Cho P,Q € M, (R) sao cho PQ = 0,Q # 0.
Ching minh rang ton tai L € M, (R) khac 0 théa man PL = LP = 0.
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Bai 1.18 (HV Ky thuat Quan su, H.D. Manh). Cho hai ma trdn U,V €
M4X1(R), V(,jl

S
1 1
a a

U= 1 ,V: CL2 ,(a#())
1
ad

bit A=UVT.

a) Tinh A%0%,

b) bit B = A — E. Chling minh rang ma tran B kha nghich. Tim B!

Bai 1.19 (HV Ky thuat Quan su, H.D. Manh). Cho A € M,.»(R), B € Msy4(R)
sao cho

1 0 -1 0
0 1 0 -1
AB=1 0 1 0
0 -1 0 1

Tinh BA.

Bai 1.20 (HV Phong khong Khong quan, PH. Quan). Cho ma tran A va vécto
v xac dinh nhu sau

1. Tinh Av, A%v?
2. Tinh A?%%14?

2 PINH THUC

Bai 2.1 (PH Bach Khoa-bHQG TR H6 Chi Minh, N.H. Hiép). Cho phudng
trinh (%) : 2! — 227 — 42 + 1 = 0.

1. Chitng minh rang (x) chi c6 nghiém don.

2. Gia stt a, b, ¢, d 1a bbn nghiém phén biét clia (x). Hay tinh dinh thtc

1+a 1 1 1
1 1+6 1 1
1 1 1+c¢ 1

_l’_

1 1 1 1+d
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Bai 2.2 (DH Giao théng Van tai, N.H. Hoang). Cho A = (a;;) la ma trdn
vudbng cap 2021 véi cac phan th 1a a; = i + 5% + 2020ij + 2021 v6i moi
i,j=1,2,...,2021. Hay tinh det A.

Bai 2.3 (bH Hang Hai V1et Nam, L T. Hoa). Cho a4, ag, as, ay va by, by, b3, by
14n luot 13 4 s6 chan, 4 sb 1& lién tiép. Tinh dinh thiic ctia ma trin A, biét

(a1 +b1)° (a1 +b2)° (a1 +b3)® (a1 + by)’
A (CZQ + b1)3 (GQ + b2)3 (CLQ + b3)3 (CLQ + b4)3
(a3 + b1)3 (ag + b2)3 (Clg + b3)3 (Clg + b4)3
(CL4 + b1)3 (CL4 + b2)3 (CL4 + b3)3 (CL4 + b4)3

Bai 2.4 (DH Hang Hai Viét Nam, L.T. Hoa). Cho ma trin

neui = j

A= A5 Vél A;; = 7
[aiiloxc g {1 hodc 2021 néui # j

Chitng minh rang dinh thtic ctia ma trin A luén khac khong.
Bai 2.5 (DH Kién trtic). Cho A = (a;;), B = (b;) 1 hai ma tran thuc vudng
cip n théa man AB> + A = 2AB + I.

a) Ching minh rang A va B 1a hai ma tran giao hoan.

b) Cho a;j, b;; 1a cac s6 nguyén véimoi i, j € {1,2,3, ..., n}. Tinh dinh thtc

ctia ma tran A.
Bai 2.6 (DH M4 - bia chét, H. N. Hu4n). Gia stt X 13 ma trdn thuc ¢ n x n
théa man X + X7 = I,, (I, 1a ma trdn don vi, X” 1a ma tran chuyén). Chtng
N\ 1

minh rang det X > o

Bai 2.7 (DH Su pham Ha No6i 2). Tinh

x 0 0 ... 0 1/n
-1 z 0 ... 0 1/nl
0 -2 x ... 0 1/n!
lim | .. . . .-
n—+oo | : : .. : :
0O 0 0 ... z 1/n!
0O 0 0 ... —m 1/n!

Bai 2.8 (PH SPKT Vinh Long, TH.N. Nhén). Cho cac ma trén 4, B € M, (R)
thda A.A” = B.B” = I. Chling minh rang, néu det(A) # det(B) thi det(A +
B) = 0.
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Bai 2.9 (PH Tai nguyén va Méi truong TR HO Chi Minh). Cho A € M,(R),
kha nghich va phan doi xting. Chiing minh rang néu ta cong moi phan ti cua
A v6i mot s6 thuc bat ky thi dinh thitc khong déi.

Bai 2.10 (PH Tai nguyén va M6i trusng TR H6 Chi Minh). Cho A, B € M, (R)
sao cho AB = BA va B liiy linh. Chiing minh det(A + B) = det(A).

Bai 2.11 (DH Tai nguyén va Moéi trusng TP H6 Chi Minh). Cho A = (a;;) 1a
ma tran vuong cép 2022 thoa a;; = —aj;, Vi, j = 1;2022. bat B = (b;;) la ma
trdn vudéng cung cap v6i ma trdn A sao cho b;; = a;; + 23, Vi,j = 1;2022.
Chting minh rang det A = det B.

Bai 2. 12 (bH Tai nguyén va Moi truong TP Hb Ch1 Minh). Cho A la ma tran
vuong cap n sao cho rankA = 1. Chitng minh rang

det(A + I,,) = tr(A) + 1
Bai 2.13 (PH Tn Trao, K.C. Nguyén). Chiing minh rang hai dinh thic

ayl ... Qip any+x ... ap+x
D=|- ... - |vaD*(z)= .
Ap1  --. Qpn Ap1 +T ... Qpp+ T
c6 tdng cac phan bu dai sb ctia mbi phan t 13 bing nhau.
Bai 2.14 (PH Tén Trao, K.C. Nguyén). Tinh dinh thitc cia ma trdn A, néu
A = (a;;) 1a ma trdn vudéng cap n > 1, va
2 néui=j
a; =41 néui—j=+2 (modn), i,j=1,2.,n
0 trong cac truong hop con lai,

Bai 2.15 (DH Tra Vinh, D.K. Ngoc). Tinh dinh thiic

1 2 3 -+ 2022 2023
2 1 2 --- 2021 2022
3 2 1 --- 2020 2021
2023 2022 2021 --- 2 1
Bai 2.16 (HV Ky thuat Quéan su, H.D. Manh). Cho ma tran
[ aq (05} as ... Qp—1 Qp, ]
anl 0 0 .. 0 —blcn
A — 0 anQ 0 .. 0 _bQCn
0 0 0 .. 0 —b,_a2C,
L 0 0 0 .. ann,1 —bnflCn ]
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vOi a;, bi, c; >0, Vi = ]_,_’I'L
Tinh dinh thiic cia ma trdn A. Tit d6 chi ra ma trdn A ludn kha nghich.

Bai 2.17 (HV Phong khong Khéng quan, PH. Quin). 1. Tinh dinh thiic cia
ma tran vuong cap n sau day

110 0 . 0 0
0110 0 0
0 011 .00
0O 00O0 ... 11
1000 ... 01
2. Cho (ey, e, ..., e,) 12 co sé chinh tic ctia khong gian vécto R™. Khi nao
hé cac vécto (e; + eg, e2+€3,..., €01+ €,, €, + €1) 18p thanh mot co s6
cta R™?

3 HE PHUGNG TRINH TUYEN TINH

Bai 3.1 (bH Dong Thap, N.T. Phuc) Gia st ¢o mot mo cat dudi day séng, &
do cat tich tu theo te dd khong déi trong niam. Néu cho mot doan 50 may
khai thac & d6 lién tuc, thi sau 60 ngay sé hét cat. Con néu cho mét doan 80
may khai thac & d6, thi chi sau 30 ngay 1a hét cat. Hoi: d€ cho cat khong tich
tu qua nhiéu va ciing khéng bi hét di, thi d€ bao nhiéu may khai thac cat &
d6 14 vira phai? Gia thiét ring cac may khai thac 1am viéc véi ning suét nhu
nhau.

Bai 3.2 (DH Giao théng VAn tai, N.H. Hoang). Giai hé tuyén tinh thuin nhit

anTy + apers + ...+ Q1pTy = 0

a91T1 + A92xo + ... + Aonly = 0

Ap1T1 + oo + ...+ appty, =0

trong do n > 4 va a;; = ij + i+ j véi moi i, j.
Bai 3.3 (DH Hung Vuong - Phi Tho). Gidi va bién luin hé phuong trinh sau
theo m.

I1+2$2—35E3+4l’4 =1

2%1 + 4%2 — 7.(173 + 9.174 =2

5x1 + 10x9 — 1723 + 2324 =1

3x1 + 6x9 — 1023 + may =13—m
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Bai 3.4 (PH Kién tric). Mot nha méy san xudt mot loai san phdm tit ba
nguyén liéu (A, B, C); biét rang moi nguyén liéu la su két hgp cta ba thanh
t6 (N, K va S) theo moét ti 1€ khoi lugng ¢6 dinh va dude cho nhu sau

Loai nguyénliéu | N | K S
A 0,410,204
B 0,20,310,5
C 0,3/0,3]0,4

Gia st z,y, z 1an luot 1a tf 1é khoi luong cta cac nguyén lidu A, B, C déng
gop trong mot san pham dude san xuat.

a) Tinh cac ti 1é khéi luong ctia cac thanh té N, K, S chiém trong mét san
pham dudc tao thanh theo z, y, z.

b) Tim z,y, z biét rdng mét san phadm dudc san xuit co ti 16 khbi luong
cta cac thanh t0 nhu sau 31%N , 26%K va con laila S.

¢) Tim diéu kién vé ti 18 khdi luong clia cac thanh td N, K, S trong san
pham dé san pham c6 thé san xuat dugc?

Bai 3.5 (Trudng DH Su pham - DH Hué, T.Q. Hod). Sau khi ket thuc ky thi
Olympic Toan sinh vién toan quoc nam 2021, doéi tuyen Pai s6 clia Trudng
bai hoc Su pham, DPai hoc Hué tién hanh lién hoan. Thay d6i trudng chia 40
lit cocacola cho 5 ban trong déi tuyén Olympic dai s6. Ban tht nhit léy sb
cocacola ctia minh chia déu cho 4 ban con lai. Tiép theo, ban tht hai ciing
14y s6 cocacola cia minh chia déu cho 4 ban con lai. Clt nhu viy dén khi
ban cubi cting chia déu sb cocacola ctia minh cho 4 ban con lai thi moi ngusi
nhén ra sb cocacola minh dang c6 bang ding sb cocacola ma minh c6 ban
d4u. Tim sb cocacola ma mbi ban dudc thiy doi trudng chia ban dau.

Bai 3.6 (PH Tai nguyén va Méi trudng TP H6 Chi Minh). Cho hé phuong
trinh
a11T1 + a2 + ... + AT, = 0

a1 + a99x9 + ... + aopx, = 0

ap1T1 + Qoo + ...+ appty, =0

Vi a;; = —a;; va n 1a sb 1. Chitng minh hé phuong trinh c6 nghiém khéng
tam thuong.

Bai 3.7 (PH Tan Trao, K.C. Nguyén). Cé n quyén vé dudc chia cho 4 ngudi
A, B,C, D. Néu bét k quyén ctia 4, thém k quyén vao ctia B, gip déi ctia C
va chia déi cia D thi sé vé ctia bbn ngudi 1a bang nhau. Tim diéu kién dé
ctia n, k d€ bai toan c6 nghiém. Hiy tim sb v6 dugc chia ctia mbi ngudi.
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Bai 3.8 (DH Thuy Ldi, N.V. Pac). Cho hé phuong trinh:

(—— 4+ Y T
a—2018  a—2019 a—2020 a—2021
s + y + zZ + w _
b—2018 b—2019 b—2020 b— 2021
T A ST S
c—2018  ¢—2019 ¢—2020 ¢—2021
X + y + VA + w _
\d — 2018  d—2019 d—2020 d—2021

trong d6 a, b, ¢, d 13 cac tham s6. Gia st hé ¢6 nghiém 13 (z,y, z,w), hiy tinh
tong: S=z+y+z+ w.

Bai 3.9 (DH Thuy Lgi, N.V. Dac) D& chon ra ddi tuyén Olymplc tir 25 sinh
vién trong 16p, mét dé thi gom 3 bai A, B, C dudc dua ra. Biét rang:

i) M&i em sinh vién déu giai dugc it nhit 1 trong 3 bai dé;

ii) Trong sb sinh vién khéng giai dugc bai A, thi s6 sinh vién gidi dudc bai B
nhiéu gap 2 14n s6 sinh vién giai dugdc bai C;

iii) Sb sinh vién chi giai dugc bai A nhiéu hon sb sinh vién giai dudc bai A va
thém it nhit 1 bai khac 1a 1 ngudi;

iv) S6 sinh vién chi gidi dudc bai A bing sb sinh vién chi giai dugc bai B cong
v6i sb sinh vién chi giai duoc bai C.

Hoi ¢6 bao nhiéu sinh vién chi giai dugc bai B?

Bai 3.10 (PH Thuy Loi, N.V Dic). Mot chiée 6 td c6 4 banh. Mbi 16p 4 hai
banh tru’OC dugc st dung tdi da 3000 km, mdi lép 4 hai banh sau st dung
dugc tbi da 4500 km. Néu c6 thé thay déi vi tri gitra 16p trudce va 16p sau thi
quéang dudng 16n nhét xe c6 thé di v6i mét bd 4 16p 1 bao nhiéu?

Bai 3.11 (HV Ky thuat Quéan su, H.D. Manh). Cho hé phuong trinh

r=by+cz+dt
y=cz+dt+ax
z=dt+axr+by
t=axr +by+cz

trong d6 cac hé sb a,b, c,d khac —1. Ching minh ring hé trén c6 nghiém
khong tam thuong khi va chi khi cac s6 a, b, ¢, d thoa man hé thic:

a+b+c+d_
a+1 b+1 c¢+1 d+1

Bai 3.12 (HV Ky thuit Quéan su, H.D. Manh). Ky hiéu Y FAR la m6t ndm
gom 4 soO tu nhién trong khoang tit 0 dén 9 (Y # 0). Nam d6 sé goi la ndm



4. KHONG GIAN VEC TO VA ANH XA TUYEN TINH

dic biét néu hé phuong trinh

Yl’l +E!E2 +A[E3+RZE4 =Y
Ry +Yaxo+ Fxs+ Axy = F
Axy + Ry + Y3+ Exy = A
Eri+Azxs+ Rrs +Yas = R
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c6 it nhét hai nghiém. Tim tAt cd cac nim dic biét trong thé ky 21 (bit dau
tit ndm 2001 dén 2100). Nam 2020 c6 phai la ndm déc biét khong?

Bai 3.13 (HV Phong khong Khong quén, PH. Quén). Mot truong dai th
tuyén sinh dudc mét sb luong sinh vién nhét dinh va chia sb sinh vién nay
thanh 5 chuyen nganh khac nhau. S sinh vién nim dau phal hoc cac mon
Toan nen can mugn sach tai thu vién nhu’ng sinh vién & moi chuyén nganh
muon sb lugng sach khac nhau. Cu thé nhu sau

Dai sb | Giai tich | Ham bién phic | PP tinh | Xac sult
Chuyén nganh 1 3 1 1 0 0
Chuyén nganh 2 2 2 1 1 0
Chuyén nganh 3 2 2 1 1 1
Chuyén nganh 4 1 2 1 1 1
Chuyén nganh 5 1 1 0 0 0

Sau do, thu vién thong keé thi thay rang da c6 700 cubn Pai sb, 550 cubn Giai
tich, 120 cubn Xac suét, 200 cuon Phuong phap tinh va 300 cubn Ham bién
phtic dude mugn. Hiy xac dinh sb sinh vién clia tiing chuyén nganh?

4 KHONG GIAN VEC TO VA ANH XA TUYEN TINH

Bai 4.1 (PH Bach Khoa-DHQG TP H6 Chi Minh, N.H. Hiép). Cho A =

6 -1 2

2 3 4 |.Tim co sé va so chiéu cia khong gian con

-4 4 =3

H = {f(A)|f 12 mét da thitc hé sb thuc}

Bai 4.2 (DH Hung Vuong - Phi Tho). Cho 4nh xa tuyén tinh 7 : V. — W,

v6i V = {az® + ba?

T(az® +bx* — ar +c) = [

a a

a) Xac dinh mo6t ma trin cta anh xa tuyén tinh 7.
b) Xac dinh mdt co s6 va s6 chiéu ctia hat nhan cia 7.

a+b —a —b]'

—ax+c|a,b,ceR}vaW = Myy3(R) xac dinh béi
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Bai 4.3 (bH Kiér} tric). Ki hiéu P,[z] 1a khéng gian véc to thuc bao gbm cac
da thic v6i hé so thuc c¢d bac khong vudt qua n va da thitc 0. Cho toan ti
tuyén tinh f : P,[z] — P,[z] dudc xac dinh béi

fa"y =14+ +22+-- + 2"
trong do k € {0;1;2;---;n}.
a) Tim ma trdn M cla f theo c0 s6 B = {1; ;2% ---; 2"} clia P,[z].
b) Chting minh ring khong ton tai mét cd sé S ctia P,[z] d€ ma tran clia
f theo co sd S la mo6t ma trén chéo.
Bai 4.4 (DH Su pham Ha No6i 2). Cho z1, o, ..., x, la cac vec to khac vec to

0 trong khéng gian vec t6 V v6i dimV > n. Gia st f : V — V la mdt anh xa
tuyén tinh trén khong gian vec td V' sao cho

f(lj) =2, f(ZL'Z) =Z; + T vGi m01 1=2,3,...,n.

Chitng minh rang hé vec t6 {zy, zs, . .., z,} doc l4p tuyén tinh.
Bai 4.5 (Trudng PH Su pham - DH Hué, T.Q. Ho4). Cho F 1a mét trudng va
xét vanh da thitc 3 bién S = Flz, y, z]. Cho d 13 mot s6 tu nhién,

1. C6 bao nhiéu don thttc bac d trong S? C6 bao nhiéu don thitc bac khong
vugt qua d trong S?

2. Ki hiéu S, 14 tip cac da thitc thudn nhit bic d trong S va S<q la tap cac
da thtic bac khéng vuot quéa d trong S. Chitng minh rang S; va S, 1a
khéng gian vecto. Tim ¢d s va sd chiéu clia ching.

Bai 4.6 (PH Tan Trao, K.C. Nguyén). Chting minh ring hé véc to ¢/*,j =
1,...,n 1a déc 14p tuyén tinh.

Bai 4.7 (HV Ky thuét Quén sy, H.D. Manh). Cho pl( ), P2(2), p3(), pa(x) 1a
cac da thitc hé s6 thuc béc khong qua 3. Trong cac diéu kién sau day, diéu
kién nao 1 diéu kién dt d€ két ludn cac da thic trén phu thudc tuyén tinh?
Vi sao?

a) pi(1) =0,
b) pi(0) =1

q>

Vi=T.4.
Vi =T.4.

..;;

5 GIA TRI RIENG VA VEC TO RIENG

Bai 5.1 (DH Da Lat, D.T. Hiép). Cho ma tran

1 -1 -1
A=|1 3 1
-3 1 -1

Tim ma trin kha nghich P va ma trin chéo D sao cho A = P.D.P~ %
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Bai 5.2 (PH ba Lat, B.T. Hiép). Cho cac day sb {z,}, {y.}, {z.} x4c dinh bdi
To=1Yo = 20 = 1 va thoa man

Tpt1 = Tp — Yn — Zn
Yntl = Tp + 3yn + zn

Zn+l = _Sl'n +Yn — 2n

Tim Zop21, Y2021 VA 22021.

Bai 5.3 (PH Déng Thép, N.T. Phiic). Cho phép bién d6i tuyén tinh f :
Ry[x] — Ry[z], dudc xac dinh bébi

f(P)=Q2z+1)P— (2°—1) P,

6 d6 P’ 1a dao ham ctia da thitc P. Hay tim cdc gié trj riéng va véc-to riéng
cta f doi véi co s6 {1,z,2°}.
Bai 5.4 (DH Dong Thép, N.T. Phiic). Cho A va B 1a hai ma trdn dbi xiing cap
n, tiing ma trAn mot déu ¢6 da n gia tri riéng khac nhau. Chitng minh rang
BA = AB khi va chi khi A va B ¢6 chung cac véc-to riéng.
Bai 5.5 (Trudng DH Su pham - PH Hué, T.Q. Hod). Cho hai ma trin vudng
A, B € M,,(C) théa man AB — BA = 3(A — B). Ching minh rang A va B c6
cung tap gia tri riéng.
Bai 5.6 (Trudng DH Su pham - PH Hué, T.Q. Hod). Cho hai ma trin vudng
A, B € M,(C) théa man A* = B* = I,.
1. Chting minh rang néu A chi cé duy nhéit gia tri riéng 1a 1 thi A = I,,.
2. Chting minh ring A, B chéo héa dudc.
3. Chting minh ring:

rank ((A+ 1,,)(B — I,,)) + rank ((A — I,,)(B + I,)) = rank (A — B).

Bai 5.7 (PH SPKT Vinh Long, TH.N. Nhén). 1. Cho mot vi du vé ma trin
thuc cap 3 véi cac hé so nguyén khac khong va nhan cac so6 2019, 2020,
2021 lam céc gia tri riéng.
2. Cho mét vi du vé ma trin thuc cip 3 véi cac hé sb nguyén d6i mét khac
nhau va nhan cac s6 2019, 2020, 2021 lam cac gia tri riéng.

Bai 5.8 (DH Thuy Lgi, N.V. Dac). Cho A = (a;;) 12 mot ma tran thuc vudng
cAp n v6i n 12 sb chin. Biét ring v6i mbii € {1,2,...,n} déu tdn tai k, k # i
sao cho a; = n va a;; = 0, Vj # k . Chitng minh ring A c6 it nhat hai gi tri
riéng thuc.
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Bai 5.9 (HV Phong khong Khong quan, PH. Quéan). 1. Cho A la ma tran
thue d6i xtng c0 n x n, ticla A = (a;j)nxn VOi a;; = aji, 1 <i,j < n.
Chitng minh rang moi gi4 tri riéng cia ma trin A 13 sb thuc.

2. (a) Cho A 1a ma tran thuc ¢ n x n, dbi xiing. Néu véi moi gia vécto
v # 0 ma v" Av > 0 thi ma trAn A goi 1a xdc dinh duong. Chiing
minh ring néu B 1a ma trn dbi xing, x4c dinh ducng cing ¢4 thi
A + B ciing 1 ma trin dbi xting, xac dinh duong?

(b) Néu A 13 ma tran thuc ¢8 n x n, ddi xing. Néu a;; > 0 v6i moi
1 < i,j < n thi ma trin A c6 xac dinh duong khéng? Néu c6 hay
chting minh, néu khéng hay dua ra phan vi du.

3. Cho sb nguyén n > 2 va hai ma trin hé sb thuc A, B ¢d n x n thdéa man
A+ B t=(A+B)L

Chitng minh rang det(A) = det(B).

6 DA THUC

Bai 6.1 (DH Bach Khoa-DHQG TR H6 Chi Minh, N.H. Hiép). Tim tit c4 céc
da thitc f(x) hé s6 thuc thoa f(z* + 1) = f(x)f(x + 1).

Bai 6.2 (DH Giao théng VAn tai, N.H. Hoang). Cho P(x) la mot da thic bac
2021 v6i cac hé so thyc. Chiing minh rang da thie Q(z) = (1 — 22°)P(z) +
xP'(x) c6 it nhat 3 nghiém thuc phén biét.

Bai 6.3 (DH Hung Vuong - Phti Tho). Cho da thitc P(z) = 20212"420202" "+
Un_o2™ 2+ ...+ ayx + ap € C[z] \ {0}, n > 0. Tinh téng ctia cac nghiém clia
cac da thtc P, P', P”,..., P trong d6 P® 13 dao ham cép k caa da thic
P 0<Ek<n.

Bai 6.4 (DH Kién tric). Cho da thitc P(z) = (2* — 9z + 8)**! + 17. Chiing
minh rang P(r) khong thé biéu dién duge dudi dang tich ctia 4043 da thic
khac hang so v6i hé so nguyén.

Bai 6.5 (DH Su pham Ha Noi 2). Xac dinh cdc da thtic f (z) € R([z] thoa
man diéu kién
f(f@)=@*+z+1)f(z), Vo eR.

‘. A c2 o 2019 . cn
Bai 6.6 (DH SPKT Vinh Long, TH.N. Nhan). Gia su =z = 2091 la nghiém cua

da thitc P(z) v6i hé sb nguyén. Hoi téng cac hé s6 clia P(z) c6 thé bang 2021
dudc khong?
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Bai 6.7 (DH Tai nguyén va Mbi trudng TR H6 Chi Minh). Cho da thitc P(z) €
R[z] c6 deg P(z) = n va thoa man diéu kién:

Pk)= ——: Vk=0,n.

Tinh P(n + 1).

Bai 6.8 (DH Tén Trao, K.C. Nguyén). Tim sb nghiém thuc caa da thic

2 28 x"
Pn(m):1+x+5+§+---+;,0<n€N.

Bai 6.9 (PH Tra Vinh, D.K. Ngoc). Cho a, b, ¢ 1 3 sb phic khac 0 phin biét
V6i |a| = |b] = |c].

a/. Chiing minh ring néu mét nghiém phuong trinh: az® + bz + ¢ = 0 ¢
moédun béang 1 thi b = ac.

b/. Néu mbi phuong trinh az? + bz + ¢ = 0, b2> + ¢z + a = 0 6 mbt nghiém
c6 moédun bang 1 thi |a — b = |b—¢| = |¢ — al.

Bai 6.10 (DH Tra Vinh, D.K. Ngoc). Khai trién da thiic: P(z) = (22 — 1)'°°
ta dudc
P((Ij) = alOOOx1000 + a999£€999 + ...+ a1x+ ag.

Chl'Ing minh: 1000 + Qo999 + ... +ay = 0.

Bai 6.11 (DH Tra Vinh, D.K. Ngoc). Gia st a va b 1a 2 trong 4 nghiém cta da
thtc: 2423 —1. Chitng minh tich ab 13 nghiém cta da thtc: 2°+2*+2° —22—1.

7 TO HOP

Bai 7.1 (PH Giao thong Van tai, N.H. Hoang). Mot diém db xe cia mot khu
din cu c6 30 chd db xe nbi lién nhau thanh mot hang doc. Ngusi quan 1y
cin sip xép 22 xe vio cac vi tri d6 sao cho khéng c6 hai chd tréng nio & lién
nhau (con tréng 8 chd). Hay cho biét ngudi quan 1y ¢ bao nhiéu cach xép
nhu vay.

Bai 7.2 (DH Hung Vuong - Phu Tho). Trong ban c6, quan vua (quan cG)
dudc dit 6 vi tri a;. Trong bat ky bude di ndo, nha vua c6 thé di chuyén dén
mot vi tri 6 lién ké. Cac chi dudng duge phép di chuyén 13 di 1én 6 phia trén,
di sang 6 bén phai hodc di 1én 6 chéo phia trén bén phai. C6 bao nhiéu cach
nha vua c6 thé di dén dugc vi tri hg?
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Bai 7. 3 (bH Kién tric). Trong khu vudn nha éng An c6 tréng ba loai cdy lau
narn gbm cb: 5 ciy xa ct, 20 cay bach dan va 20 ciy xoan. Cac ciy da dén d6
tu01 thu hoach. Gia ban mbi cay xa clt, bach dan, xoan l4n lugt 1a: 10 triéu
dong, 5 triéu dong va 3 triéu dong

a) Gia st 6ng An cin chit tdng cong 10 ciy trong hai loai: bach dan va
xoan. Hoi 6ng An ¢ bao nhiéu cach chat ciy, biét rang ca hai loai ciy
bach dan va xoan déu bi chat?

b) Ong An mubn chit 5 ciy trong vudn va thu vé sb tién ban ciy dugc it
nhat 35 triéu dong. Hoi 6ng An c6 bao nhiéu cach chat cay?

c) Gia sit 6ng An mudn chit 20 trong téng sb 40 cay thudc hai loai bach
dan va xoan, dong thoi sau khi chat xong, s6 cay bach dan con lai nhiéu
hon so v6i so cdy xoan. Hoi 6ng An ¢ bao nhiéu cach chat.

Bai 7.4 (DH K1en tric). Chonra 79 s6 nguyén duong tu tap E =1{1;2;3;...;100; 101}.
Chting minh rang ton tai 5 sb a:bjcide trong 79 so dugc chon sao cho
a+b+c+d= e Két luan bai toan con ding khong néu ta thay 79 bang

787

Bai 7.5 (DPH Su pham Ha No6i 2). Cho bang 0 Vuong kich c6 10x 10 gorn 100
6 vudbng don vi. Pién vao mbi o Vuong cla bang nay mét sb nguyén duong
khong vudt qua 10 sao cho hai s6 & hai 6 vuong chung canh hodc chung dinh
nguyén t6 cting nhau. Chiing minh rang trong bang 6 vudng da cho luén ¢
mot s6 xudt hién it nhét 17 1an.

Bai 7.6 (Trudng DH Su pham - DH Hué, T.Q. Hoa). Ky hiéu [n] = {1,2,...,n}.
Cho Ay, Ay, ..., A,y 1 12 cac tAp con khong rong caa [n]. Chiing minh rang ton
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tai hai tap con khac rdng, rdi nhau I, J C [n + 1] sao cho
UkerAx = Uges Ar.
Bai 7.7 (PH Tra Vinh, T.Q. Ha). Tim s6 nguyén duong n thda man
Con1 +Coppr + .+ Cpy =22 — 1.

Bai 7.8 (HV Phong khong Khong quén, PH. Quan). NglI01 ta lap 9 bong den
trang tri vao 9 6 vudng nam lién nhau va trong mdi 6 1ap mot cong tac c6 thé
bat hodc tat. Khi bat hodc tit mot cong tic thi cac béng dén lién ké trén cung
hang va cac boéng deén lién ké trén cling cdt sé thay déi trang thai, titc 13 cac
béng dén lién ké trén hang va cdt dé dang tit sé thanh bit sang va dang bat
sang sé thanh tit. Cho trang thai ban du ctia 9 béng dén nhu hinh sau.

O1@|O @ deénsang
@ e O (O dén dit
O @ @

V6i trang thai ban dau nhu hinh vé trén, c6 thé dua ca 9 béng dén vé trang
thai tat dugc khong? Néu c6 hay dua ra mot phuong an cu thé.



CAC BAI DE XUAT: GIAI TicH

1 DAY SO

Bai 1.1 (DH Bach khoa - PHQG Tp. HCM, PT. Thyc). Chting minh rang véi

moi so thuc p € (0,27) va moi ¢ > 0, ta luén tim dudc so thuc ¢ € (0, 27) sao

cho |¢ — p| < e va q c6 dang g = 2021m + 2nm, v6i m va n la cac so nguyeén.

Bai 1.2 (PH Pa Lat, D.T. Hiép). Cho déy sb {x,,} x4c dinh bdi cong thc
Tp=14+2+---+n,Yn>1.

Tinh gi6i han

ILm Yt + -+ -
Bai 1.3 (PH Pdng Thap). Cho a € (0,1) va diy sb {u,} xac dinh béi: u; =
A, Uni1 = Un(1 —u2) v6in € N*.

1. Tinh giéi han lim w,,.

n—oo
2. Tinh gi6i han lim v/nu,,.
n—oo
Bai 1.4 (DH Hang Hai Viét Nam, PQ. Khai). Cho day sb thuc (z,) xac dinh
bdi
71 = 2021
Tni1 = V3 + %, VYn € N*

vaor —1

Tim gi6i han cta dy khi n tién dan t6i duong v6 clng.

Bai 1.5 (DH Hang Hai Viét Nam, H.V. Hung). Cho day {z,}°°, xac dinh nhu
sau:

n—1
2o = 1,2, = 2021n — QOQZZxk (Vn > 1).
k=0
Tinh lim xn+2.

n—oo xn
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Bai 1.6 (PH Hung Vuong - Phii Tho, T.A. Tuan). Cho diy sé thuc ay, as, . . ., an, . ..

xac dinh bdi a; = 2021 va v6i moin > 1 ta ¢
a1+a2+a3+---—|—an_1+an:nQan.

Tinh a9021 -

Bai 1.7 (DH Kién trtic). Cho day sb (z,,) ¢6 z; = v/2021 va 2,4, = 22 — 2 v6i
moin > 1.
d 2 1 sy . ~ \ \ s
a) Gia st xr; = a+ — v6ia > 0. Hay tim « va tinh z,, theo a.
a
b) Chitng minh day s6 (z,,) ting ngit va khong bi chin trén.

2

¢) Tinh gi6i han L = lim ng—*l

. o2’
Iy -3 Ty

e 2 . A A .9 2 ]- \
Bai 1.8 (PH Mo - bia chat, H. N. Huan). Gia st a; = 3 va Gy = Gy — afL.

Chiing minh ring gi6i han sau 14 ton tai

1
lim (— —-n— lnn) )
n—oo an,
Bai 1.9 (PH Su pham Ha Nbi 2). Cho {a,}>, 1 diy sb dugc xac dinh bdi
cac diéu kién
ap=0, va a’,,=a>—-8 Vv n=0,1,2,...
a) Chtng minh ring

—2<a,<—v4 vbi VYn>1.

b) Chting minh rang
V4

lanio — ani1] < 5 |api1 —an| VO Vn > 1.

¢) Chting minh ring diy sb {a,} ", hoituva lim a, = v v6iv la nghiém

n—o0

duy nhét ctia phuong trinh
23— 27+ 8=0.

Bai 1.10 (DH Su pham Ha N6i 2). Cho day ag, a1, as, . . ., a, (v6in > 2) dudc
xac dinh béi
1 1 1

ag=0,a, = —— e —
0 o n+1+n+2Jr +n+k’
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v6i k = 1,2,...,n. Chitng minh b4t dang thic

n—1 ak

———— +(In2 —a,)e™ <1,
Zn+k3+1+(n a,)e

k=0
. 1\"
e = lim (1 + —) .
n—-4o0o n

Bai 1.11 (Truéng DH Su pham - DH Hué, N.V. Hanh). Cho day sb {zn}o2y
dudc xac dinh bdi x; = 3 va T = Z<In + —) v6i moi n > 1. Chting minh
T
rang diy sb di cho hoi tu va tim lim z,,.
n—oo
Bai 1.12 (PH Thuy Loi, N.H. Tho). Vi n € N, cho diy sb {x,} 7, xac dinh
bdi:

vOi

$1:5

1
Tpyl = Z$n+3, Vn>1

Hay tim L = lim x,,.

n—oo
Bai 1.13 (PH Thuy Loi, N.H. Tho). Cho diy sb {u,} xac dinh bdi
U, = (n*+2n+2)(n+1)!, n>0.
Tinh t6ng
S =ug+ up + ... + usgor-

Bai 1.14 (DH Tra Vinh, PM. Trién). Cho day sb (z,) xac dinh theo hé thitc
sau:
T4 =2, x1 +To+ T3+ ...+ x5 =0T, N> 2

Tinh T92022.

Bai 1.15 (DPH Tra Vinh, C.H. Hoa ). Cho hai day s6 (z,,) va (y,) xac dinh bdi
cong thic:

xlzylzx/g, Tpi1 = Ty + 1+ 22, Y1 = n=12,3,...

1
14+ /T+¢2

Chitng minh rang z,y, € (2;3) véin =2,3,4,...va lim y, = 0.

n—oo

Bai 1.16 (HV Phong khong Khong quén, PH. Quén). Cho cac day s (a,)22,
va (b, dudce xac dinh bdi cong thitc truy hoi nhu sau

ay = 2021, b1 = 2020, Apt+1 = An + 2bn, bn+1 =a, + bn

Déy (z,,)% , dudc xac dinh béi ,, := Z—”
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, . L 1
1. Chting minh rang |z, — V2| < §|In —V2|.

2. Tinh giéi han lim z,,.

n—oo

2 CHUOI SO

Bai 2.1 (DH Giao thong VAn Tai, N.T. Huyén). Cho day s6 {a,} xac dinh bdi

2

(y

a; > 0; appg = 54—
a2 —a, +1

a) Chting minh rang day {a,} gidm va tim lim a,,.
n—oo
+oo
b) Tinh » _ a,.
n=1

Bai 2.2 (DH M4 - bia chét, H. N. Hu4n). Chting minh ring
2021(2020le — [20201e]) < .

Trong d6 [a] 1a phan nguyén cta a.

e 2 . 7 ~ 2 X i _1 ‘ 2 n
Bai 2.3 (PH Thuy Lgi, N.H. Tho). Tinh tong cua chuoi E %—)?)<2$)2
n)!
n=1

voi —1l <z < 1.

Bai 2.4 (DH Tai nguyén va Méi truong TP H6 Chi Minh). Cho (z,,), 1a day
so dudc xac dinh béi

5171:4
Ty +9

e e
3 —x, +6

,Vn € N*

1. Chttng minh (x,,)°, la day tang ngat.
2. Chtng minh (z,):° , 1a day khong bi chan trén.

1 1 1 1
3. Tim li X
n=>hoo <x§+3+x§+3+x§+3+ +x3+3)
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3 HAM SO

Bai 3.1 (DH Bach khoa - DHQG Tp. HCM, PT. Thuc). 1. Chohamsé f(x)
c6 dao ham lién tuc t6i cap hai trén doan [0, 1]. Biét rang véi moi z €
0,1] thi

2021 \
0<f@ < P20, VA f ()20
Chitng minh rang véi moi sé thuc a € (0, 1), ta luén tim dudc ¢ € [0, a]

sao cho
2021

9 -
Y

7)<

a
2. Hay chi ra ring ton tai sb thuc a € (0,1) va mét ham sb ¢(z) c6 dao
ham lién tuc t6i cap hai trén doan [0, 1] sao cho v6i moi = € [0, 1] thi

2021
09 < 2 J@) 20, g @20
va
> 202
g = Vﬂi’

v6i moi t € [0, al.

Bai 3.2 (DH Bach khoa - PHQG Tp. HCM, PT. Thuc ). Cho f(z) 1a ham sb
lién tuc trén khoang (—2021,2021). Biét rang ham sb f(z) thdéa méin dong
thoi cac tinh chét sau:
— V6i moi parabol p(z), néu f — p cé cuc dai dia phuong tai mét diém
2o ndo d6 thude (—2021,2021) thi p”(zo) > 2022.
— V6i moi parabol p(z), néu f — p ¢é cuc tiéu dia phuong tai mot diém
20 ndo d6 thude (—2021,2021) thi p”(zo) < 2022.
Hay chi ra rang ham sb f(z) phai c6 dang

f(x) =10112* 4 ax + b,
v6i a, b 13 cac hing sb nio do.
Ghi chu: Mot parabol la mot da thiic bdc hai.
Bai 3.3 (DH Béch khoa - DHQG Tp. HCM, PT. Thuc ). Mot doan déy thing
dugc cat thanh hai phén (6 thé khéng déu nhau). Sau d6 dung mot phéan dé
tao ra mot hinh vudng, phan con lai tao ra mét hinh tron sao cho tong dién
tich ctia hinh vudng va hinh tron 1a 2022 (m?). Héi ty 1é gitia canh cta hinh

vudng va ban kinh ctia hinh tron 1a bao nhiéu dé do dai cia doan day ban
dau (lac chua cat) 1a 16n nhat? Hay tim gia tri 16n nhat do.
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Bai 3.4 (PH Da Lat, D.T. Hiép). Cho ham s6 f(x) kha vi trén doan [a,b] va
thoa man

F(a) = F(b) = 0. f(z) # 0, Yz € (a,b).

Chitng minh rang ton tai day sb {z,},z, € (a,b) sao cho

lim 4 (0)

o (e D)

Bai 3.5 (DH Da Lat, D.T. Hiép). Cho ham s6 f(z) lién tuc trén [0, 1], kha vi
trong (0, 1) va théa man

Chting minh rang ton tai ¢ € (0,1) sao cho f'(c) = f(c).

Bai 3.6 (bH Déng Thap). 1. Cho f : [a,b] — R 1la ham \lién tuc trén [a,b]
va kha vi trén (a,b) v6i 0 < a < b. Chitng minh rang ton tai ¢y, c; € (a, b)

thoa méan
f(a’)f/(022 —i__ f(CQ)f,<Cl) _ f/(cl)f,(CQ)-
Ca
2. Giast f: [0,1] — (0, 00) 1a ham kha vi cAp hai thod mén f(0) = f/(0) =

2va f(1) = 1. Chitng minh rang ton tai ¢ € (0,1) sao cho
FEFE) + f(€) =0.

Bai 3.7 (PH Giao thong VAn Tai, N.T. Huyén). Trong hinh vé, cho bg tudng
Cy va mit dit Cz. Cim mot cdt d6 DH song song véi bd tudng va cach bo
tudng moét khoang 0,4m, chiéu dai cot 6 DH = 3m. Ngudi ta thiét ké mot
cai thang AB sao cho né c6 thé dua vio bo tudng Cy va cham vio mit dat
Cz, dya vao c6t d6 DH. Tinh chiéu dai nhd nhéit ctia cai thang thda man yéu
cau trén.
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//

™

D c

0,4m

Bai 3.8 (PH Hang Hai Viét Nam, H.V. Hung). Cho f(z) 12 ham s lién tuc
trén [0, +00), kha vi trén (0, +00) va théa mén cac diéu kién:

a. f(0)=0;

b. f(x) # f'(x) v6i moi z € (0, +00).
Chiing minh rang IEIPOO |f(x)] = +o0.

Bai 3.9 (PH Hung Vuong - Pht Tho, TA. Tudn). Cho f 1 mét ham lién tuc
trén [0; +00), EIJ]FQ f(x) =a>0va f(0)+ f(1)+---+ f(n) #0,Vn € N.
Tinh

. 1
SN R e () / floydz

Bai 3.10 (PH Hung Vuong - Phd Tho, T.A. Tudn). Cho ham f : [0;1] — R lién
1 1

tuc sao cho /f(x)dx = /x.f(x)dz. Chitng minh ring ton tai diém ¢ € (0;1)
0

0

sao cho: 2021/f(:17)dx = —c.f(c).
0

Bai 3.11 (PH Kién triic). Mot cong ty san xuit va ban z ti vi mbi thang,
v6i 2 < 100. Cong ty cb chi phi san xuat hang thang va gia ban lan luct 1a
C(z) = 2% + 40z + 50 va p(z) = 100 — z. Chiing ta 14n luot ky hiéu doanh thu
hang thang va 16i nhu4n hang thang ctia c6ng ty bdi D(x) va R(x). Biét rang
D(z) = z.p(z) va R(z) = D(z) — C(z), hay thuc hién cac yéu ciu sau:
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a) Tinh D(z) va R(z) theo .
b) Tim gié tri 16n nhét ctia R(z) khi z € [0, 100].

) Cong ty nén san xuit bao nhiéu ti vi méi thang d€ 16i nhuén 16n nhit?

Bai 3.12 (DH Kién triic). Cho ham sb f(x) : [0;1] — R 1a ham kha vi lién tuc
1

théa mén /(1) = —-_ déng th / e dr < 2010 [ 7).
0

Xac dinh ham sb f(x).

Bai 3.13 (PH Kién tric). Gia st ham s6 f(z) lién tuc trén doan [0; 2021]

va théa man f(z) + f(2021 — z) = 0 v6i moi z € [0;2021]. Chitng minh rang
2021—=z

phuong trinh f(x)— / f(t)dt = /() c6 nghiém thudc khodng (0;2021).

2021
0

Bai 3.14 (DH Mo - Dia chét, P T. Cuong). Gia st f : [0,1] — R 13 ham lién
1
tuc va / 2* f(x)de = 0véimoi k = 0,...,n. Chiing minh rang f(z) c6n+1
0
nghiém trong khoang (0, 1).
Bai 3.15 (PH MJ - bia chit, H. N. Hu4n). Con siu roi xubng yén ngua
2z = 2% — 4 tai diém (0, 0,0). Nhan thay ky si chudn bi ng6i 1én yén nén né
muon tranh va cham véi phan co thé ctia ky si. N6 muon bo téi diém (2,0, 2).
Thé nhung vi hoang s¢ nén nd chi ¢ thé bo theo dudng thang. Tiic 1a quy

dao ctia né chi c6 thé 1a mét sb luong hitu han cac doan thing. VAy né phai
di chuyén nhu thé nao?

Bai 3.16 (PH MO - bia chit, P T. Cudng). V6i sb tu nhién n bat ky, hay rat
gon tf;ng
Z 2x+2y+3z+4t
r+y+z+t=n

trong doé z,y,2,t la cac sb nguyén khong am. Dap s6 can chia khong qua
bbn sb hang.

Bai 3.17 (PH Su pham Ha Nbi 2). Cho ham sb

f@)=—z++(a+z)(b+2z), Vrel0, +oo),

trong d6 a,b 1a cac s6 thuc duong khéac nhau cho truée. Chitng minh rang
ton tai duy mot sé thuc o € (0, +00) sao cho

(@)= Vab+ 1 (va— Vi)
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Bai 3.18 (DH Su pham Ha Néi 2). Ngudi ta mubn 1am mét con dudng di
tit thanh pho A dén thanh pho B & hai bén bg séng nhu hinh vé, thanh pho
A cach bo séng AH = 3km, thanh pho B cach b song BK = v/28km,
HP = 10km. Con dutng lam theo duong gap khuc AM N B. Biét chi phi xay
dung mé6t km dudng bén bs c6 diém B nhiéu gip T 14n chi phi x4y dung

mot km dudng bén bo A, chi phi 1am ciu § doan nao ciing nhu nhau. Tim vi
tri ciia diém M sao cho chi phi x4y cau it ton kém nhat.

K

—_— —— — — — — -

M P

Bai 3.19 (Trudng DH Su pham - PH Hué, N.V. Hanh). Cho hamsé f: R — R
lién tuc tai = 0 va théa man

y flx+2t)— flx+1)
tl—r>% t

= 322

v6i moi 2 € R. Chéing minh rang f(z) = 2° + f(0) véi moi z € R.

Bai 3.20 (Trudng DH Su pham - PH Hué, N.V. Hanh). Chohamsé f : R — R
N R 1 e , .
lién tuc va thoa man |f(z) — f(y)| > 5]3; — y| v6i moi z,y € R. Chiing minh
rang phuong trinh f(z) = 100 luén c6 nghiém.
Bai 3.21 (Truong DH Su pham - DH Hué, N.V. Hanh). Cho f : R — R 13 mét
ham kha vi dén cap 2 va théa man
f@)? +2(f'(2))* < f(2)[f"(x) + 2f (2)]

v6i moi z € R. Chitng minh riang hodc ton tai z, sao cho f(z,) < 0; hodc ton
tai C' € (0,+00) sao cho f(z) = Ce” v6i moi x € R.



3. HAM SO 53

Bai 3.22 (PH Tai nguyén va Mdi trusng TP H6 Chi Minh). Cho ham sb
f : R — R dudc xac dinh bdi

1
In (14 2?) .sin <—> , khiz #£0
flz) = ( ) z
0,khiz =0
1. Tim f' (x) khi x # 0.
2. Tim f’(0).
3. Xét tinh lién tuc ctia ham s6 f tai diém z = 0.
Bai 3.23 (PH Tai nguyén va Méi trudng TP H Chi Minh). Gia st f lién tuc

trén [O, g] va thoa man
3
/ f(z)dz < 1.
0

Chitng minh phuong trinh f(z) = sinz c6 it nhat mot nghiém trong khoang
™

(03):
2

Bai 3.24 (DH Thuy Ldi, N.H. Tho). Cho f 1a ham kha vi trén [a; 8], f(a) =0,
va ton tai hang s6 C' sao cho |f'(z)| < C'|f(x)| v6i moi x € [a;b]. Hay chiing
minh rang f(z) = 0 trén [a; b] .

Bai 3.25 (PH Thuy Loi, N.H. Tho). Cho ham sb y = f (z) c6 dao ham lién
tuc trén doan [—2; 6] théa man:

V24
V2+x++V6—2x

fx)+3f(4—x)= (1)

Tinh tich phan
6

:/xf’(x)dx

-2

Bai 3.26 (PH Thuy Loi, N.H. Tho). Mét nha may loc diu dét tai diém A trén
mot dudng cao tbe théng va mot kho diu dit tai di€ém B ma c6 thé dén nd
ti A theo dlIOng cao toc 8 km t6i dlem Cva sau do di 12 km xuyén qua mot
canh déng vubng goc voi dUOng cao téc. Mot bng din diu tir A t6i B néu xay
dung qua canh dong gia dat gap 2,6 lan so VOi xay dlIng doc theo duong cao
tbe. Tim vi tri diém D trén duong cao tbe sao cho gia thanh xay dung dudng
bng dan dau 14 ré nhit.
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x

Bai 3.27 (PH Tra Vinh, PM. Trién). Chiing minh rang ham s f(z) = 2*
dong bien trén (0; +o0) va lim_ f(z)=0.
z—0

Bai 3.28 (HV Phong khong Khong quan, PH. Quén). Ky hiéu C[0, 1] la tép
tat ca cac ham lién tuc u : [0, 1] — R théa man

u(z) —u(y)| < |z —yl, 0<z,y<1, u(0)=0.

Cho ham ¢ : C[0, 1] — R xac dinh bdi

1. Chting minh rang |p(u)| < G

2. Cho vi du ham u(z) sao cho |¢(u)| = 2

4 PHEP TINH VI PHAN

Bai 4.1 (PH bdng Thap). Tim tht ca cac bd sb nguyén duong (a, b) thod man
b a
a’ = b

Bai 4.2 (DH Giao théng VAn Tai, N.T. Huyén). Cho ham f kha vi v6 han lan
trén R théa man

f®(0) =0, véimoi k =0,1,2,-- -,

f®(z) >0, véimoik=1,2,... vaz > 0.
Chitng minh rang f(z) = 0, V& > 0.

Bai 4.3 (DH Hang Hai Viét Nam, PQ. Khai). Cho da thuc P(x) v6i hé s6
thuc va Q(x) = 2020P(x) 4+ 2021 P'(x) . Ching minh rang néu Q(x) khong co6
nghiém thuc thi P(z) cling khong c6 nghiém thuc.

Bai 4.4 (DH Tai nguyén va Méi trudng TR H6 Chi Minh). Cho ham sb f(z)
7 . A \ 2 ~ 2 7, . A

xac dinh trén R va théa man f'(z) + 2f'(—x) = % vG6i moi so thuc

z. Gid st f(2) = a, f(=3) =b. Tinh T = f(3) — f(—2).

Bai 4.5 (DH Thuy Lgi, N.H. Tho). Cho da thitc P(z) théa man P(0) = P(1) =
0, P(2) =2va P"(x) = 0 v6i moi « € R. Tinh:
1 1 1 1

A= P2 TPE) T T Prow) T Prol)
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Bai 4.6 (DH Thuy Lgi, N.H. Tho). Xac dinh ham s6 f(z) théa mén cac tinh
chét sau:

i) Kha vi it nht dén cip 3 trén R,

i) f(0)=2; f(1)=e+2; f(-1)=¢",

iii) /" (z) — f"(z) =0, Vz € R.

Bai 4.7 (HV Phong khéng Khéng quéin, PH. Quén). Mot doanh nghiép san
xuét thun tuy hai loai san phdm v6i ham chi phi két hop nhu sau

Clqr,q0) = 3qf + 2q1q2 + 2q§ + 10,

trong dé ¢; 12 sb luong san phdm thit nhét, ¢, 14 s6 luong san phadm thd hai.
Vi 1a mdi trudng canh tranh nén doanh nghiép phai chap nhin gié thi trudng
clia cac loai san pham. V4i py, p» 12 gia thi trudng clia hai loai san phdm, ham
lgi nhuan c6 dang

=g+ p2g2 — C(q1,q2).
Gia stt gia hai san phdm 14n luot 1a p; = 160$, p, = 120$. Hiy xac dinh co
cAu hai loai san pham sao cho doanh nghiép dat 16i nhuan 16n nhit.

Bai 4.8 (HV Phong khong Khéng quan, PH. Quan). Cho ham f : R — R kha
vi cAp hai sao cho f(0) = 2, f'(0) = —2 va f(1) = 1. Ching minh rang ton tai
¢ €(0,1) sao cho

FEOF )+ f(§)=0.
Cho mo6t vi du vé& ham f(z) 1a ham bac hai théa méan cac yéu cau va két luan
cta bai toan trén.

5 PHEP TINH TICH PHAN

Bai 5.1 (DH Béch khoa - PHQG Tp. HCM, PT. Thuc). Cho ham sb f(z) c6
dao ham lién tuc t6i cap hai trén khodng (—oo, 2023) va théa man f”(z) > 0,
v6i moi = € (—o0,2023).
a. Gia st rang gi6i han
2022

lim f(t)elat

ton tai hitu han. Hay chi ra ring
2022

lim f(t)eldt > e** £(2021).
z—=—o0 [
b. Héy x4y dung cu thé mét ham sb f(z) khong phai 1a ham hing thda
man cac diéu kién ctia bai toan sao cho
2022
lim f () eldt = e** £(2021).

Tr—r—00
— =
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Bai 5.2 (DH Bach khoa - PHQG Tp. HCM, PT. Thyc ). Cho ham s6 lién tuc,
khéng giam f : (0, +oc) — (0,1) thoa man diéu kién:

7(5) < T@a). Vee (0 +oo).

3 day g : (0, +00) — (0, +00) 1a mét ham sb lién tuc ndo d6. bit

A(z,y) ::/Qywdt.

T

a. Hay chi ra ring v6i moi s6 thuc duong z va y sao cho z < y, bt ding
thic sau luén ding
A(z,y)

In(f(z)) < o (1)

b. V6i moi e > 0, hdy chi ra ring véi cac diéu kién di néu ctia ham sb f
va g, nhin chung bat dang thtic sau la khong dang:

A(z,y)

FoR Va,y € (0,4+00) va x <y. (2)

In(f (z)) <

Titc 1a bat ding thitc (1) khéng thé lam manh hon v6i mot hing sb
duong ¢ nhu (2).

Bai 5.3 (DH Dong Thap). Cho f : [0,1] — R 13 mét ham kha tich thod méan

diéu kién
1 1
/ f(z)dx = / xf(z)dr = 1.
0 0

1
Chitng minh ring / f(z)dx > 4.
0
Bai 5.4 (DPH Giao théng Van Tai, N.T. Huyén). Cho ham f : [0,1] — R lién
1 1

tuc thda man /f(m)dm = /xf(x)dx. Chitng minh rang ton tai ¢ € (0,1) sao
0

0
cho

fle) = 2021/f(:v)dx.

Bai 5.5 (DH Giao thong Van Tai, N.T. Huyén). Tinh tich phin

1

= /—ln(l ) .
1+ 22
0
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Bai 5.6 (DH Giao thong VAn Tai, N.T. Huyén). Cho ham f lién tuc trén [0, 1]

1
2 .
va /f(t)dt > ! 230 , Va € [0, 1]. Chting minh rang
1 1 1
/fz(a:)dx > /xf(a:) > 3
0 0

Bai 5.7 (PH Hang Hai Viét Nam, H.V. Hung). M6t ham f(x) lién tuc trén
[0, +00) va thoa man bat dang thtc

1+ 2/ (f(t))dt < €** v6i moi z > 0.
0

Chitng minh rang 1 + 2/ f(t)dt < e” v6imoi x > 0.
0

Bai 5.8 (DH Hung Vuong - Phil Tho, TA. Tun). Cho cac ham lién tuc f, g :
[0;1] — [0;1], f la ham tang thuc su. Chting minh rang:

[ o < [ 1)+ gla)

Bai 5.9 (DH M3 - Dia chét, H. N. Hu4n). Gia st

f:0,1] — [0,1]

1
la ham lién tuc va / % (2) do = 1.
0

Chitng minh ring
2020

1
> / fi(z)dz > 2020.
i=1 V0
Bai 5.10 (PH Su pham Ha Néi 2). Cho f 1a mo6t ham s6 lién tuc trén [0, 1]
sao cho f(z) > 0véix € [0,1] va

1 — a2
2 b

/ e Vo e [0,1].

Chitng minh ring

[ s e,
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Bai 5.11 (PH Tai nguyén va Méi trudng TP H6 Chi Minh). Lip céng thic

truy hoi doi véi
dx
C052k+1 T :

/ dx
cos® x
Bai 5.12 (DPH Thuy Lgi, N.H. Tho). Tinh tich phéin sau:

1

T do tinh

I—/ dx
1 (z+1)>+ Vet +622+1

Bai 5.13 (DPH Thuy Lgi, N.H. Tho). Tinh tich phin

VIn(7 — )
\/ln — ) +\/1n (x +2)

Bai 5.14 (DH Tra Vinh, C.H. Hoa ). Tinh tich phan
27

Iz/ln(sinx+ 1 + sin? x)dx
0

Bai 5.15 (HV Phong khong Khong quén, PH. Quén). Cho 3 va u la cac ham
gia tri thuc xac dinh trén [a, +0), a > 0. Gia st rang v la cac ham kha vi trén
la, +00).

1. Gia st rang « thda man

u'(t) < B(t)u(t).

Chitng minh rang u(t) < u(a)exp (/ B(s)ds) , trong dé

t
exp (/ ﬁ(s)ds) = o Bls)ds

2. Néu thay d6i gia thiét ring
u'(t) < B(t)ult).

t
Cé xay ra dang thic u(t) = u(a)exp (/ 6(s)ds) hay khong? Néu ¢

hay cho mét vi du cu thé, néu khéng hiy chiing minh.
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6 PHUONG TRINH HAM

Bai 6.1 (DH Ddng Thap). Mot tén lta duge bin ra tit mot bé phéng tén lira
dattaivitri A dén vi tri B. Thong qua ra- -da, ngudi ta théy sau khi ra khoi bé
phéng duge 10 g1ay, 20 giay, 30 glay, quéang duong di dudc cla tén lda lan
luot 13 41m; 84m va 129m. Biét ring quang duong di clia tén ltta dugc biéu
dién duéi dang mot da thitc ¢6 bac nhd nhét thod mén céc diéu kién trén va
khi tén 1tta dén vi tri B thi quing dudng di cla tén It 13 144km.

1. Tim thoi diém tén ltta dén vi tri B.

2. Tim vén tbc trung binh cla tén Ita va thoi diém ma tén lta dat van tbe
bang van toc trung binh.

Bai 6.2 (DH Giao thong Van Tai, N.T. Huyén). Tim ham f : R — R théa man
Pt y) > F@)f(y) = 20217, a, y € R.
Bai 6.3 (DH Hung Vuong - Pht Tho, TA. Tudn). Tim tit cd cac ham sb
f:R — R thoa man diéu kién
ff@) +y)=fle+y) +zfly) —oy —z+LVr,y R

Bai 6.4 (DH M0 - Dia chit, H. N. Hudn). Hay tim tAt cA cicham f: R — R
lién tuc théa man phuong trinh

f(z +2020y) = f(2* +y*) f(cosx - cosy)
véi gia tri bat ky =,y € R.
Bai 6.5 (DH M6 - Dia chit, H. N. Huén). Hay tim tAt ca cac ham f:R—R
bi chiin, thudc 16p C* va thda man phuong trinh f'(z) = f(x — 1) v6i moi z.

Bai 6.6 (DH Tra Vinh, C.H. Hoa ). Tim tit ca cdc ham sb f(x) thda diéu kién
sau:

r—1

1 3
f(x+ ) —9f(2) + ——, Ve £ 1.
r—1
Bai 6.7 (DH Tra Vinh, PM. Trién). Xac dinh ham sb f(z) kha vi lién tuc trén
1

doan [0;1] ma f(1) = ef(0) vé/ (%)20&: <1
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Phan III
HUGNG DAN GIAI
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DE THI CHINH THUC

1 Daiso
1.1 BangA

BAI 1. (a) Dung tinh chit da tuyén tinh ri khai trién Laplace theo hang cubi
ta co

1100 0 0
0110 . 0 0
D,| '0 011 0 0
n| = T |, .
00 0O 11
1 000 0
1 1 0 . 0 1 00 0
01 1 . 0 110 ... 0
000 ... 1 000 ... 1

=n! (14 (-1)"")
B {Qn! néun 18

0 néu n chan.

Néu n 18 thi |D,,| = 2n! # 0. Do d6é ma trén c6 hang bang n.

Néu n chén thi |D,| = 0. Do dé hang cta ma trdn nhé hon n. Mat khac, vi
-1 hang d4u tién 1 doc 14p tuyén tinh, nén hang clia ma trdn > n — 1. Két

hOp v6i viéc hang nhoé hon n, suy ra néu n chén, thi hang ctia ma trin bang

n — 1.

(b) Nhan théy ma tran chuyén ti (eq, €9, . .., €,) sang hé vecto (e; + ey, 2e5 +
2es,3es+3ey, ..., (n—1)e,_1 + (n— 1)e,, ne, +ney) chinh 13 ma tran chuyén
vi DT, Dua theo phan (a) thi |D,| # 0 khin 1& va |D,| = 0 khi n chin. Do dé,
khi n 1€ thi hé (e; +es, 2e5+2e3,3e3+3¢4 ..., (n—1)e,_1+ (n—1)en, ne, +ne;)
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14p thanh mot co s6 ctia khong gian V. Khi n chin, hé nay khong phai 1a mot
o s6 cua khong gian V.

BAI 2. (a) Ty 1é clia N trong san pham 1a: 0,4z + 0, 2y + 0, 3z.
Ty 1é ctia K trong san pham la: 0,2z + 0,3y + 0, 3z.
Ty 1é ctia S trong san pham la: 0,42 + 0,5y + 0, 4z.

(b) Ta c6 hé phuong trinh

r+y+z=1,
0,4x + 0,2y + 0,32z = 0, 31,
0,22 + 0,3y + 0,32 =0, 26.

St dung cac phép bién déi so cip trén cic hang ctia ma trdn bd sung ta cé:
(395 2) = (0,4;0,3;0,3).

(¢) Goi a,b lan lugt 1a ty 1é clia N, K trong mét san phdm. Ta c6 hé phuong
trinh
r+y+z=1,

0,4z + 0,2y + 0,3z = a,
0,2x+ 0,3y + 0,3z =b.

St dung cac phép bién d6i s6 cip trén cac hang clia ma trin bd sung ta co:
(z;;2) = (3 — 10b;6 — 10a — 10b; 10a + 20b — 8).
Diéu kién d€ c6 mot san phdm 13 0 < .y, z < 1. Tit d6 suy ra:

0,2<b5<0,3
0,5<a+b<0,6
0,8<a+2b<0,09.

BAI1 3. (a) Gia st P(z) = ap + a1 + - - - + a,2" (a; nguyén, a,, # 0). Dat

Q(r) = P(x +1) = by + biw + ... + b2 (b; nguyén).

2: oy 2021 A -2 2021
B Pl— ) = — | =P=—=) =0.
Givi <2023> 0 nén @ (2023) (2023) 0. Suy ra

—2 —2\"
bo+by (= )+ +by (=] =0,
0F 1(2023)+ * (2023) 0

bp(2023)™ + by (—2)(2023)" " + - - + b, (—2)" = 0.

tuong duong
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Tit d6 suy ra by lé,sé chan. Mit khac by = Q(0) = P(1) = ag + ay + - - - + a,.
Vay tong cac hé s6 clia P(z) khong thé bang 2023.

(b) C6 thé c6 mét da thic P(z) nhu vy. Chang han xét da thic P(z) =

I3 \ A 2021 \ «A \ N 7 A
2023(2022x — 2021). Thé thi P(z) nhan o = 2093 lam nghiém va tong cac hé
s6 ctia né bang 2023.

BAI 4. (a) Ma tran A kha nghich, cip 2, hé sb phtc, ludn dong dang (bdi mot
ma tran () hé so phtic) véi mot trong hai ma tran sau:

()G

0 X/ 7\0 A7

Thét viy néu A khéng chéo hda dudc, thi da thic dic trung c6 dang
PA(X) = (X = N).

Chon ay tuy y khong thuoc V), = Ker(A — A\y), va ag = (A — \3)(ap) ta co

AO[l = )\(Xl,
ACVQ =oq + )\ag.

Do d6 v6i Q c6 cac cot la oy, a thi
Al
-1 o
cra- () )
Truong hop 1: A chéo hoda dudce, nghia 13 ton tai mét ma tran @ kha nghich

(Q € GLy(C)) sao cho
R S VI
QAQ= <o Ag) '

Khi d6
Vay ta chi cAn chon

thi B> = A.
Trudng hop 2: Ton tai Q € GLy(C) sao cho
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Khi do
o} e

Vi ma trdn A kha nghich, nén \ # 0. Ta sé tim m6t ma trin

o= (e )

sao cho

Vi du mo6t ma tran nhu vay la

C = 2V

1
VA
0 VA
Vay v6i ma tran
1
A = -1
2V | Q7
VA

B=Q

- 5

thita cé B? = A.

(b) Gi4 st ton tai ma trdn vudng cip hai sao cho

sao cho

Thé thi

Do d6 ¢ = 0, suy ra

T ddy suy ra a = d = 0 va din dén méu thun. VAy ma trdn

(o o)
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khong khai can bac hai dudc.
BAI 5. (a) Néu hai hang bét ky chi sai khdc nhau mot vects hang thi tdng
cac so trén moi dudng hoan vi bang tong cac so trén moét hang co dinh trude
cong v6i mot hang s0. Do do tong cac phan tt trén moéi duong hoan vi la nhu
nhau.
Dao lai, gia st tong cac phan ti trén moi dudng hoan vi la nhu nhau. Thé thi
vGi i, j cho trude, k, [ tuy y ta co
Qi + Q5 = Qg + Q.
Do do
Qi) — Qi = Q5 — Qj) v6i ITlOl ]{37 .

Vay hang i trit hang j bang vecto hang hang (¢, ¢, ..., c).
(b) Ta xét cac truong hop sau:
Trudng hop 1: Hang dAu tién 13 vects hang: (—1,—1); (0,0), hodc (1,1). Khi
d6 moi hang déu la hang va c6 3 kha nang cho moi hang

(0,0);

(1,1);

(—1,-1).

Khi d6 ta c6 9 ma tran Olympic sau:
-1 -1 -1 -1
-1 =120 0
0 O 0 0
-1 —1)7\0 0 1
1 1 11 1
-1 —=1/)2\0 0/’ \1
Truong hop 2: Ca 0 14n 1 (ngoai trit —1) déu xuit hién trén hang diu tién.

Thé thi hang d4u tién ¢6 2 kha ning (1,0) hodc (0,1). Trudng hop nay c6 4
ma tran Olympic sau:

1 0 10 0 1 0 1

0 —1/)°2\1 0)°\-1 0)>\0 1)°
Trudong hop 3: Ca 0 14n —1 (ngoai trir 1) déu xuét hién trén hang diu tién.
Tuong tu trudng hop 2, truong hop nay tat ca 4 ma tridn Olympic sau:

(09 o) ()6 o)
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Trudng hop 4: Ca 1, —1 (0 c6 hay khéng déu duge) déu xuat hién 6 hang du

tién. Thé thi tht cd cac hang déu bang nhau va hang tht nhét c6 2 kha ning
(—1,1) hodc (1,—1). Do do truong hdp nay co 2 ma tran Olympic sau:

-1 1 1 -1
~1 1)\1 -1/
Viy s6 ma tran Olympic cin tim 13
f2)=9+4+442=19.

(c) Ta xét cac truong hop sau:

Truong hop 1: Hang cjﬁu tién 1 vecto hing. Khi d6 méi hang déu 1a hing va
¢6 3 kha ndng cho méi hang

(0707’ 7O>’
(1,1,...,1);
(-1,-1,...,-1)

Viy trudng hop nay c6 tit ca 3" ma trin.

Truong hop 2: Ca 0 14n 1 (ngoai trit —1) déu xuit hién trén hang diu tién.
Thé thi hang d4u tién c¢6 2" — 2 kha ning. C6 dinh hang du tién, cc hang
sau do sé déu sai khac v6i hang diu tién (0,0,...,0) hodc (1,1,...,1). Vay co
2"~ kha ning cho cac hang con lai va trudng hop nay tat ca 2" '(2" — 2) ma
tran.

Trudong hop 3: Ca 0 14n —1 (ngoai trir 1) déu xuit hién trén hang diu tién.
Tuong tu truong hop 2, trudng hop nay tat ca 2" ' (2" — 2) ma trén.

Truong hop 4: Ca 1, —1 (sb 0 c6 hay khong déu dugc) déu xuit hién 6 hang
dau tién. Thé thi tat ca cadc hang déu bang nhau va hang thit nhat ¢

3 —2.2"+1

kha ning. (Tong cong c6 3" kha ning cho hang diu rdi loai di 3 + 2(2" — 2)
kha ning ctia truong hop 1,2,3.) VAy trudng hop nay ¢ tt ca 3" — 22" + 1
kha nang.

VAy sb ma trn can tim 13

fn)y=3"+2"1. (2" —2). 243" — 2" 4 1,
=47 +2-3" —4-2" + 1.
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1.2 BangB

BAI 1. (a) Khai trién Laplace (chezlng han theo hang dau) suy ra dinh thtc
cta A bang —2abc.

(b) Ma trdn A clp 3 ¢ hang bing 3 khi va chi khi né 13 mét ma trin kha
nghich, hay abc # 0.
Dung cong thic

11 Ag21 Asi

_1 1 = =
= Q12 A22 A32
detA | = = %

@13 Aag23 a33

ta suy ra khi abc # 0 thi ma trdn nghich dao

1 1 b
o 21a _2% %ac
2bc %bc 210

2 2b 2,

BAI 2. (a) Ty 1é clia N trong san phim 1a: 0, 4z + 0, 2y + 0, 3z.
Ty 1é clia K trong san pham 1a: 0, 2z + 0, 3y + 0, 3z.
Ty 1é ctia S trong san pham 1a: 0,4z + 0, 5y + 0, 4z.

(b) Ta c6 hé phuong trinh

r+y+z=1,
0,4z + 0,2y + 0,3z =0, 31,
0,2z + 0,3y + 0,3z = 0, 26.

St dung cac phép bién ddi so cip trén cac hang ctia ma trdn bd sung ta cé:
(r;y;2) = (0,4;0,3;0,3).
(¢) Goi a,b 14n luct 14 ty 1é cta N, K trong mot san pham. Ta c6 hé phuong
trinh

r+y+z=1,

0,47 + 0,2y + 0,3z = a,

0,2z + 0,3y + 0,3z = b.

St dung cac phép bién doi so cap trén cac hang cia ma trin bo sung ta co:

(z;y;2) = (3 —10b;6 — 10a — 10b; 10a + 20b — 8).
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Diéu kién d€ c6 mot san phdm 14 0 < z,y, z < 1. Tl d6 suy ra:

0,2<b<0,3
0,5<a+b<0,6
0,8<a+2b<0,9.

BAI 3. (a) Da thiic dac trung la
PaX)=(2-X)(4—-X)%

Céc gi4 tri riéng tuong tng A = 2, A = 4 (sb bdi bang 2). Cac khéng gian con
riéng tuong ing

Vo = Span ((1,1,1)") , V4 = Span ((1,-1,1)") .

Tong cac khong gian con nay chita trong thuc su C*, nén ma tran A khong
chéo hoéa dudgc.

(b) Tachon u; = (1,1,1)7, uy = (1, —1,1)” 14n lugt 1a cac vecto riéng ting v6i
2 va 4. Ta can tim u3 sao cho Auz = uy+4uz. Dieu dé nghiala (A—4F)uz = us.

e 4 2 \" PR \
Do dé, ta c6 thé chon us = (5’ —3 1) . Vay ma tran () can chon la:

1 1 il

3
Q: [Ul,UQ,Ug] = 1 —1 _g
1 1 1

BAI 4. (a) Vi \ # 0, nén c6 thé chon chang han ma trin

1
V4 —
B - 2\/X )
0 VA
suy ra
A1
2 __
wo(} )
Vay véi
1
V4 —
B == 2\/X )
0 VA

thi B2 = A.
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(b) Gi4 st ton tai ma trdn vudng cip hai sao cho

2= (e )

sao cho
o f(a b\ (fa b) (0 1
(0o a)=(00)
Thé thi
a’ +be =0,
(a+d)c=0,
be+ d* =0,
(a+d)b=1.

Do d6 ¢ = 0, suy ra
a®=d* =0,
(a+d)b=1.

Tt ddy suy ra a = d = 0 va din dén mAu thuln. Viy ma trin

01

00
khong khai can bac hai dudc.
BAI 5. (a) Néu hai hang bat ky chi sai khac nhau mét vecto hang thi t6ng
cac so trén moi dudng hoan vi bang tong cac so trén moét hang co dinh trude
c6ng v6i mot hang s6. Do do tong cac phan tit trén moi dudng hoan vi la nhu
nhau.
Dao lai, gia st tong cac phan t trén moi duong hoan vi 1a nhu nhau. Thé thi
véi i, j cho trude, k, [ tuy y ta co

(0733 + Clﬂ = Uy + ajk.
Do do
Qi — Ak = Q1 — Gy vOi m01 k, l.

Viy hang i trit hang j bang vecto hang hing (c.c, ..., c).
(b) Dung cau (a) ta c6 a4 = 1. Tt d6 lai dung cau (a) 1An lugt suy ra

a3 = 0;a30 = —1;a33 = 0;a34 = 0;a40 = 05 a43 = 1;a44 = 1.

Vay ta thu dudc ma tran Olympic sau:

1 0 11
0 -1 0 0
0 -1 0 0
1 0 11
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(c) Ta xét cac truong hgp sau:

Trudng hop 1: Hang dAu tién 1a vectd hang: (—1,—1); (0,0), hodc (1,1). Khi
d6 moi hang déu la hang va c6 3 kha nang cho moi hang

(0,0);

(1,1);
(—1,-1).

Khi d6 ta c6 9 ma tran Olympic sau:
-1 -1 -1 -1 -1 -1
-1 —-1)2\ 0 0 )/)°\1 1)’
0 0 00 00
-1 —=1)2\0 0)°\1 1)’
1 1 11 11
-1 —1)2\0 0)7\1 1)°
Truong hop 2: C4 0 14n 1 (ngoai trit —1) déu xuit hién trén hang diu tién.

Thé thi hang d4u tién c6 2 kha ning (1,0) hodc (0,1). Trudng hop nay c6 4
ma tran Olympic sau:

b 2 G () G)

Trudong hop 3: Ca 0 14n —1 (ngoai trir 1) déu xuit hién trén hang diu tién.
Tuong tu trudng hop 2, truong hop nay tat ca 4 ma tran Olympic sau:

(09 (o) ()6 o)

Trudng hgp 4: C4 1, —1 (0 c6 hay khong déu dugc) déu xudt hi¢n & hang dau
tién. Thé thi tat ca cac hang déu bang nhau va hang thit nhat c6 2 kha nang
(—1,1) hodc (1,—1). Do d6 truong hdp nay c6 2 ma tran Olympic sau:

(50)02)

Viy s6 ma tran Olympic cin tim 13

fQ) =9+4+4+2=19.



2. GIAI TICH 73
2 Giai tich

2.1 Bang A

BAI 1. (a) Tim tit ca cac sb nguyén duong n sao cho u, > 3/2

1. Khing dinh (u,) don diéu ting.
Tu dinh nghia
1 1 1 1 1

n e p— e _— >_ PR _:n
B T B o TR TR

v6i moi n > 1. VAy ta suy ra wu,.; > u, v6i moi n > 1.
2. Khang dinh u,, > 3/2 khi va chi khi n > 3.
Do

1

nén tu tinh don diéu cda (u,) ta suy ra u, > 3/2 khi va chi khin > 3.

(b) Chiing minh rang diy sb (u,)2, hoi tu.
1. Khang dinh (u,) bi chan trén.
St dung danh gia n! > n(n — 1) dé thay
—1+ +1<1+1+ + ! <2
BT nl = Ix2 (n—1)xn
v6i moi n > 2.
2. Khang dinh (u,,) hoi tu.
Day (u,,) don diéu tang va bi chan trén nén hoi tu.

(¢) Chitng minh rang gi6i han ctia diy sb (u,)>>, 1a mot sb vo ti.
Phan chiing, gia st gi6i han cta day la hitu i, tic 1a

1+ +1+ 1 N ~m
1! n! " (n+1)! T n

v6i m, n nguyén to cung nhau. Nhan hai vé véi n! ta di dén

n!(l+--~+i>+ + ! +---=(n-1)m.
1! n! n+l (n+1)(n+2)

N J/
-

S

Vay S € N*. Tu day suyranS > 1, t@cla (n +1)S — 1 > S, ttc la

1 1 1 1
+ o> + +
n+2 (n+2)(n+3) “n+1l (n+1)(n+2)
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Pay 1a diéu vé ly.
BAI 2. (a) Chting minh f lién tuc tai 0.
1. Tinh gi6i han cta f tai 0.
V6i moi x ta luén co
0<|f(z)| =sin®z < 22

Do do theo nguyén ly kep thi liII(l) f(x)=0.

T—
2. Khing dinh tinh lién tuc cta f tai 0.
O budc trén ta da co lim f(z) = 0. Nhung 0 € Q nén f(0) = sin®0 = 0. VAy f

z—

lién tuc tai 0.
(b) Ham f c6 kha vi tai 0 khong?
1. Chuyén veé khdo sat gi6i han cta f(x)/z.
Ta khdo sat giéi han

lim 10 +2) - £(0) = lim @

z—0 xX z—0 I

2. Tinh gi6i han cta f(z)/z
RO rang véiz # 0 thi 0 < |f(z)/z| < 2. VAy
f ()

lim —= = 0.
z—0 X

Tu d6 ham f kha vi tai 0.

(¢) Tim tht ca cac diém ma & d6 ham f kha vi.

1. Khang dinh f khong kha vi tai x # kr v6i k € Z

Nhén xét: néu x # kn voi k € Z thi sinx # 0. C6 2 truéng hop xay ra:

Néu z € Q. Trong trudng hop nay f (z) = sin® 2. Lléy 1 day cac diém z, ¢ Q
sao cho x,, — x. Tu tinh lién tuc ctia ham sin ta thay

lim f(x,) = lim (—sin®z,) = —sin®z # sin®z = f(x).
n—r00 n—r00

Néu z ¢ Q. Trong trudng hop ndy f(z) = — sin® 2. Liy 1 day cac diém z,, € Q
sao cho x,, — x. T tinh lién tuc cia ham sin ta thay

lim f(z,) = lim sin’z, = sin®z # —sin’ 2 = f(z).
n—oo n—oo

2. Khing dinh f kha vi tai kr v6i k € Z
Cuoi cung chua y rang f(kn) = 0 v6i moi k € Z. Do

fkm + ) — f(/m)‘ _ ‘f(x)”

X
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1y ludn nhu ¥ (b) ta thiy tai cac diém kx véi k € Z thi f kha vi véi f/(kr) = 0.

BAI 3. (a) Chitng minh ring ton tai day s (z,)>, din ra +oco sao cho
f'(@a) =0

1. St dung cong thtc gia tri trung binh.

St dung c6ng thiic gia tri trung binh trén cac doan [n,n + 1] ta thu duge

f'(@n) = f(n+1) = f(n)

véi z,, € (n,n + 1) nao do.

2. Chi ra su ton tai mot diy (z,,),, can tim.

Hién nhién day (z,), xac dinh nhu & budc trén tién ra +oo. Hon nita do
lim f(zx) =0nén

T—>+00
. / .
L L) =0
(b) Chting minh ring néu f” bi chin trén R thi lirf f'(x)=0
T—r+00

1. banh gia f’ thong qua khai trién Taylor
Tit cong thitc Khai trién Taylor ta c6

F"( + 6h)
2

fl@+h) = f(z) + f(x)h+ h?

v6i 2, h > 0va 0 € (0,1) phu thudc vio = va h. Do f” bi chin nén ton tai
M > 0 sao cho |f"(z)| < M v6i moi > 0. Khi d6 ti cong thic khai trién
trén

fa+h) = f@) | Mh

7)) < L .

2. Két lu4n gi6i han caa f/
Do lim f(z) =0 nén vdimoice > 0 tuy y ton tai 2o > 0 sao cho

T—+00

Do d6 b
F@l <+ Ve
bén day ta lay
2e
h= )%=
M

dé thu dugc
If'(z)] < V2eM Vx> zo.

Doe > 0tuyynén lim f'(z)=0.

r—-+00
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(¢) Néu f’ bi chin trén R thi lirf f'(x) c6 ton tai khong?
T—>+00
1. X4y dung ham f thudéc C*(R) va lim f(z)=0.
T—>+00

Trudc tién ta xét ham phu h(x) = ¢(z)¢(1 — x) trong do

23 néuz >0,

0 néuz<0.

Ham & xay dung nhu trén ¢6 tinh chit h € C?(R), h = 0 ngoai [0, 1], d6i xting

qua 1/2, va k' bi chén. Tiép theo ta xiy dung phan vi du cho bai toan nhu
sau

fla) = 27"h(2"(x — 2")).

N\

1 2 3 4 5

Dé kiém tra ham f x4y dung nhu trén dudc dinh nghia tbt. Gia tri ham f chi
khac khéng trén cac khoang cé dang

1

(2”,2” + —) n € N.

2n
Do hés6 2" nén lim f(z)=0.
2. Ket luan khong ton tai lirf f'(z).

T—>+00

Dé& kiém tra v6i f nhu trén thi f/ bi chin vi 2’ bi chin. Véi cac diém
11
22n

T, =2" +

thi gan z,, ta co

va do do
f(x,) =h'(2"(x, —2")) = 0.

o« A 7. 7 [N
Tuy nhién, véi cac diém

thi gan y,, ta van co
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do do
Pl = K2~ 2) =
Yn) = Yn =
Nhan xét 1. Khong khé dé€ thiy f” khong bi chin. That viy
" (z,) = 2"0" (2"(2z, — 2")) = —3 - 2",

Nhan xét 2. Ham f x4y dung tit cac tich phan Fresnel c6 dang
flx) = / [ sin(¢*) — cos(t*)]dt
0

cling 1a m6t phan vi du.

BAI 4.

P
f—— D——k— G
Kk— T—A

Xac dinh chiéu dai ngin nhét c6 thé ¢ ctia thang AB.
1. bat bai toan
bat BD = x mét v6i = > p/2. Khi do

BM = v x2 + h2.

Vi ABDM ~ ABCA ta suy ra

D 9
MA = D—g « MB =P e
€T

Vay

AB = MA+ MB = Va2 + h?“p—w =: f(z).

X

2. Khao sat ham f trén [p/2, o)
Tinh toan dé thu dugc

_ 2% — (p+29)h”

== e

77
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R6 rang f'(x) = 0 tai duy nhét

1/3
x = <(§+q)h2> =: 7.
3. Két luan d6 dai ngin nhéit cta thang AB

C6 2 truong hop xay ra:

Trudng hap 4(p + 2¢)h? < p®: Khi d6 ham f d6ng bién trén [p/2, co) va vi tri
thang AB can tim la khi B = N, tic la khi thang tua trén gia dd. Lic nay
chiéu dai ctia thang AB la

a1+ (5

Truong hop 4(p + 2¢)h> > p’: Khi d6 ham f nghich bién trén [p/2, 2] va

déng bi‘én trén [y, co0) va vi tri thang AB can tim 1a khi BN = z, — p/2. Liic
nay chiéu dai cia thang AB la

<x0+§—|—q> 1+ (;0)2.

BAI 5. (a) Chiing minh ring néu f € F thi f lién tuc.
Lay z € [—1,1] vae > 0 bat ky. Ta chting minh ton tai d > 0 (c6 thé phu thude
vao r va €) sao cho |f(x) — f(y)| < e v6imoiy € [~1,1] théa mén |z —y| < 4.

That vay ta lay
£

§=——.
2022
Khi d6 v6i y € [—1,1] bat ky théa mén |z — y| < 6 ta sé 6

1f(z) — fly)] < 2022|z — y| < 20226 = ¢.

1
(b) Chitng minh rang néu f e Fthi / f(z)dz > 3093
—1

1. Chting minh f(z) > max(1 + 2022(|x| — 1),0) v6i moi x € [—1, 1].
RO rang

2021 2021
1+ 2022 -1 = _ .
max(1 + 2022(|x| ),0)=0 Vze| 2022,2022]
Voi —1<z< 2021 ta co
=TS o020

Fla) > f(=1) — |f(z) — F(=1)] > 1 —2022)z + 1| = 1 + 2022(|z| — 1).



2. GIAI TICH

,. 2021 ,
Vi —— <x <1taco
2022

Fla) = f(1) = [f(z) — f1)] = 1 —2022]x — 1| = 1 + 2022(|z| — 1).

1
2. Tinh tich phan | f(x)dz.
-1
Do f > 0 trén [—1,1] nén

2021 1

1 ~ 022
/ f(z)dz > / (1 —2022(z +1))dx + (1+2022(x —1))dx
- = 5022

1
20227

(@ D4u ding thic trong ¥ (b) c6 dat dugc hay khong?
Dau dang thtc dat dugc v6i ham so f(z) = max(1 + 2022(|x| — 1),0).

[N B

0 1

RG rang ham nay théa man gia thiét f(—1) = f(1) = 1 va
|f(x) = f(y)] <2022z —y[ Vaz,ye[-11].

1
~ 7 A <A M ].
Cling theo y trén ta biét rang / flz)dr = —.
. 2022

79
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2.2 BangB

BAI 1. (a) Tim tit ca cac sb nguyén duong n sao cho u, > 3/2
1. Khang dinh (u,) don diéu tang
T dinh nghia

1 1 1 1 1

n [— - _— >_ PR _:TL
R TR B o DT TR R

v6i moi n > 1. VAy ta suy ra u,; > u, v6i moi n > 1.
2. Khang dinh u,, > 3/2 khi va chi khin >3
Do

1

nén tu tinh don diéu cda (u,) ta suy ra u, > 3/2 khi va chi khin > 3.

(b) Chiing minh rang diy sb (u,)2, hoi tu.
1. Khang dinh (u,) bi chdn trén.
St dung danh gia n! > n(n — 1) dé thay
R S (R NI ! <2
un e — oo — < - P -
1! n! 1x2 (n—1)xn
v6i moi n > 2.
2. Khang dinh (u,,) hoi tu
Day (u,,) don diéu tang va bi chan trén nén hoi tu.

BAI 2. (a) Chttng minh f lién tuc tai 0
1. Tinh gi6i han cta f tai 0
V6i moi x ta lubén co
0<|f(z)| =sin®z < 22

Do do theo nguyén ly kep thi liH(l) f(x)=0.

T—
2. Khing dinh tinh lién tuc cta f tai 0
O budc trén ta da co lim f(x) = 0. Nhung 0 € Q nén f(0) = sin”0 = 0. VAy f

z—

lién tuc tai 0.
(b) Ham f c6 kha vi tai 0 khong?
1. Chuyén vé khao sat gi6i han cta f(z)/x
Ta khao sat gi6i han

g 0D IO S

z—0 X z—0 X

2. Tinh gi6i han cua f(z)/z



2. GIAI TICH 81
RO rang véiz # 0 thi 0 < |f(z)/z| < 2. VAy

lim £ g
z—=0 X
Tit d6 ham f kha vi tai 0.

(c) Tim tit ca cic diém ma & dé ham f kha vi
1. Khing dinh f khoéng khavitaiz # kn véi k € Z
Nhan xét: néu z # km v6i k € Z thi sinx # 0. C6 2 trudng hop xay ra:

Néu z € Q. Trong trudng hop nay f(z) = sin®z. Lay 1 diy cac diém z, ¢ Q
sao cho z,, — z. Tit tinh lién tuc cGia ham sin ta thay

lim f(x,) = lim (—sin’z,) = —sin®z # sin®z = f(z).
n—o0 n—00

Néu z ¢ Q. Trong truong hgp nay f (z) = —sin® z. Lay 1 day cac diém z,, € Q
sao cho x,, — x. T tinh lién tuc cia ham sin ta thay

lim f(z,) = lim sin®z,, = sin®z # —sin*z = f(z).
n—oo n—oo

2. Khang dinh f kha vi tai kr véi k € Z.
Cudi cling chtl ¥ rang f(kw) = 0 v6i moi k € Z. Do

f(lerx kw‘_‘f ’

1y ludn nhu ¥ (b) ta thiy tai cac diém kx véi k € Z thi f kha vi véi f/(kr) = 0.
BAI 3. (a) Ching minh rang tdn tai day sb (n)02 dan ra +oo sao cho

f(x,) =0
1. St dung cong thiic gia tri trung binh
St dung cbng thiic gia tri trung binh trén cac doan [n,n + 1] ta thu duge

f'n) = f(n+1) = f(n)

vOi x, € (n,n + 1) nao do.

2. Chi ra su ton tai mot diy (z,), cin tim

Hién nhién diy (z,), xac dinh nhu & buéc trén tién ra +oco. Hon nita do
lim f(z)=0nén

Tr—-+00

lim f'(x,) =0.

n—-+o0o

(b) Chitng minh rang néu f” bi chin trén R thi lim f'(z) =

T—r—+00

1. banh gia f’ thong qua khai trién Taylor
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Tit cong thitc Khai trién Taylor ta ¢

F"( + 6h)
2

flx+h)= f(x)+ f'(x)h + h?
v6i 2, h > 0va 0 € (0,1) phu thudc vao z va h. Do f” bi chin nén ton tai
M > 0 sao cho |f"(z)| < M véi moi z > 0. Khi d6 tit cong thtic khai trién
trén
feth) ~ f@) M

h 2

|f'(z)] <

2. Két luén gi6i han caa f'.
Do lim f(z) =0nén véi moie > 0 tuy y ton tai xy > 0 sao cho

T—-+00

Do do6 A
F@I<5 4+ Yoz
Dén day ta lay
2e
"=V

dé thu dugc
|f(2)] < V2eM Vx> .

Doe > 0tuyynén lim f'(z)=0.

Tr—-+00

BAI 4.

k—— T—

X4c dinh chiéu dai ngin nhét c6 thé cé ctia thang AB.
1. bat bai toan
bat BD = x mét v6i « > p/2. Khi do

BM = v 22+ h2.
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Vi ABDM ~ ABCA ta suy ra
D 2
MA:—CXMB:MW/I2—}—h2,
DB T
Vay
2
AB:MA+MB:,/1.2+}L2H+/_H] = f(x)

2. Khao sat ham f trén [p/2, o).
Tinh toan dé thu dugc

_ 207 — (p+29)°

P == e

R6 rang f'(x) = 0 tai duy nhét

x = ((g + q)h2>1/3 =: Ty.

3. Két luan d6 dai ngin nhéit clia thang AB C6 2 trudng hop xay ra:
Truong hop 4(p + 2¢)h? < p*: Khi d6 ham f ddng bién trén [p/2, co) va vi tri

thang AB cén tim la khi B = N, tic la khi thang tya trén gia do. Luc nay
chiéu dai ctia thang AB la

%
p

)

(p+aq)y/1+ (

Truong hop 4(p + 2¢)h> > p’: Khi d6 ham f nghich bién trén [p/2, 2] va

ddng bién trén [xo, 00) va vi tri thang AB cin tim 14 khi BN = zo — p/2. Lac
nay chiéu dai cua thang AB la

<x0+g+q) 1+ (%)2.

BAI 5. (a) Chiing minh ring néu f € F thi f lién tuc
Lay z € [—1,1] vae > 0 bat ky. Ta chting minh ton tai § > 0 (c6 thé phu thude
vao r va €) sao cho |f(z) — f(y)| < e v6imoiy € [~1,1] théa mén |z —y| < 4.

That vay ta lay
£

§=——.
2022
Khi d6 v6i y € [—1,1] bat ky théa man |z — y| < 4§ ta sé 6

|f(z) — fy)] <2022z —y| < 20225 =¢.
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1
(b) Chiing minh ré”lng néu f € F thi f(x)dx > 093"
-1
1. Chting minh f(z) > max(1 + 2022(|z| — 1),0) v6i moi = € [—1, 1].
RO rang
2021 2021

1+2022(Jz] —1),0) =0 Vz €[, -
max(1 + (Jz| = 1),0) z €| 20227 2022

).

. 2021 ,
Voi—-1<z<-———1taco
2022

flz) > f(=1) = |f(z) — f(=1)] > 1 —=2022|x + 1| = 1 + 2022(|z| — 1).
Véi%<x§1tacé
2022
F@) = F) = [f(x) = F()] 21— 202202 — 1] = 1+ 2022(Ja| - 1).

1
2. Tinh tich phan [ f(x)dz
-1
Do f >0 trén [—1,1] nén

_ 2021 1

1 2022
/ f(z)dx > / (1 —2022(z + 1))dz + (1+2022(x — 1))dx
! - 5093

1
20227
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3 Trung hoc pho thong
3.1 Ngay thd nhit: S6 hoc

Day sb Fibonacci modulo mot s6 nguyén duong

A. M6t vai hé thitc co ban, dinh nghia va mét sb tinh chat diu tién ctia
k(m)

BAI 1.

a) Ta dé dang kiém tra _cong thic cin chUng minh bang quy nap theo v. V6i
v = 0 thi dang thitc cAn chUng minh tré thanh F, = F, ,F, + F, [}, luon
ding do Fy = 0, F, = 1. Gia st két luan dung véi véi v. Khi do, v6i moi sb
nguyén duong u, ta co

Fu+v+1 = F(u—l—l)—l—v = F, + Fu+1F'U+1 = F, + (Fufl + Fu)Ferl
- u—va+1 + Fu(Fv + Fv—i—l) = Fu—va—i-l + Fqu+2-

Nhu vay, dang thitc can chiing minh ding v6i v + 1. Do do, theo nguyén ly
quy nap thi két ludn ding v6i moi s6 nguyén duong v.

b) Tachlcanap dung a) 1an lugt chou = v =nvau=n+1,v=n dé c6 cac
ding thic cn tim.

BAI 2.

a) Ky hiéu a cho 16p ddng du modulo m cda S(,) nguyén a. Xét m*> 4+ 1 bd
(Fk,FkH) k=0,1,...,m> Thé nhung, chi c6 m? bd (a, b) khac nhau Chinh
vi thé, theo nguyén ly Dlrlchlet tdn tai cac chi sb 1 < i < j < m? sao cho
(Fi, Fiy1) = (F Fii1). Tacd diéu phai chitng minh.

b) Liy céc sb 4, j nhu trong a). Dit k = j — i.Nhu vy, F,,, = F; (mod m) va
Fiipsr = Fipr (mod m). Tu d6 suy ra Fiypyo = Fippr + Fiyr = Fop + Fy =
F,.» (mod m).Bang quy nap, ta dé dang suy ra F,,,, = F,, v6i moi s6 nguyén
n > 1.

Tu’Ong tu, ta cd Fip 1 = Fiypo1 — Fior = Fiyy — F; = F,_1 (mod m) va
cling bang quy nap, ta dé dang suy ra F,., = F, (mod m) v6i moi n =
i—1,i—2,...,0.Nhu vay, F,,, = F, (mod m) v6i moi sb tu nhién n.

¢) Mot mat, vi F, k) = F, (mod m) véi moi sb tu nhién n nén Fj,,) =
Fotrm) = Fo = 0 (mod m) va Fymy41 = F1 = 1 (mod m). Do dé6 ton tai sb
nguyén duong k nhé nhit d€ F, = 0 (mod m) va Fj.; = 1 (mod m) va hién
nhién k& < k(m).

Mit khac, tit £, = 0 (mod m), Fy.1 = 1 (mod m), bang quy nap, ta dé dang
suy ra F,,,, = F, (mod m) v6i moi s6 tu nhién n. Chinh vi thé, theo dinh
nghia cta k(m) thi k(m) < k. Suy ra k(m) = k.
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d) b4y 1a tinh chit quen biét ctia chu ky ctia mét diy sb. Ta co thé 14p ludn
nhu sau. M6t mit, néu k chia hét cho k(m) do diy F, mod m tuin hoan
v6i chu ky k(m) nén né ciing tuin hoan véi chu ky k. Do lai, gia sit day F,
mod m tudn hoan v6i chu ky k. Bit k = gk(m)+r, trong d6 0 < r < k(m)—1.
Néu r = 0 thi k chia hét cho k(m). Gia st r # 0. Khi d6, ta cd, v6i moi sb tu
nhién n thi

Fn = Lptk = Fn+qk(m)+7‘ = LI'nyr (mOd m)
Chitng t6 day F,, mod m tudn hoan véi chu ky r < k(m), v6 Iy

BAI 3.

That vy, v6i moi s6 nguyén duong n chia hét cho k(N), ta cdF, = Fy = 0
(mod N) va do d6 F,, chia hét cho N. bDiéu nay cho thay day Fibonacci c6 v6
han so hang chia hét cho N.

BAI 4.
a) M6t mat, nhin xét rang néu m | n thi k(m) | k(n) do mét day tuan hoan
v6i chu ky k(n) theo modulo n phai tuan hoan véi chu ky k(n) theo modulo
m. T nhan xét trén, ta suy ra k(mq) | k([my, ms]), k(mz) | k([m1, ms]), kéo
theo [k‘(ml),k(mg)] ‘ k([ml,mg]).
Mat khac, v6i i = 1,2, do k:(mz) | [k’(ml) k:(mg)] nén F[k:(ml) k(ma)))
(mod mz) va F[k(ml) k(mg)]+1 = =1 (mod ml) Suy ra F[k(ml) k(mg)] = =0 (mod
va F[k(ml),k(mg)]+1 =1 (mod [ml,mg]) Tu do suyra k([ml,mg]) ‘ [ (m1 ,k
va nhut vay [k(m1), k(ms)] = k((my, ma)]).
b) Day Fibonacci modulo 2 la
0,1,1,0,1,...
Tt do6 suy ra k(2) = 3.
Day Fibonacci modulo 4 1a
0,1,1,2,3,1,0,1,...
Tu d6 suy ra k(4) = 6.
Day Fibonacci modulo 5 la
0,1,1,2,3,0,3,3,1,4,0,4,4,3,2,0,2,2,4,1,0, 1, . ..
Tk d6 suy ra k(5) = 20.
Ta c6 k(10) = k(2 - 5) = [k(2),k(5)] = [3,20] = 60.

B. M6t sb tinh chit khac ctia k(m)
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BAI 5.
a) Theo lu4t thuan nghich toan phuong, néu p = +1 (mod 5) thi

()- s ®)-0)- ()

Nghia 13 5 1a mét sb chinh phuong modulo p. Tit d6 suy ra

5T = <§> =1 (mod p).

b) Tit céng thitc clia F,, ta dé dang suy ra

p—3
2
2,y =Y CE = G+ b+ TS
i=0
PE y rang
' ~D(p—2)---(p—2i—1) |
C«2z+1 — (p _ 2ib1 _ I . |
p—1 1-2---(2i+ 1) (—1) (mod p)
Vi thé, theo a) thi
p—2 = 2 p=3 5% — 1 B

Do d6 F,_; =0 (mod p).
c¢) Tuong tu nhu b), ta c6

1 _ 1 3 p-1
2, =C,+C5+ -+ CP5 7.
Ma C, =0 (mod p) v6imoii = 1,3,...,p — 2, con C} = 1. Vi the

2, = 5T =1 (mod p).
Cubi cting, theo dinh 1y Fermat nhé thi 22! = 1 (mod p), do d6 F, = 1
(mod p). Nhu vay, cung v6i b) tacd F,_; =0 (mod p) va F, =1 (mod p). Tu
day, ta két ludn dudc rang k(p) | (p — 1).
BAI 6.
a) Trong trudng hdp p = +£2 (mod 5), ap dung luat thuén nghich toan
phuong, ta thay 5 la mét so khong chinh phuong modulo p. Tit d6 suy ra

5T = (g) =-1 (mod p).
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T d6, tuong tu nhu bai tap trudc, ta co

1 3 =1
2pr+1:Cp+1+0p+15+"'+05+152 .
Nhén xét rdng, v6imdii ma 3 <i <p—1thi

ci, = (p+ Dp(p 1— 12).-.-.-21(1? —it2) _, (mod p)

vaC,,, =CV  =p+1=1 (mod p). Vi thé,

P, =145 =1—-1=0 (mod p).

Tt d6 F,11 =0 (mod p). ‘
b) Trong trudng hdp nay, vi C), =0 (mod p) v6imoi 1 <i < p— 1 néntaco

p

2P, =C+Ch+---+Ch 2 =52 =—1 (mod p)
Tt d6, do 27" =1 (mod p), ta cd F, = —1 (mod p). Nhu vy,

F,=-1 (modp) va F, ;=0 (modp).
Tt do,
Fypp=F.+F,,=1"+0"=1 (mod p),

F2p+2 = F(p+2)+p = Fp+1 (Fp+l + Fp+2) =0 (mOd p)a
Fopirs = Fopi1 + Foppo =1 (mod p)

Tu doé suy ra k(p) | (2p + 2).

c) Theo cac 1ap ludn 6 a) va b) ta ¢ F, = —1,F,.; = 0 (mod p), dan dén
F,y»=F,+ F,;; = —1 (mod p). Chinh vi thé k(p) t (p + 1). Lai theo theo b)
thi k(p) | 2(p 4 1). Cac quan hé k(p) t (p + 1), k(p) | 2(p + 1) chi c6 thé dong
thoi xay ra khi 4 | k(p).

BAI 7.

a) Ta chiing minh bang quy nap theo s. D& thiy két luin ding véi s = 1.
Gia stt cac ddéng du can chitng minh ding véi s6 nguyén duong s, nghia 13
F39s-1 =0 (mod 2°), F30s-1,1 = F39s-1_1 = 1 (mod 2°). No6iriéng, Fy.os-1,1+
Fyp.-1_1 = 0 (mod 2), F2,.-, = 0 (mod 2*) do d6 F3,1 = 0 (mod 2°t).
Ngodi ra, Fipe1yy — 1 = (Fige1yq — 1)(Faaem14y + 1) = 0 (mod 2°7) do
nhan t& th nht chia hét cho 2° con nhan t& th hai chia hét cho 2, din dén
Fioi iy =1 (mod 2°T). Tt d6 suy ra
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F3.25 = F2,3,25—1 = F3,2571 (F3,25—1_1 + F3,25—1+1> = O (mOd 25+1),
Fipesr = Fogoein = Fypon + Fipeny =0+ 1 =1 (mod 2°1).

Nghia 14 két ludn ding véi s + 1.

b) Ta chitng minh biang quy nap rang k(2°) = 3-2°"'. Ta biét rang két luan

la diing v6i s = 1,2. Gid st k(2°) = 3-2°"'. Ta sé chi ra k:(25+1) | 3. 2%

Trude hét, tit a) ta suy ra k(2571 | 3-2°. Mt khac vi2® |25 nén 3. 257! =
k(2°) | k(2°*"). Chinh vi thé k(2°*') = 3-2°! hodc k(2°) = 3 - 2°. D€ ch1

ra k(2°*) # 3-2°7, ta sé chling minh F.- i # 1 (mod 2°*1) bang cach

chitng minh béang quy nap rang v6i moi so nguyén duong s thi

Fy9:141 =2+ 1 (mod 25T1). (D

Dé& dang kiém tra dugc ring dong du cin chitng minh ding véi s = 1, 2. Gia
SO Fygo-141 = 2°+ 1 (mod 251), trong d6 s 12 mét sb nguyén > 2.

Theo a), Fyp:-1 = 0 (mod 2°) nén F7,. . = 0 (mod 2%), do d6 Fjy1 = 0
(mod 2512) (do s > 2). Mét khéc, gia th1et quy nap cho thay F3.96- 41— 1=2°
(mod 2°1) ddn dén (Fy50-14,—(2°+1))2 = 0 (mod 2°7?),vado db F2,..,, =
2571+ 1) (mod 2°72). Tt d6 suy ra

Fiposr = Fogooig1 = Fypen + Fipnp =277 + 1 (mod 2°72),.

Nghia 13 két lu4n ciing ding véi s + 1.

BAI 8.

Ta md rong day Fibonacci cho cac chi s6 4m bang cach diat F_,, = —F_,.; +
F_,.» v6i moi sb nguyen ducng n. Ta dé dang kiém tra du’dc rang F_,
(—1)"*'F, v6i moi s6 nguyen duong n.

Ngoai ra, déng du F,, = ntk(m) (mod m) ding v6i moi sb nguyén n, ngay
ca khi n 4m.

Ta blét I“é.l'lg Fk:(m) =0 (mod m), Fk(m)—i—l =1 (mod m), d:?ln dél’l Fk‘(m)—l =1
(mod m). Suy ra

1= Fk( -1 = (—1)k(m)F1,k(m) = (—)k(m)Fl = (—1)k(m) (HlOd m)

RO rang rang néu m > 2 déng du trén diy din dén (—=1)k0™ = 1, hay k(m)
14 s6 chan.
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3.2 Ngay tha hai: Hinh hoc
A. Diém Fermat-Torricelli clia tam giac

BA1 1. Dung 2 cung chita goc 120° trén cac canh BC, C'A nam trong tam
gidc. Goi T 13 giao diém tha 2 (khac ) cta 2 cung trén. Do tinh chét cla
tam giac ABC, dé thiy 7T ton tai va duy nhat. Mit khac, tit cach dung T, ta
co6 LBTC = LCTA = LATB = 120°.

BAI 2. Theo dinh nghia /BTC = ZCTA = ZATC = 120° nén cac ti giac
ATCE, BTCD, BT AF noi tiép. Tut d6 LATF = /ABF = 60°, /ZFTB =
AZ:—'AB = 60°, va Z/ZBTD = /BCD = 60°. Vay ZATD = 180° hay A, T, D
thang hang. Chiing minh tuong tu BE, CF diqua 7.
BAI 3.
a) Do céc vecto TA, TB, TC, dit léch nhau céc goc 120° nén
TA TB TC 4
TA TB TC '
b) ¢) St dung tich v6 huéng, v6i moi P, ta co
PA-TA PB-TB PC-TC
+ +

PA+PB+PC =" o e
PA.-TA PB-TB PC-TC
> + 1
TA TB TC
(ﬁT+7ﬁ).TA (ﬁT+7?ﬁ.TE (ﬁT+7@j~T@
- TA + TB + TC

TA TB ' TC
=TA+TB+TC.

— PT <E+TB+TC> +TA+TB+TC
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Pang thtic x4y ra khi va chi khi P trung 7.

B. M6t vai mé rong bai toan Fermat

BAI 4.
a) Cach 1: Dy 1a hé qua truc tiép cta dinh i con nhim.

, ... HA HB HC _x.. . o
Cach 2: batu = a-ﬁA+b- 7B +c- ok Dé dang kiém tra @-AB = u-BC = 0.

Tu day suy ra @ = 0.
b) V6i moi P ta ¢

aPA-HA  bPB-HB  cPC.HC
HA HB HC
aPA-HA bPB-HB ¢PC-HC
> + +
HA HB HC
MPH+HMyHA+MPH+HByHB+dPH+H@yHC

aPA+bPB + cPC =

HA HB HC
. HA HB HC
=aHA+bHB+ cHC

Dé thiy ddu bing x4y ra khi P = H; néi cach khac tdng aPA + bPB + ¢PC
dat gia tri bé nhat khi P la truc tdm tam giac ABC.

BAI 5.
Do /ZMUN = /MUV = ZNUV = ZQVU = /PVU = ZPV({ nén

UM UN UV

o Ton oy Y

va
VP VQ VU

ve tvo tvo Y
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Tit d6 ta c6 bién déi

XM+XN+XY+YP+YQ
_XM-UM XM-UN XY-UV YP-VP YQ-VQ
~—om T on TTov tTTve TTvg
XM-UM XN-UN XY -UV YP-VP YQ-VQ
> + + + +
UM UN Uv VP VQ
_ (XU+UM)-UM N (XU +UN)-UN N (XU +UV +VY)- U“v+
UM UN uv
. YV +VP)-VI N YV +VQ)-V(

Q

VP VQ
. UM UN UV ] g
= XU - Y.

v (UM+UN+UV>+ (VP+VQ+VU>
+UM+UN+UV+VQ+VP
=UM+UN+UV+VQ+VP

Déu bang xdy rakhi X = U, Y = V. VAy tbng XM + XN + XY +YP+YQ
dat gia tri nhé nhatkhivachikhi X =U,Y = V.

C. Mét s6 tinh chit hinh hoc ctia diém Fermat-Torricelli

BAI 6.

Dung ra ngoai cac tam giac déu BCD, CAE, ABF ¢6 tAm lan luot 1a X, Y,
Z. Theo bai PT.1, cac t& giac ATCE, BTCD, BT AF nbi tiép néenYZ, 7X,
XY 14n luct 13 trung truc cta TA, TB, TC. D& thdy do TA, TB, TC léch
nhau géc 120° nén tam gidc XY Z déu. Tt d6 chi can chitng minh G 14 trong
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tAm tam gidc XY Z thi hién nhién G cach déu cac dudng thang Y Z, ZX, XY
(cling chinh la trung truc T A, TB, TC). Xét

i=AY + CX + BZ.

Quay cac vector AY, CX, BZ gbc 30 cung chiéu kim ddng hb thi cac vector

nhéan dugc l4an luot 13 AC, OB, BA. Hién nhién tong
V3 V3T V3
AC N CB N BA _ &
V3 V3o V3

ta suy ra @ = 0. N6i cach khac tam gidc ABC va XY Z c6 ciing trong tdm, do
dé G la trong tam tam giac XY Z.

BAI 7.

a) Goi M,, M,, M, lan luot 1 trung diém BC, CA, AB. Goi X, Y, Z 1a tAm
ngoai tiép cac tam giac TBC, TC A, TAB.

Theo PT.6, hai tam gidc XY Z va ABC c6 cung trong tAm. D& thiy hai tam
giac ABC va M,M,M, c6 cung trong tam nén tam giac XY Z va M, M, M, cod
cung trong tam. VAy

TH, + TH, + TH, = 2 <XMa + Y, + ZMC> — 0.

Hay 7T la trong tam tam giac H,H,H..

b, ¢) Ta c6 b6 dé sau

BG dé. Cho tam gidc ABC véi hai diém P, Q (n3m trong tam giac) ding giac
dbi v6i tam gidc. Goi K, L 1an ludt 13 truc tAm clia cac tam gidc PCA, PAB.
Goi D 1 hinh chiéu vuéng géc cta Q 1én BC. Thi ba diém K, D, L thing
hang.
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Cht’l’ng minh. Goi giao \dié7m ctia PK, PL v6i CA, AB lan luct E, F. Ta dé
thay cac cdp tam gidc dong dang APBF ~ AQBD va APCE ~ AQCD. Ta
c6 bién déi ty s6 nhu sau

DB DB DQ BF PE BF PA PE BF BL CE BL
DC DQ DC FP EC EC FP PA EC BF CK CK’

Két hop v6i BL || CK suy ra ba diém K, D, L thiang hang. Két thiic chiing
minh.

Ho

Goi S 13 ding gi4c clia T trong tam gidc ABC. Ap dung bé dé thi D, E, F
14n lugt 14 hinh chiéu cta S trén cic canh BC, C A, AB. Tt dé cong gbéc don
gian dé chi ra tam gidc DEF déu. Hién nhién cac dudng thang qua D, E, F
vudng géc BC, CA, AB dbng quy tai S.

d) Tit tinh chit diém ding giac, dé thiy EF, FD, DF lan ludt vubng goc véi
TA, TB, TC. Goi X, Y, Z lan ludt 13 tAm dudng tron ngoai tiép tam giac
TBC, TCA, TAB, ciing dé thdy YZ, ZX, XY lan ludt vudng gbc véi T A,
TB, TC. Tu d6 hai tam giac DEF va XY Z ¢6 canh tuong (tng song song nén
DX, EY, FZ d6ng quy tai P. Xét phép vi tu Hp tAm P bién tam gidc DEF
thanh XY Z. TAm ngoai tiép clia DEF 1a trung diém J ctia ST bién thanh
tAm ngoai tiép tam gidc XY Z ciing chinh 14 trong tim G ctia ABC (theo PT.
4). (1)
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X

Cac duong thing tt Y, Z vudng gbc v6i C A, AB, cit nhau tai tAm ngoai tiép
O clia ABC. Cac duong vudng goc tit E, F v6i CA, AB, cat nhau tai S. Dé
thdy phép vitu Hp bién E — Y, F— Z do d6 S — O. (2)

Tt (1) va (2), ta thu dudc phép vi tu Hp bién JS (hay chinh la 7'S) thanh
dudng thang Euler GO ctia ABC, do d6 ST || OG.

BAI 8. Chiing ta cin mot sb b dé sau

BG dé 1. Cho tam gidc ABC cén tai A va diém P nim trong tam giac sao
cho ZAPB = ZAPC.Thi PB = PC.

A

B Cc

Chiing minh BS dé 1.: Dung tam gidc APQ cin tai A sao cho Q va P khac phia
v6i AC' va ZPAQ = /BAC. Tit &6 dé chting minh AAPB = AAQC (c.g.c) suy
ra PB = QC va ZAQC = ZAPB = /APC. Lai c6 tam giac APQ can nén suy
ra ZAPQ = ZAQP. Tu d6 ZCPQ = ZCQP. Viy tam giac CP(Q) can tai C' nén
PC =CQ = PB.
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B dé 2. Cho tam gidc ABC ndi tiép dudng tron (O) v6i goc ZA =120° va
phéan giac ngoai AD. Pudng tron ngoai tiép tam giac OAD cat (O) tai E khac
A. Chiing minh rang AE | BC.

Chitng minh B8 dé 2.: Gid st AD cit lai (O) tai F. Ta ¢6 ZODF = ZOEA =
/OAE = /ODE. Lai c6 tam gidc OEF cAn tai O nén theo B6 dé 1 DE = DF
suy ra ZEOD = /FOD. Ta dé thiy hai tam gidc OBF va OCF déu tit 46 FO? =
FC? = FD.FAvay /FAO = /FOD = /EOD = /EAD do AD 1a phan giac
ngodi nén /BAO = /CAE. Viy AO, AE dang giac trong /BAC nén AE | BC. N

BS dé 3. Cho tam giac ABC c¢6 diém Fermat-Torricelli 13 7. Goi (N,) 1a
duong tron ngoal tlép tam giac T BC. Léy X trén (N,) sao cho T'X L BC.
Goi giao diém ctia doan thang BC va dIIOng tron ngoai t1ep tam giac TN, X
13 D. Thi XD va dudng thang Euler clia tam gidc 7BC d6i xting nhau qua
BC.
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Chiing minh B8 dé 3: LAy X, thudc BC sao cho TX, L T A. D& thdy dudng thing
T Ala phan giac /BT C nén T'X, la phan giac ngoai /BTC. Tit d6 T X, di qua trung
diém K, clia cung BC chita T ctia (N,) (dudng tron ngoai tiép tam gidc ABC). Ta
thu dudc

K,B*=K,0? = K,T - K, X,.

Tasuyra /TBK, = /K, X,B=TX,D. (1)

Theo B& dé 2 va két hop gia thiét, ndm diém 7T, D, N,, X, X, cling thuéc mét duong
tron. Tasuyra ZTXD = /TX,D. (2)

T (1) va (2),tasuyra /TXD = /TBK, =TXK,.Vay X, D, K, th:flng hang. (3)
Goi H, 1a truc tdm tam gidc TBC. D& thdy H, va X ,déi xting qua BC. Ciing dé tl}éy
K, va N, doi xting qua BC. Tt d6 XD = X K, 1a doi xtng cua H,N, (duong thang
Euler cta tam gidc TBC) qua BC. Két thiic chiing minh. [ |

B3 dé 4. Cho tam gidc ABC' c6 diém Fermat-Torricelli 13 7. Thi dudng thing
Euler cua tam giac TBC' di qua trong tdm cta tam giac ABC.

Chiing minh B8 dé 4: Dung tam gi4c déu X BC ra ngoai tam gidc ABC. Goi (N,)
13 dudng tron ngoai tiép tam gidc X BC. Theo bai 1 thi 7' 13 giao diém cta AX va
(N,). Goi My, Ga, G 14n ludt 12 trung diém ctia BC, trong tAm tam gidc TBC, trong
tAm tam gidc ABC. Theo tinh chét trong tAm dé thiy

M,G MG, M,N, 2

M,A M, T M, X 3

Do d6 GG, || AT va GuN, || TX.Do T, A, X thezmg hang, ta suy ra G, N, di qua
G. Noi cach khac duong thang Euler ctia tam gidc TBC di qua trong tAm tam giac
ABC. |

B3 dé 5. Cho tam gidc ABC c6 trong tAm G. Goi P, @, R lan luct 13 dbi
xung cua G qua BC, CA, AB. Thi AP 1 QR khi va chi khi AB = AC hoéc
2BC? = AB® + AC*.
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Chiing minh BS dé 5.: Goi 4/, B', C' theo tht ty 1a giao diém thtt hai clia GA,
GB, GC véi dudng tron ngoai tiép tam giac ABC. Dé thay APQR ~ NA'B'C'.

Do P, Q, R dbixting G qua BC, CA, AB nén AQ = AR do d6 AP | QR khi va chi
khi tam gidc PQR can tai P hay tuong duong tam giac A'B’'C’ can tai A’. (1)

St dung tam giac dong dang, dé thiy

A'B"  GA AC  GC
AB GB’ AC  GC’

Tur do6 ta co
A'B =A'C
— A'B”?=AC"
L AB_Ac
GB2  GC?
— AB? _ AC?
2(AB? + BC?)— AC? 2(AC?+ BC?)— AB?
< AB?(2(AC? + BC?) — AB®) = AC® ((AB® + BC*) — AC?)
< (AB~AC*(AB*+ AC? - 2BC?) =0
<= AB = AC hodc AB%> + AC? = 2BC?. (2)

Tt (1) va (2), tasuyra AP | QR khiva chikhi AB = AC hoic AB%*+AC? = 2BC?.
Két thac chiing minh. [ |

Trd lai bai toan. Theo cac BS dé 3 va BS dé 4 thi P chinh 1a d6i xting clia
trong tAm G clia tam gidc ABC qua BC. Tuong tu Q, R 1a dbi xing ctia
G qua CA, AB. Theo B§ dé 5, AP 1 QR khi va chi khi AB = AC hoic
AB? + AC? = 2BC?. D6 14 diéu phai chiing minh.



CAC BAI DE XUAT: DAI SO

1 MA TRAN

Bai 1.1 (PH Bach Khoa-DHQG TP Hb Chi Minh, N.H. Hiép). Da thtc dic
trung ctia A la p(\) = det(A — A1) = ap + a1\ + ag)\® + - - - + a,\", A # 0.
Vi A kha nghich nén det(A) = ag # 0. Ta ¢6

= p(\) = ag + May + agh + asA? + -+ a, A" = ag — ag.g(A) - A,

trong do, g(z) = — (a1 + agx + azx* + -+ + a,2™'). Theo dinh ly Caley-
Qo
Hamilton,

P(A) =0 < a9 —apg(A).A=0 <= Ag(A) =1 < g(A)=A"".
Ta c6 diéu phai chiing minh.

Bai 1.2 (DH Bach Khoa-DHQG TP Hé Chi Minh, N.H. Hiép). Cé (AB)* =
AB = (BA)* = B(AB)*A = B(AB)A = (BA)? = tri riéng clia BA chi c6
thé130,1, —1.

Mit khac trace(AB) = trace(BA) = 0 nén cac tri riéng ctia BA la 0,0 hodc
1, 1.

TH1: TR ctia BA 14 0,0. Diéu nay suy ra da thitc dic trung Pga()\) = A2 Ap
dung Caley- Hamilton:

(BA)? = 0= (AB)® = A(BA)*B = 0 £ AB.

Diéu nay mau thuln. Viy ta loai truong hgp nay.
TH2: TR cia BA la 1, —1. DBiéu nay suy ra da thiic dic trung P (\) = A\? — 1.
Ap dung Dinh ly Caley- Hamilton ta dudc

(BA? —I=0= (AB)*=1.
o a b .
DatBA:< ).Taco
c —a

(BA? =1 <= a*+bc=1 <= a=+V1-be

+v1—be b

Vay BA =
v ( c FV1-—-bc

),Vb,cER,bc§ 1.
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Bai 1.3 (DH Bach Khoa-DHQG TR H6 Chi Minh, N.H. Hiép). Gia st det(A? +
BH)=0=3rcR"2#0:(A>+ B)z =0

= 2T(ATA+ B"B)z =0 < ||Az|>+ |Bz|* =0 <= Az = Bz =0.
V6i moi X,Y € M,(R), ta cd
(AX + BY)'o = XT Az + YT Bz = 0.

Viz # 0 nén det(AX + BY) = 0. Diéu nay mau thuln véi gia thiét. Ta suy ra
diéu phai ching minh.

Bai 1.4 (DH Da Lat, D.T. Hiép). Ta viét
A=1+B,

trong d6 I 13 ma tran don vi cip 5 va

1 1 1 1 1
1 1 1 11
B=1]111 11
1 1 1 1 1
1 1 1 1 1
Ta co
A" = (I+B)"
va
B"=5""1B.

Tir do6 tinh duge A™.

Bai 1.5 (PH Dong Thap, N.T. Phtic). Goi A 1a ma trin di cho, ta c6

|A| = (mod 2).

oSO O
o O = O
o= O O
_ o O O

Suyra |A| =1 ( mod 2). Hay |A| # 0. Vay rank(A) = 4.

Bai 1.6 (DH Giao théng Van Tai, N.H. Hoang). Gia st A = (a;;) la mét ma
tran thudc tdp M. Ta xac dinh B = f(A) = (b;;) 1a ma tran vuong cap 3 nhan
dugc tit A bang 5 bude bién d6i nhu sau
1) O 3 bubce bién d6i diu tién ta bién dbi cac cot 1, 2, 3 clia A. Cu thé 1a
nhAn cbt thtt k& v6i phan t& a;;,. N6i cach khac ta gift nguyén hoic ddi
diu cot k d€ phan ti a,), dude bién déi vé 1.
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2) G budc 4 (tudng tu bude 5) ta gilt nguyén hodc d6i d4u hang 2 (hang
3) sao cho phan ti dting dau dudc bién doi vé 1.
Ma tran nhan dudc la ma tran c6 dang

1 1 1
B=|1 by by], (1)
1 bsy b3z

trong do |b;;| = 1.

Ta sé chi ra cac khang dinh sau:

1) det B +# 0 khi va chi khi det A # 0.

2) C6 tit ca 6 ma tran kha nghich c¢6 dang (1).

3) MObi ma tran dang (1) ing v6i 32 ma tran trong tap M.
Do viéc dbi d4u nhiéu 14n cic hang va cac cot cia ma trin chi lam dinh thic
d6i diu nhiéu 14n nén |det A| = | det B|. Tit d4y ta ¢ khang dinh thit nhét.

Néu B 1a ma trin kha nghich c¢6 dang (1) thi ta c6

11 1
det B= |0 Cog Co3| — 222 223 7£ 0, (2)
0 C32 C33 32 33

trong do ¢;; = b;; — 1 € {0, —2}. Tt phuong trinh (2) ta thay ring ma trin
O — (022 023) (3)
C32 C33
c6 dinh thitc khac 0 nén mbi hang mdi ot phai ¢d it nhit mot phin ti 14 —2.
Thém nita bon phan tt cia C cling khéng thé cung 1a —2. Nhu vy C ¢6 2

hodc 3 phin tit 13 —2. Néu C ¢6 hai phn tit 13 —2 thi hai phan t& nay phai
nam trén mot duong chéo, nghia la

-2 0 < 0 -2
C—(O _2) hoac O—(_2 0).

Néu C c6 ba phén tk 1a —2 thi C 1a mét trong 4 trudng hop sau

(52 G5 (C2) G

va ta kiém tra duoc ring ca 4 trudng hop nay déu kha nghich.

Nhu vAy c6 tit cd 6 ma trin dang (3) 1a ma trin kha nghich. Tt d6 ta suy ra
c6 6 ma trdn dang (1) 1a ma trin kha nghich. Day la khang dinh th{ hai.
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Néu B = f(A) 1a mét ma trdn kha nghich dang (1) thi tir B ta c6 tit ca
25 = 32 cach bién d6i B vé cac phan tit cta tip M. Cu thé 13 ta bién ddi
tudn tu hang 3, hang 2, cot 3, ot 2, cot 1. Mbi bién ddi ¢6 2 lua chon 13 giit
nguyén hoic déi ddu. D4y 1a khing dinh tht ba.

Cac phén tich trén cho thiy ring sb luong phan tt kha nghich cta M 1a
6 x 32 =192.

Bai 1.7 (bH Hang Hai Viét Nam, N.T.D. Hanh). Do ma trdn A khong suy
bién nén de thay ho vécto S = {A;, As, ..., Ao} dOc lap tuyen tinh trong

R**!, va d6 la mét co s6 ctia khong gian R*%. ,
Ma trdn X can tim 1a ma trin chinh tac cta 4nh xa tuyén tinh ¢ : R?%?! —
R?%?! théa man:
(M — Ay) = (1141 — Ago21)
(M — Ap) = 5(142 — Agp20)
(M — Aopn) = 5 (Ao — A1)
¥ 2021) = 59y 42021 1)

Nhan hé thite thit k v6i k rdi cong tit ca lai ta ¢6
©(2021.1011M — M) =0
suy ra (M) = 0. Tt dé tinh dudgc:

©(Ar) = —zill + A21021
©(A2) = —5142 + 5142020

(Agge1) = 1 A A
plA2021) = T 50p1 120 + 2001 1

Vi S 14 co s6 nén 4nh xa ¢ hoan toan xac dinh va do dé ma trdn X cin tim
la duy nhéat. Ma trin cta ¢ d6i véi co s6 S 1a:

_ e
-1 _
01 0 (1) 2021
0 -5 0o --- 5090 0
B=|o o ---0 --. 0 0
0 1 0 1 0
2 2020 1
1 .
L 0 0 0 2021




1. MA TRAN 103

Ma tran ddi co sé tit ¢o s6 chinh tac E sang co s6 S trong R??! [a:

[Al Ay e A2021} =A

VAy ma trdn X cin tim la:
X = ABA™.

Bai 1.8 (DH Hang Hai Viét Nam, N.V. Trinh). Xét da thiic déc trung cua A.
P(\) =det(A— ) = —X*(A—1)
c6 hai nghiem A =0 (b6i2) va =1

Chia da thuce f(z) = P(x).h(x) + r(z) véi da thitc du r(z) = az® + bz + c.
Cac hé s6 a, b, c théa man hé phuong trinh:

f(0) =r(0) c =1 a =-—1010
f(0) =7(0) =<0 =2 <—{ph =-2
f) =r(1) a+b+c =-1011 c =1

Theo dinh 1i Cayley-Hamilton ta c6 P(A) = 0 nén:

—5053 11120 —7078
f(A) =r(A) = —1010A% =24 4+ [ = | —5056 11125 —7080
—5058 11128 —7081

r—1

Bai 1.9 (PH Hung Vuong - Phd Tho). Nhan xét Z i) =y

k=0
Xét ma tran
1 1 e 1
g—a 5—(04—&-1) . 5—(04—&-7’—1)
B =

g-(r-Da gDt g=(r-Dlatr1)

Kiém tra dudc AB = r1,, do d6

1 1 . 1

1 g—a g—(a—f—l) . g—(a—l—r—l)

A= =Z
"

5—<r'—1>a 5—<r—i><a+1> . gDty
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Bai 1.10 (PH Su pham Ha N6i 2). a) Dat

3 3
o[ 3]
Khi 46 A = B — 2I,. Vi vy ta suy ra A**' = (B — 21,)**, trong d6 I,

13 ma trén don vi cip 2.
D& thiy B va 21, giao hoan, B> = 0. Do d6

A2021 _ (B — 21—2)2021
= (=20,)*?" + 2021 B.(—21,)*"°

=222 0 6063.229%  6063.229%°
| o —22% —6063.22920  _6063.22020

6061.22020  6063.220%0
—6063.2202°  _6065.22020| -

b) Diat B = A+ 2A4% + ...+ 2021A4%°%' Vi moi = € ker A thi Az = 0, suy ra
A’y = APr = ... = A2 =0, tt d6 Bx = 0 hay ker A C ker B (1).
Ti gia thiét A iy linh, ta suy ra 24,342,...,2021A4%°% ciing liy linh.
Cac ma trdn trén giao hodn tling d6i mot, suy ra 24 + 3A% + ... +
2021 A% ciing ly linh, do d6 I + 2A + 3A% + ... 4 2021A** kha
nghich. Tt d6 suy ra

rankB = rank(A(] + 2A + 34% + ... + 2021 4%°)) = rankA.
Mat khac ta c6
rankA + dim(ker A) = rankB + dim(ker B) = n,

suy ra dim(ker A) = dim(ker B) (2).

Tit (1) va (2) suy ra ker A = ker B, hay hai hé phuong trinh c6 cung tap

nghiém trong R".
Bai 1.11 (PH SPKT Vinh Long, TH.N. Nhan). Ma trn A c6 tit ca cic phan
tt khéng am va ma trdn nghich ddo A™' cfing c6 tat ca cac phan ti khong
am khi va chi khi mé6i hang va moi cot cia ma trdn A chi ¢ ding mot phan
tt duong.

1. Diéu kién cin: Gid st A 1a ma trin thuc cip n c6 tit ci cac phan tu
khong 4m va ma trin nghich ddo A~ cling c6 tt ca cac phan ti khéng
am. Khi do:

(a) M&i dong va méi ot clia A va A" ¢6 it nhit mét phan t& duong.
Néu ngudc lai, ton tai mét hang hoic cot bang 0 thi detA = 0 hodc
detA™' = 0, tiic 1a ma trdn A khong kha nghich (tréi gia thiét).
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(b) Mbi dong va mbi cot clia A va A" c6 dling mot phan ti duong.

Néu ngudgc lai, gia st cot j ciia ma trin A c6 hai phan t& duong 1a
a;,j VA a;,;. Vi hang j clia A~' ¢6 it nhat mot phan ti az, > 0nén

cdt thit k cta tich A.A~" = I ¢6 hai phan t&t duong (mAu thufn).
2. Diéu kién di: Gia stt mbi hang va mbi cot ctia ma trdn A chi cé ding
mot phan t duong, con lai bing 0. Goi B = (bij)n 1a ma tran dudc xac

dinh béi
0 néu Q;; = 0

bij = 1

— néu Qjj 7£ 0 -
Qi

Khi d6, ma trin B” = A~ ¢4 tht ca cac phan t& khéng Am.

Bai 1.12 (PH SPKT Vinh Long, TH.N. Nhan). Vi A khong suy bién va méi
dong chi c6 mét sb6 khac 0 nén mbi cot ciing chi cd mot sb khac 0 (néu nguge
lai thi A suy bién vi ¢ hai dong ti 18). Tit gia thiét suy ra A.A” = I, titc A
13 ma trin truc giao. Goi M 14 tAp hop tit ca cdc ma trin truc giao ma mbi
dong chi c6 mét sb khac 0 va bang +1 hodc -1. Khi d6 M chi ¢6 hitu han
phan t va A" € M v6i moi sb tu nhién n > 1. Suy ra ton tai hai sb m, p
nguyén duong va p > 2 sao cho A" = A™, Vi A kha nghich nén A? = I.
Ditk =p—1thi AF = A1 = AT,

Bai 1.13 (PH Thuy Loi, N.V. Dic). Ta c6

1 -1 -1 -1

1 -1 1 -1 1| _ 1
T 92022 | -1 -1 1 —=1] 2022
-1 -1 -1 1

. 1 .
Ta thdy: B> = 4] = A*> = —— . Tt d¢:
(1011)

-Néun = 2k, k € N*, thi

1

Ar =A% = — T
(1011)

-Néun=2k+1, ke N*, thi

k
An:A2k+1:( 1 2[)14:;_114
(1011) (1011)"

Bai 1.14 (DPH Thuy Lgi, N.V.ND.'flc). Do A 13 mét tip hitu han phéan t, ma
trAn don vi I thudc G. V6i mo6i A thudc G thi lily thita nguyén duong ctia A
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ciing thudc G. Do d6 ton tai hai s6 nguyén duong khac nhau m, ! (m > 1) sao
cho A™ = A,

Do AAT = I nén A kha nghich.

A™ = A' tuong duong v6i A™ ! = I. (Dpcm)

Bai 1.15 (DH Thuy Loi, N.V. Dac). Ta c6: f(A) = 20224202 4 202142020 4
o+ 2A+ 1.

Ta da biét: Néu B 13 lity linh, thi 7 + B kha nghich.

Dit B = 20224292 + 2021 A%% + . +2A ,tacd

B = A(2022A%%0 1 2021 A% | 4 21)

= (20224920 1 2021 A% + . 4 21)A.

Theo gia thiét: A 1a ma trin liy linh nén tén tai s6 tu nhién p sao cho A? = 0.
Thé nén :
BP = AP(2022A4%°%0 + 2021 A% + ... + 21)" = 0.

Vay B la ma tran liy linh, va tit do
f(A) = 20224202 1 20214%% + . + 24+ 1
kha nghich.

Bai 1.16 (DH Tra Vinh, T.Q. Ha). Da thtic dic trung ciua A la: f(z) = z(x +
1)(z — 2). Vi vdy A chéo hda dugc trén R.

1
0 0 0 -1 -5 -2
A=P|0 -1 0| P' wiP=]| 3 _i 1
0 0 2 4 2
1 1 1
Suy ra
1
L =5 =2} /0 0 o0 4 —12 —4
A2 — 3 _i (o1 o0 -2 8 4
4 2 0 0 22922 -2 4 1
1 1 1

Bai 1.17 (PH Tra Vinh, T.Q. H3). Néu P kha nghich thi P = Q'PQ = 0
vo ly. Do d6 det(P) = 0. Nhu vay ton tai X,Y € M,;(R) khac 0 sao cho
PX =Py =0,

Xét L = XY 1a ma trin cip n khac 0 thda

PL=PXYT =0Y" =0
LP=XY"'P=X(P'Y) =0



1. MA TRAN 107
Bai 1.18 (HV Ky thuit Quan sy, H.D. Manh). a) D& thiy VU = 4, do dé
2020 __ T T T __ 42019
A =U.V UV . UV" =47 A.
42019
b) Ta co
B*=A? -2A+ FE=4A—-2A+FE =2A+FE =2B +3E

1 1
@B(B—2E):3E:>EIB‘1:g(B—ZE):g(A—?)E).

Bai 1.19 (HV Ky thuit Quan su, H.D. Manh). Pat A = { ﬁl } ,B=[By B].
2
Ta ¢o
1 0 -1 0
o 0 1 0 —1 o Al o AlBl AlBQ
AB=1 0 1 o _{AJ[Bl 32}_{,4231 A2BJ
0 -1 0 1

Ta ¢co AlBl = AQBQ = E7A1B2 = AgBl = —E, suy ra B1 = A1_17 Bg = —Al_l
va A2 = B2_1 = —Al. Tu do ta co BA = BlAl + B2A2 =2F.

Bai 1.20 (HV Phong khéng Khong quén, PH. Quan). 1. Tacd

2 4

Av= 1], A%v=A(Av)= |2

1 0

2. Ta théy rang
2 0 0 200 0 0 O
A=|10 1 1]=|00O0)+{f0 1 1
0 -1 1 000 0 -1 1
=S+ R.

0 00
Chuyrang SR=0= [0 0 0
0 00

Do do, ta co

2020

AQOle — (S + R)20211) :(52021 + Z (20Z21
=1

:(82021 4 RQOZl)U.

)SQOQI—iRi + RQOQI),U
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Lai co
2 0 0\ /1 22021 () 0\ /1 92021
S22y =10 0 0 ol= 0 o o)lo]=] 0
0 00 1 0 0 0 1 0
Tinh
O 0 O 2021 1
R*y = (V2|0 cos(n/4) sin(n/4) 0
0 —sin(w/4) cos(m/4) 1

cos(m/4)  sin(w/4)

Chu y rang khoi | - sin(r/4) cos(n/ 4)} chinh la ma tran phép quay

cting chiéu kim déng hdé mot géc % tac dong vao {ﬂ . Do d6, ta co

0
R¥2y = (v/2)202 [ —cos(n/4) | = [ —2i00
—sin(w/4) —21010
52021
Vay, 4221y, — [ 21010
_21010

2 DPINH THUC

Bai 2.1 (PH Bach Khoa-DHQG TP Hb Chi Minh, N.H. Hiép). a. Xét flz) =
z* — 22% — 4x + 1. Thuc hién chia da thtc f(z) cho f'(z) = 42° — 4z — 4,
ta dudc

@) = i(m 1) f () — 33+ 1.

Gia st 7, 1a nghiém boi cta f:

1
f(zo) = fl(x0) =0= =320+ 1 <= x5 = 5
Piéu nay mau thuln véi f(1/3) # 0. VAy f chi ¢4 nghiém don.

1+a 1 1 1
1 1+ 1 1
1 1 1+c¢ 1
1 1 1 1+d

1+a 1 1

1 1+b 1
G=hd=0= 1

1 1 1

b. Xét I, = = azd + (3, trong do

= abc;

—_ = = =
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l+a 1 1 1
_OL |1 1+4b 1 1]
B=90 7|1 1 1+4c 1|73
0 0 0 1
Tuong tu, ta co
1y = I3d + abe
;=1 b
3T RCTA 1 abe + abd + acd + bed + abed.
12:[16+a
Ilzl—i—a

Ap dung dinh Iy Vi-et, suy ra
Iy =44+1=5.

Bai 2.2 (DH Giao théng Van tai, N.H. Hoang). Ta sé chi ra r(A) < 2021 va
hé qua 14 det A = 0. Thuc viy, st dung phép khit Gauss cho ma trdn A ta l4n
luot 14y hang 2021 trit hang 2020, 14y hang 2020 trit hang 2019, .. ., hang 2
trit hang 1. Thuc hién nhu vay tit ma tran A ta nhan dugc ma tran

@11 G122 aiz ... Qi

bor by baz ... Doy,
B=|bs bn bss ... ba |

byr biz baz ... bay

trong d6 b;; = a;; — a;—1; = 2i + 20205 — 1 v6i moi i > 2.

Ta tiép tuc bién déi ma trn B nhu sau: 14y hang 2021 trit hang 2020, lay
hang 2020 trit hang 2019, ..., hang 3 trit hang 2. Sau bién déi nhu vy tu
ma tran B ta nhan dudc ma tran

aj; a2 aiz ... Qip

bor by baz ... bap
C=|¢C1 C32 C33 ... C3n |,

car G2 baz ... cup

trong d6 ¢;; = b;; — b;—1; =2 v6imoii > 3.
Trong ma tran C, ta liy cac hang 4,5, ...,2021 trit di hang 3. Sau bién d6i
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nhu vay, ta nhan dudc ma tran

11 a2 @13 ... Qaip
bai by baz ... Doy
D= ]¢C1 C32 C33 ... C3p |,

o o0 0 ... 0

vGi cac hang 4,5, ...,2021 1a 0.
Ta c6 r(A) = r(D) < 3 < 2021 nén det A = 0.

Bai 2.3 (DH Hang Hai Viét Nam, L.T. Hoa). Ta c6

032 C’%al Cga; Cgiaz bi’ bg bg b%
CY Ciaz Ciai C3a3 | | by by by by
CY Cilay Ciai C3a3) \1 1 1 1
Do do
CY Ciay Ciai C3a3l|b} b3 b3 b
1 2 2 2 2 2 2
Al = Cy Ciay Cias CSaj| b7 b b5 b

Og C’?}(Ig ngg ngg bl b2 bg b4
CY Czay Cia; Ciajl|l 1 1 1
1 a a2 a1 1 1 1
1 ay a5 ay||by by b3 b
_ 0 1 2 13 2 2 2 1 2 3 4
A A Tt -
1 ay ai aj||bd b5 b b
1<j<i<4 1<j<i<4
Gia thiét (a;) va (b;) 14n lugt 12 4 s6 chin, 4 s6 1é lién tiép nén
H (ai—aj): H (bl—bj):23426:768
1<j<i<4 1<j<i<4
Vay |A| = 5308416.
Bai 2.4 (PH Hang Hai Viét Nam, L.T. Hoa).
|Al = Z SENA.A10(1)-A2a(2) - - A6u(6)

aESp

vOi g 12 tip tht ca cac phép thé sinh ra tir 6 phan tit {1,2,3,4,5,6}.

Do giai thiét
0 néui= J
Q5 = o A . .
! 1 hodc 2021 néui #j
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A

nén
0 neéu 3, o(i) =i

a o .Q o ... o - o 4 . . .
ta1):F2a (@) T6a(0) {1 hodc 2021°  néu Vi, a(i) # i

Ta sé tim 56 lu’(}ng A1a(1)-A2a(2)---B6(6) 7é 0. Do Sé) lu’(_ing A1a(1)-A20(2)---B6(6) 7£ 0
chinh béng s cac phép thé o ma a(i) #4,i = 1,2, ...,6. Goi A; 12 tp hop cac
phép thé ma «(i) = i v6i i = 1,..,6. Theo nguyén ly bao ham - loai trit, sb
cac phép thé ma 3i dé a(i) =i la

6
U4l = D 1Al =D 1AL N AL+ ) 1A, N A, N Ayl
=1

= AL N A D AL N A | =Y AL N0 Ay
= C5.5! = Co4l+ C3.31 — Cg.2l + 2.1 — CL.0! = 455

VAy s6 cac phép thé cin tim 1a 6! — 455 = 265.

Chl y: sgna.aya(1)-a2a(2)---G6a(s) 12 s6 18 vi chi nhén cac gid tri -1, 1, —2021° va
2021°¢.

Ta co

’A‘ = Zsgna.alau).a2a(2)---@6a(6)
265a

= SNA.A14(1)-A2x(2) - --A6a(6) + Z SENA.A14(1)-A2a(2) ---A6x(6) -
264

TOng cta 264 s6 1& 1a mot sb chin. Dinh thite clia ma tran A 13 tdng cia mot
s0 1é va mot sO chan vAy nén dinh thitc cila ma trdn A luén khac khong.

Cha ¥: Bai toan van ding néu A 1a ma trdn c6 n v6i n 1a mét s6 chin.
Bai 2.5 (DH Kién tric). a) Tacé
I =AB*-2AB+ A= A(B*-2B+1).
Suy ra A la ma trdn kha nghich va A™' = B> — 2B + I. Do d6
A'B=(B*>-2B+1).B=B*-2B*+B

va
BA'=B.(B*-2B+1)=DB*-2B*+B.

Suyra A™'.B=B.A"',vadodé BA = AB.
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b) A.(B— I) = I, suyradet(A). det(B—1I)? = 1. Mt khac det(A), det(B—
I)? 1a s6 nguyén va det(B — I)*> = (det(B — I))* > 0. T d6 suy ra
det(A) = 1.

Bai 2.6 (DH M4 - Dia chit, H. N. Hu4n). Gid st ¥ = X — %In. Khi dé
Y = —Y”. Vi Y 1a ma trdn phan d6i xting thuc nén cac gia tri riéng cta né
chi 13 phan 40 ia. Khi dé cac gié tri riéng cta X 1a % + 7a. Vi ma trén la thuc
nén gia tri riéng chi c6 thé 1a % hoac la % + ia. Thé nhung lic d6 né ciing c6
gia tri ao % — ia. Chuyén sang co sé gém cac véc to riéng (dbi v6i ma tran

dbi xting, co so nay 13 ton tai) thi dinh thtc ctia ma tran khong hé thay déi.
Trong co s6 gdbm cac véc to riéng, dinh thic bang tich cac gia tri riéng nay.

Vi
1 . 1 . 1 9
é—l—m 5—2@ 2?4—@
R 1
nendethz—n.

Bai 2.7 (DH Su pham Ha No6i 2). Dat

2 0 0 ... 0 1/n

-1 2z 0 ... 0 1/n

0 -2 x ... 0 1/n!

o 0 0 ... x 1/n!

0 0 0 ... —n 1/n!

Khi do

z 0 0 0 1

-1 = 0 . 0 1

110 -2 =z 0 1
Dn:_ . .
n! : :

0O 0 0 z 1

0O 0 0 —n 1

Cong vao dong diu tht ca cac dong con lai, trude dé6 dong thit i nhan véi
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71 (i=2,3,...,n+ 1), ta dudc

(i—1)

0 0 0 0 Ru(x)
-1 =z 0 1
110 -2 =z 0 1
Dn = 31 . . . ’
n! : : :
0 0 0 x 1
0O 0 0 —n 1
, x? "
trong do R, () :1+x+§+...+—‘.
! n!
Khi do |
D, = —'(—l)Pn + 14+ 1R, (z).(—1)".n! = R,(z).
n!
Ta thu dudc

lim D, = lim R,(z)=e".
n—+00 n——+00
Bai 2.8 (DH SPKT Vinh Long, TH.N. Nhan). Vi A. AT = B.BT = I nén
det(A) = +1 va det(B) = +1.
Vi det(A) # det(B) nén det(A) 4+ det(B) = 0.
Khi d6

det(B).det(A+ B) = det(B).det[(A+ B)'] = det(B).det(A” + BT)
det(BAT + BBT) = det(BA” + 1)

det(BA" 4+ AAT) = det(B + A) det(AT)
= det(A+ B)det(A) = —det(A + B) det(B).

Suy ra 2det(A + B)det(B) = 0. Do d6 det(A + B) = 0.

Bai 2.9 (PH Tai nguyén va Méi trusng TP H6 Chi Minh). Véimoia € R, B =
11 --- 1

11 - 1
L , ta c6 det(A + aB) = det(A(I, + aA™'B)) = det A. det(I,, +
11 --- 1

aA7'B).

Ta chting minh khing dinh sau: Néu N 1a ma tran liiy linh thi det(7 4+ N) = 1.
Goi A 13 mot gid tri riéng ctia N, nghia 13 ton tai véc to v # 0 sao cho Nv = \v.
Do d6 (I + N)v = Iv+ Nv =v+ A = (1 + Av hay (1 + \) la mot gia tri
riéng cta (I + N).

Suy ludn tuong tu ta duge, néu A 1a mét gia tri riéng cta (I + N) thi (A — 1)
la mot gia tri riéng cia N.
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Mat khac, N ldy linh nén N chi c6 gia tri riéng 1a 0, vAy (I + N) chi ¢6 gia tri
riéng 1a 1. Ma dinh thitc dugc tinh béng tich cac gia tri riéng, va bic cta nd,
nén cubi cling ta dugc det(I + N) = 1.

Ta chiing minh A~'B lity linh: D& thiy A phan dbi xting thi A~ phan dbi
xting va B 13 ma tran d6i xting. Khi dé:

tr(A™'B) = tr((A'B)T) = tr(BT(A™HT
=tr(—BA™Y)

~—

—tr(BA™) = —tr(A7'B)

Suyra tr(A™'B) =0, va rank(A™'B) < rank(B) = 1.
VAy: A~'B chi c6 mot gia tri riéng va bang 0, nghia 1a A~' B liiy linh.
Tt cac diéu trén ta dudc det(l, + vA™'B) = 1 nén det(A + aB) = det(A).

Bai 2.10 (PH Tai nguyén va Méi trusng TR H6 Chi Minh). Néu det(A) = 0:
Gia st béc lay linh cta B 1a k.
Do AB = BA va B liy linh nén ta co:

(A4 B)" = A(CYA™ ! + CLA"2B 4 ... - WL An=k gkl

Suy ra det(A + B) = 0, hay det(A + B) = det(A).

Néu det(A) # 0: Ta c6: det(A + B) = det(A(I + A™'B)) = det(A). det(I +
A~'B). Ta chiing minh ménh dé sau: Néu N 1a ma tran liiy linh thi det(7 +
N)=1.

Goi z\ 1a mét gia tri riéng clia N, nghia 1 ton tai véc t6 v # 0 sao cho
Nv=XM.Dodd (I +N)v=Iv+Nv=v+ = (1+ANvhay (1+})1la
mat gia tri riéng ctia (I + N). Suy ludn tuong tu ta dudc, néu A 1a mét gia tri
riéng cta (I + N) thi (A — 1) 1a moét gia tri riéng ctia N.

Mat khac N liy linh nén N chi c6 gla tri riéng la 0, Vay (I+N ) chi ¢ gla tri
rleng la 1. Ma dinh thtc dudgce tinh bang tich cac gia tri rleng va béc cta no,
nén cubi cung ta dugc det(I + N) = 1. Ap dung ménh dé trén, B lity linh va
AB = BA nén A~'B liiy linh, suy ra det (I+A" 1B) = 1.

Cudi cting ta dugc: det(A + B) = det(A).

Bai 2.11 (DH Tai nguyén va Mbi trusng TR Hb Chi Minh). Via,;; = —aj;, Vi, j =
T;2022 nén A 13 ma trin phan déi xiing cip n = 2022 chin
Ta da biét: moi ma tran phan dbi xing cip 1é déu c6 dinh thitc bang 0 nén
suy ra

0 -1 ... —1 0 —23 ... —23

1 =0=|1! =0
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1 —23 ... —23
Khi dé: det A= 0

1 —-23 ... =23 0 —-23 ... =23 1 =23 ... =23
-1 0 4+ 1 — |1

A : A : A

Liy dong i trit dong dau tién, i = 2, n ta dugdc

1 —23 ... —23 L2
0
1 = . = det B.
A 0 B

Bai 2.12 (PH Tai nguyén va M6i trudng TP H5 Chi Minh). Xét toan ti tuyén
tinh 7'(z) = Az cO ma trédn la A

= dim ImT = rankA =1

= tOn tai vécto e; 13 co s& caa ImT

= ton tai ho vécto {e,, es, ..., e, } doc l1ap tuyén tinh sao cho {ei},, 1acosé
ctia khéng gian. Khi d6, ma trdn A clia toan t@ tuyén tinh 7' tuong Ung v6i
cd sé nay dudce biéu dién dudi dang:

a,  as ay,
0 O 0
A= )
0 O 0
Suy ra vét clia ma trdn A 14 trA = a;.
ar+1 ay -+ an
N 0 1 . 0 )
Ngoaira A+ I, = . . . néndet(A+1,) =a;+1
0 0o .- 1

Vay det (A+ I,) =trA + 1.

Bai 2.13 (PH Tan Trao, K.C. Nguyén). Ky hiéu 4;; 1a phan bu dai sb cta
phan ti a;; trong D. Khai trién da tuyén tinh dinh thic D*(z) ta s€ nhan
dudc hé thitc lién hé

n a]_]_ ... .CL' ... aln

D*(J/‘):D‘f’z . cee e e . :D+$2Aij- @)

j=11Qp1 *** T - Gnn 1,5=1
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Ky hiéu B;; la phan bu dai s ctia phan ti bi; trong D*(x), b;; = a;j +x. Ta co
Q5 = bij + (—ZL‘), do do

D:D*(az)—xzn:Bij, & Zn:Aij - ZH:BM.

1,j=1 1,j=1 1,j=1

Bai 2.14 (PH Tin Trio, K.C. Nguyén). Theo gia thiét, ta cé |i — j| = 2
(mod n). Do dé, ton tai ¢ € N, ¢ < n sao cho |i — j| — 2 = nq. Suy ra n 1a uéc
cua |i — j| — 2. Tuy nhién, 1 < 4,5 <n,nén |i — j| <n.Vivay, i —j| —2=0
hay |i — j| = 2. Khi do, ta nhin dudc dinh thic cia ma trdn A. St dung khai
trién Laplace, ta co:

2 010 0 0
0 2 01 0 0
10 20 0 0
D,:=]Al=|0 1 0 2 0 0|=2D,_1—2D, 3+ D,_4.
0 00O 2 0
0 00O 0 2
D, _3 0O 1 00
o D, _o 0O 0 10 , ,
= g p— . >
bat X, D, , B 00 01 = X, =BX,,_1.V0in >4, taco
1 =2 0 2

X, = B"3X,, trongdé X5 = [Dy Dy Dy Ds]" =[1 2 4 6]".

Glé Sﬁ Bn_3 = [aij], 1 S Z,j S 4 thi Dn = a4 + 2@42 + 4(143 + 6@44.
Tinh B",4 < n € N. Phuong trinh dic trung Pp()\) = |B— M| = (A —1)*(A +
l)=0cOhaigiatririéng \y = Ao =3 =1,\, = —1.Tacod

A" = Pg(N)Q(N) + aX’ + bA* + e + d,
nA" = (A = 1)F()\) + 3a\* + 20\ + ¢, (2)
n(n — DAt = (A= 1)G(N\) + 6a) + 2.

Thay )\; vao (2), ta nhin dugc hé phuong trinh tuyén tinh v6i 4n a, b, ¢, d

a+b+c+d =1
3a+2b+c =n
6a + 2b =n(n—1)
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Giai hé phuong trinh nay ta nhin dudc

2(n—1)2 — (=1)" —1 . 3+3(-1)"—=2(n—1)(n—23)
8 T 8 ’

5-3(-1)" =2 -1 2n-1(n-3)+1+(-1"
c= = .
8 ’ 8
Theo Dinh ly Ceyley-Hamilton, ta ¢6 B" = aB* + bB* + ¢B + dI, trong d6

0 0 0 1 0O 0 1 0 0O 1 00
s 11 -2 0 2] » oo o 1] ., loo 10
B = 2 =3 -2 4 B = 1 -2 0 2 B = 0 0 01
4 —6 -3 6 2 -3 -2 4 1 =2 0 2

Gid st B" := [b;;],1 < i,5 < 4. Ta chi tinh gi4 tri cdc phan ti ctia dong 4,

6(n—12—4n—-1)(n—-3)—(=1)"+7
3 ;
—8(n—12+6(n—1)(n—3)+3(-1)"—13
3 ;

“6(n— 1) +4(n— 1)(n —3) — 3(—1)" — 3

)

8(n—1)2—=6(n—1)(n—3)+ (=1)" + 17.

b41:4(1+2b+0 =

b42:—6a—3l)—20 =

b43 = —3a —2b =

byy =6a+4b+2c+d =

8
Suy ra
6(n—4)?—4(n—4)(n—6) — (-1)"3+7
aq1 = 3 )
—8(n—4)>+6(n —4)(n —6) + 3(—1)"3 — 13
Q49 = 3 )
—6(n—4)?+4(n—4)(n—6) —3(—-1)"2 -3
43 = 3
8(n—4)2 —6(n—4)(n—6)+ (=1)" 3+ 17
Q44 = .
8
Do 6 2 4 8 3+ 71
PRI R UER R C SRR
Bai 2.15 (DH Tra Vinh, D.K. Ngoc).
1 2 3 .- 2022 2023
2 1 2 ... 2021 2022

3 2 1 --- 2020 2021

2023 2022 2021 --- 2 1
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1 2 3 --- 2022 2024
2 1 2 - 2021 2024
C1 — Cop23 + C1 3 2 1 --- 2020 2024
2023 2022 2021 --- 2 2024
1 2 3 --- 2022 1
2 1 2 .- 2021 1
= 2024 3 2 1 --- 2020 1
2023 2022 2021 --- 2 1
dy — dy — d4 12 3 --- 2022 1
2024 1 1 -1 --- =1 0
dao23 — dap23 — d2p22 1 1 1 --- 1 0
1 -1 -1 -+ =1
—o02| 1 ___1 ol
1 1 1 1
di — dy + daoa2 2 0 0 --- 0
dy — dy + d o
2 2 + d2022 92024 2 2 | O 0
1 1 1 1

dap21 — dao21 + da2o22

= —2024 x 22921

Bai 2.16 (HV Ky thuat Quan su, H.D. Manh).

n—1 n—1 n—1
Al = (=b,)" % | —cn Z a;b; H cj — anby H ¢j
i=1 j=1 j=1
(37#49)

Tit d6 dé dang thdy A kha nghich.

Bai 2.17 (HV Phong khong Khong quan, PH. Quan). 1. Khai trién Laplace
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theo hang cuoi ta cé

1100 ... 00
01 1 00
0011 .00
00 00 1 1
1 0 0 0 01
1 10 .0 1 00 0
01 1 .0 1 10 ... 0
=(—1)*>|0 0 1 ... O 4 (=p)»*|0 0 1 ... 0
000 ... 1 0O 00 ... 1
:(_1)2n+(_1>n+1
e néu n 18
10 néun chin.
2. Ta tinh hang clia ma trAn D = (e; 4+ ey, e9 + €3,...,€n_1 + €n,en +e1)7.

Dua theo phan (1) thi |D| # 0 khi n 1& va |D| = 0 khi n chin. Do dé,
khi n 1€ thi hé (e; + e, ..., e, + ;) 14p thanh mét co sé caa R”. Khi n
chan, hé nay khéng phai la co s cua R".

3 HE PHUGNG TRINH TUYEN TINH

Bai 3.1 (DH Dong Thép, N.T. Phtic). Goi x 13 lugng cat tich tu thém mbi
ngay, y 1a lugng cat c6 sin 6 mé cat, a 1a luong cat mdi may khai thac dudc
trong mot ngay.

50 may khai thac trong 60 ngay dudc lugng cat la 50 x a x 60 = 3000a. Trong
60 ngay, ludng cat trong mo la y + 60x. Ta dude phuong trinh

y + 602 = 3000a (1)
Tuong tu, 80 may khai thac trong 30 ngay hét mé cat dn t6i phuong trinh
y + 30z = 2400a (2)
Giai hé (1) va (5) ta dudc x = 20a.

Vay mdi ngay luong cat tich tu thém bang lugng cat khai thac dudc ctia 20
may. Suy ra, dé 20 may khai thac & mé cat d6 1a vira phai.



120

Bai 3.2 (PH Giao théng VAn tai, N.H. Hoang). Vi hé dudc cho 14 hé thuin
nhAt nén ta c6 thé thuc hién phép kht Gauss trén ma trdn hé s6 A = (@ij)nxcn-
Ta 14n luot lay hang n trit di hang (n — 1), ldy hang (n — 1) trit hang (n — 2) ,
..., 14y hang 2 trit hang 1. Do ait1; —a;; = j+1v6imoii, jnén ti A ta nhan
dudc ma tran

11 A2 aiz ... Q1n
2 3 4 ... n+1
B = 2 3 4 ... n+1
2 3 4 ... n+1

Tiép theo 14y cac hang 3,4, ...,n trit di hang 1 ta nh4n dudc ma trn

@13 a2 @13 ... Qin
2 3 4 ... n+1

C = 0 0 0o ... 0
0 0 0o ... 0

Trong ma trdn C 14y 2 14n hang 2 trit hang 1 d€ thay cho hang 1, ta nhén
dudc ma tran

11 1 ... 1
2 3 4 ... n+1
pD=10 0 0 ... 0
000 ... 0

Liy hang 2 ctia D trit di 2 14n hang 1 ta nhin dudc ma trin

111 ... 1
012 ...n-1
g—looo ... o0
000 ... 0

T ma trdn E ta lap duge hé phuong trinh tuong duong véi hé gbe
T1+2o+...+x,=0
r1=x3+2r4+ ...+ (n—2)x,

S {xe=—-21r3—3x4—...— (n— 1)z,

T3, T4y, Tn tuyy
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Bai 3.3 (PH Hung Vuong - Phti Tho). Xét ma trin b6 sung

1 2 -3 4 1 12 -3 4 1
2 4 -7 9 2 00 -1 1 0
510 —17 23 1 | "o o0 0 1 )
3 6 —1 m 13—m 00 0 m—13 10—m

12 —34 1

oo -1 o
00 0 1 —4
00 0 0 3m—42

Do do, néu m # 14 thi hé vé6 nghiém. ,
Néu m = 14 thi hé c6 nghiém la (5 — 2¢; ¢; —4; —4), véi ¢ 1a hang so.

Bai 3.4 (DH Kién trtic). a) Ty 1é N trong san phadm 1a: 0, 4z + 0,2y + 0, 3z.
Ty 1é K trong san pham 1a: 0,2z + 0, 3y + 0, 3z.

Ty 1é S trong san pham 1a: 0,4z + 0, 5y + 0, 4z.

b) Ta c6 hé phuong trinh

r+y+z=1
0,4z + 0,2y + 0,32 =0, 31
0,22+ 0,3y +0,32 =0,26

St dung cac phép bién d6i so cip trén dong ctia ma trin bd sung ta dugc:
(2395 2) = (0,4;0,3;0,3).
¢) Goi a,b lan lugt 1a ty 1é ctia N, K trong san pham. Ta c¢6 hé phuong trinh

r+y+z=1
0,4+ 0,2y + 0,32 =a
0,2z +0,3y + 0,32 =5

Stt dung cac phép bién ddi so cip trén dong clia ma trin bd sung ta dudc:
(x;y;2) = (3 —10b;6 — 10a — 10b; 10a + 20b — 8).

D€ san phim san xuét dugc thi ta phai cé diéu kién 0 < z,y, 2 < 1. Tt d6 ta
dudgc

0,2<b5<0,3
0,5<a+b<0,6
0,8<a+2b<0,09.
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Bai 3.5 (Trudng DH Su pham - PH Hué, T.Q. Hod). Goi sb lit cocacola ma
mdi ban nhan dugc ban dau 12 v = (vy, va, v, v4, v5) € R®. Nhén xét ring méi
lugt chia cocacola clia ban thit k& c¢6 thé dugdce biéu dién dudi dang mot anh
xa tuyén tinh 7} théa mén

1 1
! !/ /
(Wyy ooy gy ey ts) = T(ug, .oy ug, ..oy us) = (ug + Zuk""’o""’u5+1uk)
(trong d6 (u},...,uk, ... us) sb cocacola ma mbi ban c6 sau khi ban tht &
chia cocacola ctia minh cho cac ban con lai, (u1,...,ug,...,us)la s6 cocacola

ma moi ban cé trude ludt chia do).

(Cach 1): Anh xa tuyén tinh biéu dién ca nam luctchialaT =T50T,0T30
T, o Ty. Ching ta can t1nh v = (vy, v, Vs, vy, v5) sao cho T'(v) = v va v, + vy +
vz +v4 +v5 = 40. Cha y rang ma tran chinh tic cta Ty dudc tao thanh tit ma
tran don vi bang cach thay cot tht & bang cot (1/4,...,1/4,0,1/4,...,1/4).
Ti do ta tinh dudc ma tran chinh tic cia T 1a

369/1024 125/256 25/64 5/16 1/4

305/1024 61/256 25/64 3/16 1/4

A= A;A A3 A A = | 225/1024  45/256  9/64 5/16 1/4
125/1024 25/256 5/64 1/16 1/4

0 0 0 0 0

Giai hé phuong trinh Tv = v (c6 thé gidi bang cach tim vecto riéng) va
v1 + ...+ v5 =40 ta dudc v; = 16,v, = 12,v3 = 8, vy = 4, v5 = 0.

(Cach 2): Nhan xét rang ta c6 thé thuc hién 5 ludt chia cocacola nhu sau:
ban tht nhét chia déu cocacola ctia minh, sau d6, mbi ngudi chuyén sb co-
cacola ctia minh theo thit tu: ban 2 chuyén cho ban 1, ban 3 chuyén cho ban
2, ban 4 chuyén cho ban 3, ban 5 chuyén cho ban 4, ban 1 chuyén cho ban
5. Tiép theo, ban 1 lai chia déu sb cocacola ctia minh dang c¢6 cho cac ban.
Sau d6 cac ban lai chuyén sb cocacola cia minh theo thit tu trén. Cach chia
va chuyén nay sau 5 lugt sé cho két qua gibng hét nhu cach chia trong dé bai.

Bay gid chd ¥ rang cach chuyén cocacola nhu trén tuong ting véi anh xa
tuyén tinh P thod mén P(Ul,UQ7U3,U4,U5) = (ug,us, uy, us,uy) va anh xa
T = (P o Ty)°. Ma tran chinh tic ctia P o T} 1a

1/4 1 0 0 0
1/4 0 1 0 0
B=|1/4 001 0
1/4 0 0 0 1
0 0000
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Vay T c6 ma tran chinh tic A = B®. Trong cach gidi nay, ta sé lap luan nhu
sau dé khong can tinh A. Ta sé chitng minh

ker(A —I) = ker(B° — I) = ker(B — I).
That vay, dit p(z) = 2* + 2° + 2% + 2 + 1. Ta dé dang tinh dudc det(B — \) =
}l)\[3>\4 — p()\)]. Do @6, véi moi gia tri riéng A ctia B, ta déu c6 p()\) # 0. Diéu
nay c6 nghia 1a moi gia tri riéng ctia p(B) déu khac khéng, do d6, p(B) 1a ma
trAn kha nghich.
Tacoé B°—I=(B-1)(B*'+B*+B*+B+1)=(B—-1I)p(B), suy ra
ker(B® — I) = ker(B — I)p(B) = ker(B — I)

do p(B) kha nghich. Nhu viy, thay vi tim v € ker(A — 1), ta c6 thé tim
v € ker(B — I) v6i ma trdn B don gian hon nhiéu.

Bai 3.6 (DH Tai nguyén va Méi trudng TP H6 Chi Minh).

a; Q2 ... Qp
. . 21 Q929 ... QAgpn \ . o /
Goi A = , VA, = —aj, > A=—-A
Ap1 QAp2 ... QApp

= det(A) = det (—A") = (—1)"det (A") = (—=1)"det(A) (do det(A) = det (A"))
= —det(A) (don 1é)

= det(A) = 0. .
Vay hé khong c6 nghiém tam thuong.

Bai 3.7 (DH Tan Trao, K.C. Nguyén). Theo bai ra ta ¢6 0 < n,k € N. Goi
z; i = 1,2,3,4, 1a s0 sach dudc chia cho bon ngudi, 0 < z; € N. Theo bai ra
ta c6 hé phuong trinh

T1+To+2T3+2Tg=n

T1+ 2o+ 0513="n
1 — T2 = 2k ! 2 3

= X1 — Ty =2k (3)
T — 21’3 =k
T — 21133 =k
4.1'3 — Ty = 0.
Giai hé (3) ta nhan dudc cac nghiém
2n 2n n dn
x1 9 + y L2 9 , L3 97:C4 9

Vi 0 < z; € N, nén diéu kién ton tai nghiém cta bai todn 1a: n,k € N,0 <
k < n, n chia hét cho 9, va 2n > 9k.
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Bai 3.8 (PH Thuy Ldi, N.V. Dac). Vi (z,y, z,w) 1a nghiém ctia phuong trinh
nén phuong trinh 4n ¢:
x Y z w

=1
t—2018+t—2019+t—2020+t—2021 ’

(1)

c6 cac nghiém la ¢t = a, b, ¢, d.
Voi t ¢ {2018; 2019; 2020; 2021} thi (1) tuong duong véi phuong trinh da
thitc P(t) = 0, trong do6
P(t) = (t — 2010)(¢ — 2011)(t — 2012)(t — 2013)

— a(t — 2011)(t — 2012)(t — 2013) — y(t — 2010)(t — 2012)(¢ — 2013)

— 2(t — 2010)(t — 2011)(t — 2013) — w(t — 2010)(t — 2011)(t — 2012)
Do deg P(t) =4va P(t) =0tai4 gid trit = a,b,c,d nén

P(t)=(t—a)(t—b)(t —c)(t —d).
So sanh hé sb ctia > § hai vé ctia P(t) suy ra
2018 + 2019+ 20204+ 2021 +z+y+z4+w=a+b+c+d.

Vaynén: S=z+y+z+w=a+b+c+d—8078.
Bai 3.9 (PH Thuy Loi, N.V. D4c). Goi a 14 s6 sinh vién chi gidi dugc bai A; b
1a 56 sinh vién chi giai dugc bai B; c 1a so sinh vién chi giai dugc bai C.
Goi . 1a 0 sinh vién gidi dudc cd bai B va C nhung khéng giai dugce bai A.
Diéu kién: a, b, c, ;. 1a cac so tu nhién.

S6 sinh vién giai dudc bai A va thém it nhat 1 bai khac 1a: 25 —a — b — ¢ — x4
Tk dé bai ta c6 hé phuong trinh:

b+ xpe =2(c+ ) (1)
a=2—a—b—c—mxp)+1 (2
a=b+c (3)

Tt (1): b — 2¢ = 2. > 0 (4). Thay (3), (4) vao (2) : 4b + ¢ = 26 (5)

Tit (5): ¢ 1a sb tu nhién chia4du 2,0 <6.

Két hop (4), (5):9¢ <26 = c<2suyrac=2b=6.

Viy dap sb: b = 6.

Bai 3.10 (PH Thuy Lgi, N.V. Dic). Gia st khi 6 t6 di dugc a km thi ta thuc
hién déi hai 16p trude va 2 16p sau cho nhau. Sau khi d6i 16p, 6 t6 di thém
dudc b km. Ta c6 cac nhan xét sau:

i) Tai thoi diém d6i 16p thi 16p truée bi hao mon ﬁ 16p va 16p sau bi hao

mon M
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ii) Tt thoi diém thay 16p dén thoi diém 6 t6 di dude quang dudng tbi da thi

16p truée bi hao mon thém L; 16p sau bi hao mon thém ——.
) 3000 , , 4500

iii) bé 6 t6 chay dudc quang dudng xa nhat thi ca 4 10p mon t6i da cung mot

ltc.

T cac nhan xét trén ta c6 phuong trinh:

a b a b
3000 + 1500 — 4500 + 3000 < 3000a + 45006 500a 4+ 30000

Giai phuong trén ta c6: a = b = 1800(km)
1 1
=b=1: |— —
“=" [3000 * 4500}
Viy quang dudng 16n nhit xe c6 thé di 1a 3600 km.
Bai 3.11 (HV Ky thuat Quéan su, H.D. Manh). Ma tran hé

-1 b c d —1 b c d
A a -1 ¢ d N a+1 —1-—b 0 0

a b -1 d a+1 0 —1—c 0

a b c —1 a+1 0 0 —-1—-d

Dé thiy dinh thiic ma trdn hé 13
D = (14b)(14¢)(14d)—b(14a) (1+c)(1+d)—c(14a) (1+b) (1+d)—d(14a) (1+4D) (14-c)

hay

1 1_ 1 _ 1 _ 1 _ 1
(1+a)(1+0)(1+c)(1+4d) a+1 b+1 c¢+1 d+1]°
Do do ta c6 dpcem.

Bai 3.12 (HV Ky thuét Quén sy, H.D. Manh). Hé khong c6 nghiém duy nhéit
thi can dinh thiic ma trdn hé bang 0. Goi ma trdn mé réng hé la

D—

Y E A RY 1 1 1 1 1
Q:Alb]:RYEAENRYEAE
ARY E A A RY E A
E A RY R E ARY R
11 1 1 1
0 Y-R E-R A-R E—-R
“l0 R—-A Y-A E-A 0
0 A-E R-EY-FE R—E
[ 1 1 1 1 1
0 Y - R E-R A—-R E-R
“lo R—A Y — A E—A 0
|0 A-E+Y-R 0 Y-E+A-R 0
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Néu F # R thi 2 < rankQ < rankA (vi hai phén tit 6 hang 3 va 4 cot b la
0). Néu E = R thi 16 rang rankQ < rankA. Nhu viy hé ludn c6 it nhit mot
nghiém. BAy gio ta cAn tim cac diéu kién dé€ A suy bién.

a) Xét F # R, ta co

1 1 1 1

A |0 Y -R E-R A-R
0 R—AE-R - -R(Y—-A4) 0 (E—A(E-R)—(A-R)Y - A)
0 A-E+Y - R 0 Y-E+A-R

Ma tran A suy bién néu hoic

i) A—-F+Y — R=0hoac

i) (R— A)(E—R)— (Y — R)(Y — A) = (E— A)(E — R) — (A— R)(Y — A).
Trudng hop (ii) tuong duong véi (E — R)* + (A —Y)* = 0,do E # R nén
diéu nay khong thé xay ra.

b) Xét £ = R. Ta co

A~

11 1
0O Y-R 0 A-R
10 R—A Y—-A R-—A
0 A—R 0 Y-R

- Néu Y = A thi ma trin A suy bién.
-Néu Y # A tinh dinh thtc

Al=( = A) [(Y -~ R)’ — (A~ R)"|

Khi d6, A khéng suy biénnéuY —R# +(A—R).ViY # AnénY — R #
—(A—R)hayY + A # 2R.

Vay ndm dac biét khi va chi khi

1) E#4RvaA—FE+Y — R=0hoac

2) E=RvaY = Ahoac

3YE=RY #AvaY + A=2R.

Thay Y = 2, F = 0 ta c6 cac nam:

Thoa (1): A+2=R#0 gé)m 2002, 2013, 2024, 2035, 2046, 2057, 2068, 2079.
Thoda (2): 1a 2020.

Khong c¢6 nam thoda (3).

Bai 3.13 (HV Phong khong Khong quén, PH. Quén). Bang cach dit sb sinh
vién clia titng chuyén nganh 13 z,, z, x3, 24 va z5. Bang cach 14p hé phuong
trinh dé dang tim dudc sb sinh vién tiing chuyén nganh 1an luot 14 100, 80,
70, 50, 50.



4. KHONG GIAN VEC TO VA ANH XA TUYEN TINH 127

4 KHONG GIAN VEC TO VA ANH XA TUYEN TINH

Bai 4.1 (PH Bach Khoa-DHQG TP Hé Chi Minh, N.H. Hiép). Chéo hoa A =

-4 00 1 1 -2
pDP''D=10 50].P=[2 1 0
0 05 —4 0 1
Xét Be M < B = f(A)véi f 1a mét da thitc hé sb thuc. Ta cb
f(=4) 0 0
B=P 0 f) o0 | P!
0 0 f(5)
i 100 -4 0 0
_p 5f(—4)9+4f(5) 010 +f(5) —9f(—4) 0 5 0
I 00 1 0 05
_5f(—4) + 4f(5)[ n f(5) — f(—4)
n 9 9

Suy ra {/; A} 1a mét tip sinh d6c lap tuyén tinh ctia A, do d6 13 cd sé cta H.
Vay dim(H) = 2.

Bai 4.2 (DH Hung Vuong - Phti Tho). a) D& thiy co sé ctia V 1a {2° — 2, 2%, 1}.
Ta co

T(x3—$):{1 ! 1}= ,T(2?) =

1 -1 0

O = O OO
O O OO oo

OO OO oo

b) KerT = {f = az® + ba* —az +c € V | T(f) = 0} = {c € R}. Khi d6 c3 s6
cua KerT 1a {(0;0;1)} va dimKerT = 1.

Bai 4.3 (DH Kién triic). a) Tacéd: f(zF) =1+ 1.z + 12> +--- 4+ L.z" Suy
ra
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1 1 1 1
0 1 1 1
M=]10 0 1 1
o o o0 --- 1

b) Gia st ton tai co s6 S ctia P,[z] d€ ma trdn N ctia f theo ¢d st S ¢6
dang chéo.
Goi P 1a ma tran chuyén co sd tit cd s B sang cd s6 S. Ta cb

N=P'MP,

suy ra ma tran M chéo hda dugc.
Da thiic dic trung cia ma tran M la

P(\) = det(M — ) = (1 — \)".

Do dé M chi c6 duy nhat mot tri riéng 1 A = 1. Tt d6 ta tim dudc vecto
riéng ctia M c¢6 dang (z;;0;0;---;0). Do d6 M chi ¢6 1 vecto riéng doc
14p tuyén tinh, va do vy M khéng cé di n vectd riéng dbc 1ap tuyén
tinh. VAy M khéng chéo hdéa dudgc, ta nhin dudce diéu mau thuln.

Bai 4.4 (DH Su pham Ha Néi 2). Ta chitng minh bang quy nap. Dé thiy hé

chi c6 mét vec t6 {z1} dbc 14p tuyén tinh.

Gia st ta dd c6 hé {zy, zs,..., 2} (k < n) ddc 14p tuyén tinh. Ta xét hé thitc

AMx1 4 Ao + .o+ A1 = 0. (3)
Ta tac dong 4nh xa tuyén tinh f vao hai vé ctia (3), ta dudc
AMf(x1) + Aaf(z2) + oo+ Mg f(Tr41) =0 (4)
Trit hai vé cfia (4) cho (3), ta dudc

M (f(z1) —21) + Aa(f(z2) —22) + .o+ Mgt (f (1) — @agr)
:)\Q.Il + )\31’2 + ... )\k—&—lxk = 0.

Suy,ra )\2 = )\3 = ... )\k—H = O, tu do )\1 = 0. Vé\ly hé {JZl,LL’Q, R 7$k+1} déC lép
tuyén tinh v6i moi 0 < k < n. )
Vay hé vec to {xy, z, ..., x,} doc lap tuyén tinh.

Bai 4.5 (Truong DH Su pham - PH Hué, T.Q. Hod). 1. Mét don thuc bac
d c6 dang 1%¢°z° thda man a + b + ¢ = d. Cht y rang moi bé nghiém
nguyén khong 4m cta phuong trinh a + b + ¢ = d tuong Gng 1 — 1 v6i
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mot don thitc bic d. Nhu vAy ta mudn dém s6 nghiém nguyén khéng
am ctia phuong trinh a + b + ¢ = d.

bitd =a+ 1,0/ =b+1,¢ = ¢+ 1, thi méi bé nghiém nguyén khong
am ctia phuong trinh a + b + ¢ = d tuong Gng 1 — 1 v6i mot bo nghiém
nguyén duong ctia phuong trinh o’ + ¥ + ¢ = d + 3. S6 cac nghiém nay

L (d+2 N PR (d+2
la( ; >.Vaysod0nth11cbacdla( ; )

Mot don thitc bac khéng vudt qué d c6 dang 2%y°z¢ théa man a+b+c <
d. Cht y rang mbi bd nghiém nguyén khong 4m ctia bat ding thic trén
tuong Gng 1 — 1 v6i mét bd nghiém nguyén khéng 4&m cta phuong trinh
a+b+c+t=d (takhdong cAn quan tdm gia tri ¢ 1a bao nhiéu). Lip
luén tuong tu nhu trén, s6 nghiém nguyén khong 4m ctia phuong trinh

s (d N 1 A o [d
nay la( §3>.Vay so don thtc bac khong vuot quadla( ;3)

2. Chiing minh truc tiép tit dinh nghia. M6t co s6 clia S, 12 tip tit ca cac
don thitc bac d. Mot co s6 cta S<, la tép tat ca cac don thic bic khong
vugt qua d.

Bai 4.6 (DH Tan Trao, K.C. Nguyén). Giastvéik; e R,j=1,...,n

kie® + koe® + - 4+ kpe™ = 0. (D
Ta s€ ching minh £, = 0,5 =1, ..., n.
Dit f(z) = kye® 4 koe™ + -+ + kne™, x € [0, 1]. D& thy, f(z) 1a ham lién tuc

va kha vi v0 han trén doan [0, 1]. Khi d6

f'(x) = kie® 4 2koe** + - - - 4 nkye",
f"(x) = kie” 4 4koe®® + - - + n?kne™,

f(”—l)(l’) = kpe® 4+ 2P pe® o e

Chon z = 0 va ly dao ham hai vé clia (1) dén cip n — 1, ta nhan dugc hé
phuong trinh thuan nhat véi cac an k4, ..., k,

(foy+ ky+ kg + -+ ki =0,
k1+2k2+3k3++nkn:0,
ki + 2%ky + 3%ks + - - - + n’k, =0, (2)

\/{31 + 2n_1/€2 + 3n_1]€3 + -+ nn_lkn =0.
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Dé thiy ring, dinh thiic clia ma trin cac hé sb ctia 4n 14 dinh thiic Vander-
monde ctiaday 1,...,n,n € N

Al =Vo(1,2,.on) = ] G—j)#0.

1<j<i<n

Do d6, hé (2) c6 duy nhét nghiém k; = 0,j = 1, ..., n. Diéu phai chiing minh.
Bai 4.7 (HV Ky thuat Quéan su, H.D. Manh). Ky hiéu V = R|z]; la tap cac da
thitc hé so thuc c6 bac khong qua 3. Khi d6 V' 1a khong gian vector 4 chiéu.
a) Ky hieu W = {p € R[z]; : p(1) = 0}, de thay da thic 0 € W va W la
khong gian con ctia V. Hon thé W 1a khéng gian con thuc su cua V. That vy
q(x) = 2* € V nhung khéng thudc W. T d6 suy ra dimW < 3. Suy ra cac
vector p; € W,i = T;4 1a phu thudc tuyen tinh. )
b) Dé thdy cac da thitc {1,1+ z,1+ 2% 1 + 2} d6c lap tuyén tinh théa man
dk nén gia thiét 1a khéng da.

5 GIA TRI RIENG VA VEC TO RIENG

Bai 5.1 (DH Da Lat, D.T. Hiép). Ma tran chéo D la

3 0 0
D=10 2 0
00 -2
Ma tran kha nghich P la
1 1 1
P=|-1 0 -1
-1 -1 4
Bai 5.2 (PH Pa Lat, D.T. Hiép). Dit
Tn
Xn = | YUn
Zn,
Ta co
Xn = A.Xn,1 = = AnXO
Theo Bai 5.1, ta co
Ty B ey 2D
Ar—pprpio | (=2 an 3 (—253”

3 ) d 5
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Do doé

7 2
__3n + 2n+1 + _(_2)77,
5! 7 9 5)
Xo= | Iy 2oy

7 g o 8

_3n . 2n+1 (="

Thay n = 2021 ta dudc két qua.

Bai 5.3 (DPH Déng Thap, N.T. Phiic). Ma trdn ctia phép bién déi f trong co
s6 {1,z,2°} la:

1 10
A=\ 2 1 2
011

Gia tri riéng thoa

A= 1,
A+N)A-DEB-N=0s | A=1,
A=3.

Cac véc-to riéng tuong Ung vy = (1;—2;1), 0o = (—1;0;1) va 05 = (1;2; 1).

Bai 5.4 (PH Dong Thap, N.T. Phiic). Néu A, B théa man diéu kién AB = BA
va x la véc to riéng ung véi gia tri riéng A clia ma trdn B, ta ¢c6 ABx =
A(Ax) = MAz. Mat khac BAz = ABuz, nén suy ra BAx = AAzx. Vay Ax cling
la mot véc to riéng B ing vdi gia tri riéng \. Vi \ 1a gia tri riéng don cua B
nén Az va z phu thudc tuyén tinh suy ra 3s € R sao cho Az = sz. VAy z cling
la véc to riéng cta A.

Ngudc lai gid stt A va B 14 hai ma trdn déi xding cip n va c6 chung cac véc-to
riéng. Goi {1, Ao, ..., A} v {pu1, pia, .., i1 } 14n lugt 13 cAc gid tri riéng clia

ma trdn A va B, gid stt {e1, e, ..., €,} la cac véc-to riéng chung tuong ting
v6i cac gia tri riéng ctia ma trén A va B suy ra {ej, ¢s,. .., €, } 1a mot co s6
cua R".

VOi & = 216 + Taes + - - - + Tne, 12 mOt vée-to bat ki thude R, ta c6:

ABx = AB (z1€1 + z262 + - - - + xp6,)
= A(x1Bey + x9Bey + - -+ + 1, Bey,)
= A(z1p11e1 + Topizes + -+ + Tpfinen)
=z Ae; + woppAes + - -+ Ty pnAey,
= T1f1 1€ + TaftoAo€s + - - + Ty fipAnen

Tuong tu, BAx = zipA1e1 + Tapiodoes + ... + TplinApen.
Do do, ABx = BAx v6i moi x € R" hay AB = BA.
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Bai 5.5 (Truong DH Su pham - DPH Hué, T.Q. Hoa). Ky hiéu P4(\) = |a— A1,
la da thitc dac trung ctia A. Khi d6

AB—BA=3(A—B)& (B—(\—3)L)(A—AL) = (A— (A—3)L)(B — AL)

Pa(A) _ Pa(A—3)
TP Pe(r-3)
Suy ra
PA()\) . PA()\—3) o PA()\—Bm)
PB()\)_PB<)\—3)_ _PB()\—?)m)

Cho m — 400, ta dugc P4(\) = Pg()). Vay A va B c6 cung tap gia tri riéng.

Bai 5.6 (Truong DH Su pham - DH Hué, TQ.Hod). 1. (Cach1) Suy ra truc
tiép tit dang chudn Jordan ctia A. Néu A ¢ khoéi Jordan véi cap 16n hon
1 thi A% # 1,,.
(Cach 2) Gia stt A # I,,, cho nén ton tai v sao cho Av # v. Do do,
Av — Av) = Av — A% = Av — v = Av —v = —(v — Av)
hay A c6 gia tri riéeng —1 (vo 1i).

2. Néu A = I, hodc A = —I, thi hién nhién A chéo héa dugc. Gia st

A # £1,,. Khi d6, da thic toi tiéu clia Ala p(x) = 2° — 1. ,
(Cach 1) Suy ra tryc tiep tui dang chuén Jordan ctia A. Néu A c¢6 khoi
Jordan v6i cap 16n hon 1 thi A* # I,,. ,
(Cach 2) Dua vao két qua tong quat: néu da thic toi tiéu khéng co
nghiém ldp thi ma tran chéo héa dudgc. Chitng minh dua vao dinh ly
phan tich hat nhan, titc 13 néu da thitc toi tiéu pa(z) = (x —aq) ... (z —
ak) thi

V =ker(0) = ker(P[A]) = ker(A—ayI)Dker(A—axl)®- - -dker(A—ayl)

3. Vi A, B chéo héa dudc va co gia tri riéng +1, dat
(L, 0 IR0 A .
amr(5 2 Yrrsma(h 0 )on

(trong d6 r, s c6 thé bang 0). Pat P~'Q = ()Z( %;) trong d6 X c6 cap
r x s. Khi do

wene-n-r(; 7")e"

(A-I)B+1)=P (—Zz 8) o
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vay
rank ((A+I)(B — I)) + rank((A — I)(B + 1))
= rank((A+ I)(B—1)— (A—I)(B+1))
= rank(A—B)

Ngoai ra, ta cé thé thiy rang:

rank((A + I)(B —I)) + rank((A — I)(B+1))
= rank((A+1)(B—1)+(A-1)(B+1))
= rank(AB)

Bai 5.7 (DH SPKT Vinh Long, TH.N. Nhin). 1. Ta phat biéu két qua téng
quat sau day:
Ma tran
a b c
A= a — )\1 b + /\1 C
a — )\2 b c+ )\2
V6l a,b,c, \1, A2, A3 € R thoéa a + b+ ¢ = A3 sé nhén )\, Xy, A3 lam cac
gia tri riéng.
Chting minh:
Da thtic déc trung ctia Ala P(\) = |[A— AXI|. Vi P(\;) =0va P()\y) =0
(dinh thitc c6 hai dong bang nhau) nén A, X, 1 hai gia tri riéng ctia
ma tran A. Via + b+ ¢ = A3 nén P(A\3) = |A — A\3I| = 0 (dinh thtc c6
c1 + ¢y + c3 = 0), suy ra 3 cling la mot gia tri riéng cia ma trin A.
Ap dung:
Chon A; = 2019, \y = 2020, A; = 2021 va cac sb thuc a, b, ¢ thich hop.
Chéng han, ma trin

2021 1 -1
A= 2 2020 -1
1 1 2019

c6 cac hé s6 nguyén khac khong va nhan 2019, 2020, 2021 1am cac gia
tri riéng.

2. Ta phat biéu két qua tdng quat sau day:
Ma tran A € M,,(R) va ma trén M thu dugc tit ma trén A bang cach
lay dong ¢ cong k lan dong 7, roi sau do lay cot j trit & 1an c6t 7 c6 cung
cac gia tri riéng.
Chiing minh:
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Khi thuc hién phép bién d6i so cip 14y dong i cong k 14n dong j, tic 1a
nhan vio bén trai clia ma trdn A mot ma trdn so cip E (thu dugc tu
ma tran don vi bing cach iy dong i cong k 1an dong ;); rdi sau dé liy
cdt j trit k 14n cdt 4, tire 1a nhin vio bén phai clia ma trdn A mot ma
trin so cAp F (thu dude tit ma trin don vi bing cach 14y ot j trit & 14n
cOt 7). Vi hai ma trdn F, F' 1a nghich dao ctia nhau nén A, M 1a hai ma
trin dong dang. Do d6, A va B c6 cung cac gid tri riéng.

Ap dung: Tit ma trdn A cda ciu trén, ta 14y dong 2 cong 2 14n dong 1,
r6i sau d6 14y ot 1 trir 2 14n c6t 2 thi dude ma tran

2019 1 -1
B = 0 2022 -3
—1 1 2019

Tiép tuc, ta 14y dong 3 cong dong 1, roi sau d6 lay cot 1 trit cot 3 thi
dudc ma tran

2020 1 -1
M = 3 2022 -3
0 2 2018

c6 céc cac hé sb nguyén d6i mét khac nhau va nhédn 2019, 2020, 2021
lam cac gia tri riéng.

Bai 5.8 (DH Thuy Loi, N.V. Dac). Ma trin (A —nJ) 1a ma trdn ma 6 mdi hang
thi phan td trén dudng chéo 1a —n va mot phan t& ngoai dudng chéo 1a n ,
con lai toan 1a 0 nén ta c6 det(A — nl) = 0 téc la n 1a mot gia tri riéng cua A.
Do n 1a sb chin nén da thiic dic trung 13 da thic bic chin. Pa thitc nay cb
mot nghiém thuc nén ¢ it nhit hai nghiém thuc. Nhu vAy A c6 it nhit hai
gia tri riéng thuc.

Bai 5.9 (HV Phong khong Khong quan, PH. Quan). 1. Gia st A la gia tri
riéng bat ky clia ma trdn A va v 13 vécto riéng tuong ting, v # 0. Khi
d6, Av = M. Ta lay lién hop phiic ca hai vé dang thic trén va nhin

dudgc

Av = Av = v,
vi A 12 ma trin thuc dbi xng. St dung tinh chit ctia ma trdn chuyén
vi ta co

(A0)" =T A = \oT
do A = AT. Tit day, ta 6

7l Av =" = Mot

ol Av = Mot w.
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6

Vi #7v > 0 nén trit hai vé clia hai dang thitc trén ta nhan dude A = \.
Nhu vay, A la gia tri riéng thuec.

. (a) Gia sit v 12 vécto khac khéng. Vi tinh chit x4c dinh duong cta cac

ma tran A, B nén ta cd ngay,

vl Av >0
vI'Bv > 0.

Suy ra v’ (A+ B)v > 0 nén A + B ciing 1a ma trin x4c dinh duong.
(b) Néu ma trdn A thoéa man a;; > 0 v6i moi i, j chua chac xac dinh

duong. Vi du
1 2
=)

v Av = -2 < 0.

vav = (1,-1)7 thi

. Nhan véo hai vé ctia ding thitc ban diu v6i (A + B), ta nhan dudc

I=(A+B)(A+B)™!
=(A+B)(A™'+ B
=AA'+ AB '+ BA '+ B!
=l +AB '+ BA ™ 1

nén AB'+BA '+ =0.Pat X = AB ' thiA=XBvaBA™' = X!,
néntacé X + X '+ I =0.Nhén cd hai vé v6i (X — I)X, ta c6

0=(X-DX(X+X'+DH=(X-DX*+X+1)=X>—1
Do d6, X* = I. St dung cac tinh chét ctia dinh thitc ta 6
(det X)? = det(X?) =det I =1,

vi thé det X = 1 va det A = det(X B) = det X det B = det B.

DA THUC

Bai 6.1 (DH Bach Khoa-DHQG TP H6 Chi Minh, N.H. Hiép). D& thdy f =0, 1
théa yéu cu bai toan. Ta chi cAn xét f 14 da thiic bac > 1.

Dit f(x) = ag + a1z + apx® + - - + a,a”, a, # 0. Thé vao dé bai va déng nhét
hé s6 bac n:

Ap = Gy - -+ Ay, < a, = 1.
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Gia st x¢ la 1 nghiém cua f(x). Ta suy ra
[y +1) = f(xo) f(xo + 1) = 0.

Do d6 z7 + 1 ciing 1a 1 nghiém cda f(x).
Neéu z, € R thi ta c6 mot day tang cac nghiém thuc sau

2
T = x5+ 1,

2
Tpt1 = T, + 1.

{zp|n € N*} : {

Piéu nay chimng té f(z) cb v sb nghiém. Diéu nay 1a khéng thé xay ra cho
moi da thitc f(z). Nhu vy f(z) khéng c6 nghiém thuc. biéu ndy con suy ra
f(x) 1a da thitc bac chan: n = 2k.
Gia st

g(x) = f(z) = (2* =z +1)* #0.
Vi f(z) va (22 — = + 1)* cling s6 hang bac n = 2k nén suy ra bic ctia g(z)

deg(g(z)) =m < n.
Thé f(x) vao dé bai, ta suy ra

'+ 2+ 1)+ 9@ +1) = [(® —ov+ DV +g(@)] - [@® + 2+ D+ gz +1)],
— g2+ 1) = (2 -+ D gz +1)+g).(2* + 2z +1)*

Dong nhit bac 2 vé, ta suy ra
2m =2k +m < m =2k =n.
Piéu nay mau thuln. Tic 13 g = 0. Hay cach khac
f(x) = (2* =z + 1)" k € N*.

Kétludn: f =0, f(z) = (2> — 2z + 1)" k e N.

2

Bai 6.2 (DH Giao thong VAn tai, N.H. Hoang). Taxét ham sb f(z) = zP(z)e ™ .

Ta co
2

fl(@) = Qz)e™.
Vi P(z) 1a da thitc bac 1& nén né c6 it nhit mét nghiém thuc z,. Nhu viy ta
co
f(0) = flzo) = f(=00) = f(+00) =0,
& day f(00) = Tim_f(r).
Ap dung dinh ly Rolle cho ham f(z) trén cdc khodng (—oco, 1] va [z, +00)
vOi 1 = min{0,z0}, 22 = max{0,z¢}. Khi do ta suy ra rang ton tai ¢; <
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T1,Co > x5 580 cho f'(c;) = f (c2) =0, hay la Q(¢1) = Q(c2) = 0.

Tiép theo, néu z, < @ thi ap dung dinh ly Rolle cho ham f(z) trén doan
[ml,xQ] ta suy ra ton tai c3 € (xl,xg) dé 7’ (c3) = 0, hay la Q(c3) = 0. Tinh
hubng tri lai, ta ¢ 2o = 0 va 0 12 nghiém bbi cta f(z) nén f'(0) = 0. Coi
c3 = 0 thi ta nhan dudc Q(c3) = 0.

Nhu véy lubn ton tai cc gi tri ¢; < ¢35 < ¢ 520 cho Q(¢1) = Q(¢2) = Q(es) =
0 (dpcm).

Bai 6.3 (DH Hung Vuong - Pht Tho). Ap dung dinh i Viet:

2020
TG hié Pla ——
6ng cac nghiém cta P 13 501" 7
Tinh P’ = 2021n2™ " +2020(n — 1)2" >+ ... 4+ a;. Do d6 téng cac nghiém cla
06 14 2020(n — 1)
2021n

Tuong tu téng cac nghiém ctia P*) 13 —

k=0
2020 ( 1 k)
2021 n &
1010(n + 1)
B 2021

Bai 6.4 (DH Kién tric). Dit n = = 2021. Gia st P(z) c6 thé phan tich dugc
thanh tich ctia 2n + 1 da thic v6i hé sb nguyen Do P( ) ¢6 bac béng 8n nén
ton tai mot uée cta Pz ) 1a da thtic v6i hé sb nguyén (khac hang s0) c6 béc
nho hon 4.

Mat khac P(x) khong cod ngh1em thuc nén f(z) cﬁng khong c6 nghiém thuc.
Tl d6 suy ra f(z) c6 béc bang 2. Gia st f(x ) =ax® +br +cvbia,b,c € Z.
Do hé sb cao nhat clia P(x) bang 1 nén ta c6 thé gid st a = 1.

Ta c6 P(1) = P(8) = 17, suy ra 17 chia hét cho f(1), f(8). Mit khac ta c6
F(8) — f(1) = 63 + 7b chia hét cho 7 nén ta suy ra f(1) = f(8). Tit d6 ta dudc
b=-9.Patd =8 —c. Tacd

P(z) = (f(z) + d)*™ 4+ 17

chia hét cho f(z). Suyra d*" + 17 chia hét cho f(z). Va do d6 d*" + 17 = 0,
diéu nay mAu thuln vi ¢** > 0.

Bai 6.5 (DH Su pham Ha Noi 2). D& thiy da thitc f (z) = 0 1a mot nghiém
ctia bai toan.
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Xét da thtc f () £ 0. Tadat f (z) = ap2™ + ... + a1z + ag, a, # 0. Khi do:

f(f (@) = an (ap2™)™ + ...+ ...

T f(f () = (2*+ 2 +1) f(z) ta suy ra dugc a, (a,z")" = a,2" ™. Tt dé
suyran® =n+2vaa'" = a,. Gidi ra ta dugc n = 2, a, = 1 hoidca, = —1.
Khi dé f (z) = az® + bx + ¢ v6ia = 1 hodc a = —1.

Thay da thiic f(z) 6 trén vao f(f (z)) = (2®+ 2 +1) f (v) r6i ddng nhét
thitc hai vé ta duoc:

(| a=1

a=-—1
2b=b+a
ab> +2c+ab=a+b+c
2abc + > =b+c
Lac® +bec=0

a=1
Seb=1

CcC =

Suy ra f (z) = z° + .
Thit lai thay théa man. )
VAy c6 hai da thitc théa man dé baila f (z) = 0va f (z) = 2% + .

Bai 6.6 (DH SPKT Vinh Long, TH.N. Nhan). Gia st P(z) = ag + a1z + ... +
apz” (a; nguyen, a, # 0). bat

Q(z) =P(z+1) =by + bz + ...+ byz" (b; nguyén).

2e N 2019 N —2 2019
Boi vi P(M) = (0 nén Q(M> = P(M) =0. Suy ra
9 2
b0+b1(2021)+...+bn(—2021) =0,

tuong duong
bo-(2021)™ + by.(—2)(2021)" 1 + ... + b, (—2)" = 0.

T d6 suy ra by lé,sé) chan. Mat khac by = Q(0) = P(1) = ag + a1 + ... + an,.
VAy tong cac hé so ctia P(x) khéng thé bang 2021.

Bai 6.7 (DH Tai nguyén va Méi trudng TR Ho Chi Minh). Xét da thitc: Q(z) =
(x+1)P(z) — x. Tathdy deg Q(z) =n+1vaQ(k) =0; Vk=0,n. )
Khi d6 Q(x) c6 dang: Q(z) = ax(x — 1)(x — 2) ... (x — n), v4i a la hang so.
Ma:

(-1

Q=D =1&a(-1)(=2) .. (wn—l) = 1 & a1+ = 1 & a =
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Tu do: oy
) = G D =)o =)
= Q(’fl + 1) — (_1)n+1 (n + 1)n(n — 1) (1) — (_1)n+1
- (n+1)! —
Q)+ (n+1) (=) (n+1)
= Pn+1)= s _ D)

Bai 6.8 (PH Téan Trao, K.C. Nguyén). Khao sat sy bién thién ctia ham sb
y = P,(x) trén tap so thuc R. Ta cd

" —1

x—1

P(r)=1+z+2°+ - +a" ' =

2k

]_ ~ 7
D& théy Py (1) =0

Truong hop 1. Néun = 2k,0 < k € Nthi P}, = —

va Py (z) > 0 v6i moi # # —1. Do dé Py,(z) dat cuc tiéu toan cuc tai diém
x = —1. Hon ntta

P(1)—1 LR S S Lo
MY T34 5 2%k—2 2k—1 " 2k
Ll 1y ! + 1o
6 20 20k —1)(2k—1) 2k~
Suy ra, da thtic Py, (x) khong c6 nghiém thuec.
]J2k+1—1

Trudng hop 2. Néun = 2k + 1,0 < k € N thi Py, = . D& théy,

Py, > 0v6i moi x € R. Do d6 ham da thtic Pyyq(2) dbng bién trén toan
mién xac dinh R. Suy ra da thtc Py, (z) ¢6 duy nhat mét nghiém thuec.

Bai 6.9 (DH Tra Vinh, D.K. Ngoc). a/. Goi 21, z; 1a cac nghiém phuong trinh

f: . 1., 1
VOi 21| = 1. TU 2o = €.~ kéo theo 20| = ‘E — =
a z al |z
. b . n ,
Viz 4 20 =——vala| = |[b| néntacd |z + z|° = 1.
a
A1 fe N 1 1
Hé thic tuong duong véi (21 + 20) (Z1 + Z2) = 1, tc1a (21 + 22) <— + —) =
<1 %)
1 2
2 b c 2
(z1+29)" =2z12z0hay | —— )| = - =b* =ac.
a a

b/. Theo céu a) ta ¢d: b*> = ac, ¢ = ab. Nhan cac hé thiic lai ta dudc

b*c? = a’be = a® = be.
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Do dé a® + b* + ¢ = ab + be + ca.

Hé thitc tuong duong véi (a — b)> + (b — ¢)* + (c — a)® = 0, Tc 12 (a — b)* +
(b—c)P+2(a—=b)(b—c)+(c—a)*>=2(a—b)(b—rc).

Kéo theo (a — ¢)* = (a —b) (b — c).

Ly gia tri tuyét dbi va dit o = la—¢|, 8 = |a—b|, v = |b—¢| ta dudc
a? = pr.

Tuong tu ta dude 32 = ay, 72 = af.

Cong cac hé thitc lai ta dude o? + 52 +~2 = aff + By + v, tic 1 (a — B) +
B=7)"+(—-a) =0

Dodéba=p=~hayla—c|=|a—b=|b—|.

Bai 6.10 (DH Tra Vinh, D.K. Ngoc). Ta cé P(z) = a10002 "% 4 aggez® + ... +
a1x + ag.

Cho z = 1tadu’0cP(1) = Q1000 + Q999 + ...+ aj + ag.

Mit khac P(z) = (22 — 1) = P(1) = (21 - 1) = 1.

Tu do suy ra ajgpo + Q999 +...t+ai +ag = 1= 1000 + G999 + ... + a1 = 1—0,0.
Ma 14 s6 hang khéng chita z trong khai trién P(z) = (22 — 1)'°, nén qo =
Chiooo (22)° (1) = 1.

Vay

a1000 + @999 + ... +a; =1—ap = 0.

Bai 6.11 (DH Tra Vinh, D.K. Ngoc). Gia st a, b, ¢, d la 4 nghiém cta da thiic
4, .3
x*+ax” — 1.

Pl)=2"+2° 1= (2 —a)(z —b)(z — ¢)(x — d) = abed = —1

Ta cin chitng minh: Q(ab) = 0 v6i

1 1
Q(w)=£€6+x4+x3—x2—1:g¢3<x3+$+1____>

= Q(ab) = (ab)? ((ab)3 +(ab) +1 - @ N @)

= (ab)? ((ab)3 + (ab) + 1 + (cd) + (cd)3)

Do d6 Q(ab) = 0 & (ab)® + (ab) + 1 + (cd) + (cd)® = 0.

1 1
That viy P(a) = tradd=1=2d"=—.T b= ——.
atvay P(a) 01:>a +a =a ] uong tu b P
Néna*h? = ——— = (1 1+d). Tuong tu ¢*d® = —(1 1+0).
en o't = vy = ()14 d). Tuong g ' = (14 a)(1+)
Suy ra
(ab)® + (ab) + 1+ (cd) + (cd)® = —(1 +e)(1+d) +ab+ 1+ ed — (1 +a)(1 +b)

=—1l—-a—-b—c—d=0.

Vay ()(ab) = 0.
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7 TO HOP

Bai 7.1 (PH Giao thong Van tai, N.H. Hoang). Xét mot cach dd xe theo
dting nhu mong mudn clia ngudi quan ly. Tinh tit trai qua phai, ta ky hiéu
l{?hk?g, .. .,k’g l1a cac Vi tri dé tréng. Dét T, = kl — 1,1’2 = kg — k’l,l'g = k‘g —
k’g,...,!lfg = ]{?8 —]{?7,1139 = 30—/{78. Ta co

T1+ a9+ ... +2x9=30—1=29.

Ta thiy rang z; > 0,2y > 0. Hai vi tri ki, k» khong ndm canh nhau khi va
chi khi 2o = ky — k; > 2. Tuong tu ta ¢ x > 2 v6i k = 3,...,8. Néu dit
p=x1+Lyg=ax9+1vay, =u,—1Vv6ik=2,...,8thi(y,...,y0) la mot
nghiém nguyén duong ctia phuong trinh

Y1+ Yo+ ...+ yo = 24. (1)

MOi cach sip xép cac xe theo dt’mg nhu mong mudn cta ngudi quan 1y tu’Ong
ung 1-1 v6i mot nghiém nguyen duong cta phuong trinh (1 ) Nhu viy s6
lugng cach sap Xep can tim bang vGi SO lu’ong nghiém nguyén duong cua
phuong trinh (1) va ta sé chi ra rang gia tri nay 1a C5,.

Dé xay dung 1 nghiém nguyén dufdng cua (1), ta viét 24 s6 1 thanh 1 hang
doc cach deu nhau. Khi d6 gitta cac so 1 ding lién nhau, ta c6 23 khoang
trong lién tiép. Lwa chon 8 khoang trong trong 23 khoang trong nay dé dit
8 dau cong Cac dau cong dugc dat Vao chia day 24 s0 1 thanh 9 phan. Goi
y; 13 tong cla phan thit nhit, y, 1a tong clia phan thit hai, . . . , yy 12 tong
cla phﬁn tht 9. Day (yi,...,y) nhan dudc nhu vay la mot nghiém nguyén
dlIOng ctia phuong trinh (1) va moi nghiém ctia (1) déu nhan dudc theo cach
nay. Nhu vay so nghiém nguyen duong ctia (1) bang véi sb cach lua chon 8 vi
tri tlr 23 vi tri c6 trude va 1a C3,. DAy chinh 1a két qua ma ta d3 néu ra & trén.

Bai 7.2 (DH Hung Vudng - Pht Tho). Ta thay, m6i mot dudng di clia quin
vua t vi tri a; dén vi tri hs bao gdm k budc di chuyén 1én trén, k bude di
chuyén sang phai va (7 — k) budc di chuyén theo 6 chéo (phia trén bén phai),
trong do k € {0;1;2;3;4;5;6;7}.
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BAt ki mot dudng di nhu vdy déu dudce x4c dinh duy nhét béi su sip xép
(k + 7) cac phan ti 0,1,2 trong d6: phan ti 0 ing véi viée di chuyén sang
phai, phan t& 1 g v6i viée di chuyén 1én trén va phan tit 2 Gng véi viée
di chuyén t6i 6 chéo 1én phia trén bén phai va phan t&t 0 dudc lip lai k 14n,
phan ti 1 dugc 13p lai & 1an, phan ti 2 dugc 1dp lai (7 — k) 14n.

Do d6 sb cach quan vua cé thé di chuyén tit vi tri a; dén vi tri hs 1a:

7
(k 7
Z R + = 48639 (cach).

Bai 7.3 (DH Kién tric). a) CL) — 2.C10 = 847291016 cach chit.

b) TH1: Chit 2 cAy xa cti, 3 ciy bach dan. Trong trudng hop nay co: Cz.C5,
cach chat.
TH2: Chét 5 cay, trong d6 c6 3 cay xa cu. Trong truong hgp nay co:
C2.C%, cach chit.
TH3: Chat 5 cay, trong do c6 4 cay xa cu. Trong truong hop nay co:
C3.C}, cach chit.
TH4: Chét 5 ciy xa cu. Trong trudng hgp nay c6: C? cach chit.
VAy c6 tt ca: C2.C3) + C2.C%) + C2.CL, + C2 = 19401 cach chit.

) Goi x,y, z 1an luot 1a s6 cach chit 20 trong t&ng sb 40 cay thudc hai loai
bach dan va xoan, dong thoi sau khi chat xong, sb cay bach dan con
lai nhleu hon so véi so cay xo0an; sd cay bach dan con lai bang sb ciy
xoan; sb ciy bach dan con lai it hon sb ciy xoan.
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Do tinh chat déi xitng nén ta ¢6 = = z, dong thoi 2 + y + z = C2 va
y = (C3))%. Tt d6 suy ra

Ch—y _ CR—(CR)

2 2 '

Bai 7.4 (DPH Kién triic). Gid st 79 s6 d6 1a a; < as < ... < azy. Xét hai tip
hop

A = {aytaz+ay; artastas; ...;aptaz+ar}, B ={as—ay;as—ai;...;ar9—as}.
Ta c6 |A| = |B| = 76. Do ayg — ay > 77, azg — a3 > 76 nén ta suy ra
a2§a7g—77§101—77:24, a3§a79—76§101—76:25

Suy ra as + az + azg < 24 + 25 + 101 = 150. Mét khac ay — a; > 3. Tit d6 suy
ra A, B C {3,4,5,...,150} = C. Vi |C| = 148 < 152 = |A| 4+ | B| nén ta suy ra

AN B| = |A| +|B| — [AUB| > |A| + |B| — |C] > 76 + 76 — 148 = 4.

Do d6 AN B +# (. Suy ra ton tai 4,7 > 4 sao cho ay + az + a; = aj —a;. RO
rang i < j va nhu vay ta c6 a; + a2 + az + a; = a;.

Dua vao cach gii trén, c6 thé chi ra 78 s6 ma trong dé khéng tim dugc 4 sb
théa méan dé bai, d6 1a 78 sb: 24, 25, 26, ..., 101.

That véy, téng clia 4 sb nhd nhét trong cac sb nay da 1a 24 + 25 + 26 +
27 = 102 > 101 la s 16n nhét, do vy khéng ton tai 5 s a, b, ¢, d, e sao cho
a+b+c+d=e.

Bai 7.5 (DH Su pham Ha No6i 2). Xét hinh vudng ¢d 2 x 2, do hinh vudng
nay c6 moi hinh vu6ng nho luén chung canh, chung dinh nén ton tai nhiéu
nhat mét sb chén, nhiéu nhit mot sb chia hét cho 3, do d6 ton tai it nhit 2
s6 1é khéng chia hét cho 3.

Bang 10 x 10 dudc chia thanh 25 hinh vuéng c6 2 x 2, nén ton tai it nhat 50
s6 1é khong chia hét cho 3. Tir 1 dén 10 ¢6 3 s6 18 khong chia hét cho 314 1,5
va 7.

Ap dung nguyén ly Dirichlet, ta dugc mét trong ba sb xuét hién it nhat {?] +
1 =17 lan.

Bai 7.6 (Trudng PH Su pham - PH Hué, T.Q. Ho4). V6i mbi tip con A; C [n],
ta xét vécto dic trung v; = (v, . . ., vin) € F3, trong dé

1 néu Jj € A;
Vij = A . .
! 0 néu j¢ A
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Khi d6, ta ¢4 hé n + 1 vécto v, ..., v,.1 trong F? nén hé phu thudc tuyén
s + g 'y - pht ; y

tinh. Ttic 14 ¢6 cac ¢y, . . ., coyq khong dong thoi bang khong sao cho
c1v1 + covg + -+ i1V = 0.
batI ={i|¢>0}vaJ={i|¢ <0}
Bai 7.7 (DH Tra Vinh, T.Q. Ha). Ta co:
1+ 1> =gy + Copy + -+ Cinty

Mit khac
0 _ 2n—+1., 1 _ 2n . 2 _ 2n—1, . n o n+1
CQn—i—l - Y2n+1>» CQn—‘rl - C2n+17 C’2n—‘,—1 — M2n41y - 2n+1 = “Y2n+1-°
Tu (1) va (2) suy ra
22n+1

an—i-l + 02171-‘,-1 +.o gn—i—l = T

Copir .. +Cp 1 =2""-120-1=2""—1=n =10,

(1)

(2)

Bai 7.8 (HV Phong khong Khong quén, PH. Quén). Ta s€ mo ta cac bong dén
dudgc xép vao 9 6 vudng bdi ma trdn ¢6 3 x 3, trong do trang thai bong dén

bét tit sé 14n ludt tuong ting véi 1 va 0 (modulo 2). Khi d6, ta thiy rang:

1. Trang thai ban dau 13

I —

o = O

10
10
11

2. Moi tac dong thay d6i trang thai béng & vi tri (4, j) tuong ting véi viéc
thuc hién phép cong vao ma tran L + A, ;, trong d6 A, ; 1a ma tran gom
1 6 hang i va hang j, 0 & cac vi trf con lai. Chang han, thay d6i trang

thai bong deén & vi tri (2, 1) tuong Ging vdi viéc cong vao L ma tran
1 00

A2,1:110
1 00

3. Phép cOng ma tran giao hoan nén ta c6 thé thay déi thit tu tic déng

vao cac cong tic béng deén.
4. Muc tiéu cta ta 1a dua toan bd béng deén vé trang thai tit. Tirc 14
0 00
L+ A;=100 0],
i, 0 00

trong do, z; ; bi€u dién sb 14n tac dong vao vi tri (¢,7). Do d6, z;; ¢
thé nhén cac gia tri 0 va 1 (vi chang han tac déng 2 lan vao vi tri (4, 5)
cling c6 nghia quay vé trang thai nhu chua tac dong).
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Tt ding thic trén, ta suy ra
D iA=L
1,3

Ta sé viét du6i dang ma trin nhu sau

Z1,1
X1,2
Z1,3
T21
Too2 | =
X233
T31
T32
x3,3

[l elNeNeNoll el
OO OO = O
SO OO = =O
SO R O OO
O O P EFEFOFO
—_ OO R )R O OO
O R HF OO FkOOO
_ =0 =) OO0 OO
_ Ok, OO0 0O oo
|
— OOk OO

Giai hé phuong trinh nay, ta thu dudc nghiém la

T1,1
x1,2
T13
X211
Too | =
X233
x3,1
€32
Z33

|
—HO O OO O~

VAy ta c6 thé tit ca 9 dén trong bang 3 x 3 véi viée thay d6i trang thai bat tat
g cacvitri (1,1), (1,2), (1,3) va (3, 3).



CAC BAI DE XUAT: GIAI TicH

1 DAY SO

Bai 1.1 (DH Bach khoa - PHQG Tp. HCM, PT. Thuc). Chon tuy y &’ > 0 sao
cho

€ \ p p
oS (——’— ’) 0.1).
c or v o 8’27r+6 < (0.1

Ta c6 thé chon dudc ¢’ nhu vay béi vi p € (0, 2n).
Xét day so {;} xac dinh béi:

2021 2021
|

- k E=1.2.---
Tk 21 2 }’ T

O day ky hiéu [z] d€ chi phin nguyén ctia sb thuc z.
BGi vi ddy {z;} bi chin trong doan [0, 1] nén ton tai ddy con {zy, } hoi tu.
DAan dén ton tai j, /' € N sao cho

0 <ap — g, < 2¢’. (D

4 4 //\ . . \ 2. \ 2021 N /,\ N ki A) 14
Cht y néu j # j' thizy, — x, # 0 bdivi o la so vo ty. Tu (1) ta co
J ™

p / 2y
27T+€ _ 27 € >1
_xkj/

T

i~ Tky o Tk

J

Nhu vay ta luon chon dudc mot sO nguyén d sao cho

L +¢ £ ¢
_2m - >d> 27T—'
Th; — Tk Th; — Tk,

Dit ¢ = 2nd <xkj - :r:k],,> , ta thiy ¢ thod man yéu ciu cta bai toan.
Bai 1.2 (DH Da Lat, D.T. Hiép). Ta 6

n(n+1)

Ta=142+4n=——

va
Tp < Tpy1,Vn > 1.
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Do doé

To021 < 7\1/1‘711 + -+ 1'3021 < T9021 v 2021.
Hon ntta, ta cling co

lim V2021 = 1.

n—o0

Theo nguyén ly giéi han kep, ta co

lim /27 4 - + 2By = Ta021 = 2021.1011 = 2043231,

n—oo

Bai 1.3 (PH béng Thap). 1. D& dang chiing minh u, € (0,1) véi moi n
Un+1

bang quy nap. Ta ¢6 u, > 0 va =1—u? < 1nén {u,} 1a day

Up
don diéu giam va bi chin duéi béi 0. Do do, {u,,} ¢ gi6i han hitu han.
Chuyén hé thiic truy hoi sang gidi han, ta tim dudc lim u, = 0.

n—oo

1 1 1-(1—-u2)? 2-u? S
[— = .ouyra
2, wl-w)R (1w Y

] 1 1 ) 2 — ui
hm(2 ——2):11m—:2.
n—00 un+1 un

2. Taco

, N 1
Ap dung Dinh li Stolz v6i hai day {z,} va {y,} xac dinh bdi z,, = —,
uTL
LTy : 1
Yn =, taduge lim — = lim — = 2. Suyra lim Vnu, = —.

Bai 1.4 (PH Hang Hai Viét Nam, PQ. Khai). Trudc tién bing quy nap dé
dang chiing minh
T, > V3,¥n € N*.
Nhu véy, néu (z,,) c6 gi6i han thi gi6i han d6 1a nghiém 16n hon hoic bing
/3 clia phuong trinh f(z) = x.
Xét f(z) =3+ +, ta tién hanh gidi f(z) = « v6i 2 > /3 nhu sau:
2 _

V1

flo)=2z <= 2z=+V3+

2

T T

x2—1<:>($_\/§)2:x2—1

— (22— V3z)? =2z —V32) —3=0
[xQ—\/gx =-1 — _\/§+\/ﬁ
=3z =3 v 2 ’

Ngoai ra ta ciing thay

@) = ()] < —

1y o Vo € (V/3; 400).
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V3+ V15

Bay gi6 dit a = — V6in € N* tuy y ta chi ra

[Zni1 —al < —al.

33

Thit viy néu z,, = a thi 2,1 ciing bing a, bit ding thitc trén hién nhién
dang; con néu z,, # a thi theo dinh ly Lagrange ton tai ¢, € (z,;a) (trong
trudng hop v/3 < z,, < a) hoic (a;z,) (trong trudng hop =, > a > /3) thda
man

1
Tni1 — a| = |f(z,) — f(a)] = | (e)].|2n — a| < —=|z,, — al.
[Tns1 — al = [ f(zn) — fla)] = [f'(ca)l| |_2\/§| |
T d6 dé thiy
1
Tpy1 —a| < (—=)"|z1 —a|, Vn e N7,
frnss = ol < ()" —af
NV S . V3+ V15
ma lim(—=)"|z; —a|=0nénlimz, =a = ——.
2v/2 2

Bai 1.5 (PH Hang Hai Viét Nam, H.V. Hung). Tt gia thiét suy ra ring
Tpat — Tn = 2021 — 20222, <=5 T p1 + 2021z, = 2021 (Vn > 1).
Véy day {z,}°2, 1a nghiém ctia phuong trinh sai phan cip 1
Tpir + 20213, = 2021, 21 = —1 2)
Nghiém t6ng quat clia phuong trinh sai phan
Tp+1 + 2021z, = 2021 3)
c6 dang
= C.(=2021)" +
trong d6 z; = a = const 1a mot nghiém riéng ctia phuong trinh (3). Thay

x; = a vao phuong trinh (3) dé tim gia tri cta a ta dudc 2022a = 2021 <
2021

@ = 509" Vay nghiém t6ng quat cia phuong trinh (3) 1 z,, = C(—2021)" +
2021
——. Dung diéu kién ban ddur = —1tacod
2022°
2021 _ 4043

—1=C.(=2021) + == =
C.(=2021) + 5555 = 4086462
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4043 2021
VAy nghiém ctia phuong trinh (2) 1d z, = ———(—2021)""! _
23}271ng iem cua phuong trinh (2) la = 2022( ) + 200
—2022(1 4 4043(—2021)""%). Tit d6 ta c6:
2021
Too —— (1 +4043.(—2021)")
lim 2 = lim 52022 — 20212 = 4084441.
n—oo I n—o0
" ——(1 + 4043.(—2021)2
2022( + 4043.(—2021)"2)

Bai 1.6 (PH Hung Vuong - Phii Tho, T.A. Tuin). Theo gia thiét:
ay+as+az+ -+ ap_1 + a, =n’a,. 4
Tu gia thiét ta c6:
ap+ag+az+ -+ a, 1 =n’a, ;.
Két hop véi (4) ta co:

(n — 1)2an_1 + a, = nay,
& (n—1%a, 1 = a,(n* —1)

@ TL: n— v >1.
n =0 1(Yn > 1)
vay
n—1n—-2n-—3 21 2aq
a, = : : oy = :
n+l n n—-1 43 n(n+1)
Do dé
2.2021 2 1

42021 = 50019022~ 2022 1011

.. A , N . , n— 1
Bai 1.7 (PH Kién traic).  a) Dung qui nap tinh dudc z,, = a? gt

a]2n71 *

b) Dung Co-si thi z,, > 2 (khéng x4y ra diu “=").
Khi d6 2,1 — 2, = 2> — x, — 2 = (v, + 1)(x, — 2) > 0. Day ting ngat.
Néu ton tai lim z,, = b hitu han thi b > 2 va chuyén qua gi6i han ta dudc
b=0b*—2=b=—1hodcbh =2 (v0 ly). Viy day khéng bi chan.

2
¢) Tinh gi6i han L = lim ——n+L

-Tacod
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Suy ra Tt 24+ 1
- - =] — —_-—.
4 4
- Mit khac do day (z,,) tang nén 0 < < = .
: y (an) tang 22).. a2 (ad)r | 2021
. 4
Theo gidi han kep thi lim ————— = 0.
1x2 DY xn

Vay li i 2 4=2017

im———— =127 —4= .

v v2xd. . a2 !

N e 2 . A A ’ JUN 1 \
Bai 1.8 (PH Mo - bia chat, H. N. Huan). Ky hiéu b, = — vac, = b,—n—Inn.
a

n

1 _ b2
a, —a2 b, —1

bn+1: :bn+1+

b, —1

Nhu vy day b, ting ngit. Bang quy nap, ta c6 thé chitng minh dudc rang
n+2<b,<n—+lInn+ 2.

Khi do

—(n+1)—In(n+1)— (b, —n—Inn) =

Cn+1_cn:bn+1+1_bn
1

=1 [In(n+ 1) — Inn]

Theo dinh Iy vé c4c gia tri trung binh

1

| 1) —1 = f ) = —— 0<0 <.

n(n+1) —Inn = f'(n+0) 7
Tlc la

1
<Iln(n+1)—Inn < —.
n —+ n
Thém vao do
1 1 1

< <
n+hnn+1 b,—1 n+1’
nén ¢,.1 — ¢, < 0. Tic 1a ¢, gidm dan.
Ta s€ chltng minh ¢, bi chan du6i. Ta co
1 1 1

bh—1 %k ktlnk+l

0<ck—ck+1:ln(k—|—1)—lnk—

Ink+1 1 1

L2 < L3/2 + k2
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Nhu vay

1 1
O<Ck_0k+1<m+ﬁ'

Cong tht ca cac bat ddng thitc cho tit ca cac gia tri tit k t6i n — 1, ta thu dugc
n—1
1 1
0<Cg—Cn<Z<m+p).
k=3
Vi ca hai ddy & vé phai ctia bat dang thitc déu héi tu nén ton tai sb S sao cho

0 < ¢3 — ¢, <s. Tilic 1a ¢, chi chan dudi.

Bai 1.9 (DH Su pham Ha No6i 2). a) Ta ¢6

an= (il 82 YB= -2, Va1 (5)

Chiyring a; = v/—8 = —2 < 0. Gid st a;, < 0 v6iVk € N*, k > 1. Tit két qua
trén, ta dudc
9<a,<0<2.

Tit day, ta suy ra a; < 4. Do d6
aj,=a; —8<4—-8=—-4<0s a1 <0.
Theo nguyén ly quy nap toan hoc, ta dudc
a, <0 Vv6i Vn>1. (6)
Tu (1) va (2), ta dudce
-2<a,<0<2 v6i Vn>1.

Vivay, a2 < 4,Vn > 1. Chﬁ}?rﬁng a; = —2 < —+/4. Hon nita, v6i Vn > 2, ta
co
ai+1:ai—8<4—8:—4(:)an+1<—\%_L.

Vay
—2<a,<—Vv4 vbi VYn>1.

b) Ta théy rang

(aiw + Qpt20p41 + aiﬂ) Nango — apgr| =
= ‘afwrz - aiﬂ‘ = ‘(aiﬂ - 8) - (ai - 8)’ -

= |ant1 + an| - ani1 — anl.
v6i Vn € N. Tit két qua phan a), ta cb

2 2 2/3
an+2 + Ap4+20n41 + Cln+1 2 3-4 / )
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va
|(ln+1 + (ln| S 4.

Do do, ta dudc

V4 .
|anio — apyr] < 5 lans1 —a,| vOi Vn > 1.

¢) St dung két qua phan b, ta dugc
n—1
V4 V4
|Gn+1—&n|S?‘Cln—anq\ﬁ'“ﬁ Y las — ay].

Vi thé, v6i moi n, p € N* ta ¢6
n+k—2
V4
|Gnsp — | < Z @ik — Angr—a] < Z ( 3 lag — ay
k=1

\ﬂ n—1 p \S/ZL k—1
(5 e £

k=1
n—1
V4 1 .
S(T |a2—a1|-1—%—>0kh1n—>+oo.

3

Vay, {a,} -, 1a mot day Cauchy nén né hoéi tu. bdt v = lim a,, thi tu phan a,
n—oo
ta suy ra

—2<v< V4
Chuyén céng thiic truy hdi qua gi6i han, ta dugc
v — 0?2 +8=0.

Xét ham s6
flr) =2 —2*+38

v6i Vo € [~2, —V/4]. Khi d6, ta c6
fl(x) =322 =22 >0, Ve (-2 —V4).

Do d6, f(z)1aham sb déngbién trén (—2, —v/4). Cha yrang f(—2)-f(—v/4) <
0 nén theo dinh ly gia tri trung gian phuong trinh f(x) = 0 c6 nghiém trén
[—2, —\/_ 4]. Tit hai két qua nay ta thay rang phuong trinh f(z) = 0 c6 nghiém
duy nhét trén [—2, —v/4]. Ta dudc diéu phai chitng minh.
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Bai 1.10 (DH Su pham Ha Noi 2). Xét hdm s6 f(z) = Inw, v8i m € N* bét
ki. Tir dinh li Lagrange ton taim < b < m + 1 ma

Fm+1) — fm) = £(8) = 5 >

Tu do, ta dudc

n

1
anzzn—l—i < 1(ln(n+i)—ln(n+i—1)):ln2n—lnn:ln2. (7)

=1 i=

Miit khéc, xét ham sb g(z) = ¢*, v6i z € R,z > 0. Tit dinh Ii Lagrange ton tai
0 < ¢ < x thdéa man

Tu do, ta co

n—1 ok n—1 ) n—1
Z I < e (em — 1) = (eMH1 — ) = e — 0 = ™ — 1.
o TR k=0 k=0
(8)
bat
h(z) =€ =1+ (In2 —x)e®,0 <z <In2.
Cht ¥ rang

h(x)=e"—e"+ (In2—2z)e” = (In2 — x)e” >0

v6i Vo € (0;In2). Suy ra h(z) la ham dbng bién trén (0;1n2). Két hop diéu
nay véi (7) va (8), ta dudc diéu phai chitng minh.

Bai 1.11 (Trudng DH Su pham - PH Hué, N.V. Hanh). St dung bét dang thic
Cauchy ta c6 z,, > V/3/2 v6i moi n > 2. Bang qui nap ta chitng minh dudc
\/5/2 <z, <V3v6imoin > 2. Tacod

3 3
(xn + —) +

Tn

1
16

Tn42

Xét ham sb 5

f<x):%($+5>+x+§

voi x € [V/3/2;V/3). Tacd f/(x) > 0 v6i moi z € [v3/2;V3).
Bang tinh toan truc tiép ta c6 x5 > x3 va x4 < x5 nén day con {xox,1}re, don
diéu ting va day con {xy;}72, don diéu gidm. Do d6 cac day con nay co gi6i




154

han. Goi A = klim Top VA B = klim Topy1. Khi do ta co \/3/2 < A,B<+V3va
—00 —00
hé phuong trinh
1

B= %(A +3/A).
Tit hé trén ta suy ra A = B. Do d6 dy sb da cho 1a héi tu. Gidi phuong trinh
A= i(A + 3/A) ta thu dugc A = +1. Suy ra limz,, = 1.
Bai 1.12 (PH Thuy Loi, N.H. Tho). Dit
Ynil = Ty — 4 = 7% 1= i(wn —4) = iyn.
Nén y, 12 mét cAp sb nhan véi céng boi

1
= - =r—4=1
q 4’ Y1 = 21

n—1
n—1 ]'
= Yn = Y19 = <4_L> .

1 n—1

Tu do:

Vay

L= lim x, = 4.
n—oo

Bai 1.13 (DH Thuy Lgi, N.H. Tho). Ta c6
Uy = (> +2n+2)(n+ 1) = (n*+3n+2—n)(n+1)!

U, =n+1n+2)(n+ 1! —nn+1)!=n+1)n+2)!—nn+1)
Do dé

S=121—-0.11+2.3! — 1.2 4+ ... 4+ 2022.2023! — 2021.2022! = 2022.2023!

Bai 1.14 (DPH Tra Vinh, PM. Trién). Cho déy s (z,,) xac dinh theo hé thitc
sau:

2

=2, x1+r2+z3+... 4+, =0Ty, N> 2

Tinh 2022+
Tt cong thitc truy hoi, thay n bin + 1, ta co

T+ 2o+ T3+ Ty = (0122,
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Suy ra n’z, + Tpp1 = (N4 1)%2,41 © nx, = (0 + 2)Tpi1 & T Z 1t
n
Lay tich 2 vé, ta ¢6
Hm - B n! S 4
SE +2 T 21127 T (4 1)(n+2)
Suy ra Nén 1
T, = ———. T = —
y n(n+ 1) 20227 9022.2023

Bai 1.15 (DH Tra Vinh, C.H. Hoa ). Cho hai day sb (z,,) va (y,) xac dinh bdi
cong thic:

Ty =1y = V3, Tpp1 = Ty +

1
1+22, g = ————— n=1,2,3,...
1+ /1+y2
Chitng minh rang z,y, € (2;3) v6in = 2,3,4,...va lim y, = 0.
n—oo
Déta:lzcota:\/g,a:% ta co

9 = cota + =

1 cosa+1
1+ cot?a = cota + — =
sina

20032%

sina 2sin 3. cos §
t— ¢ t T t m
= cot — = cot — = cot —
2 12 223
Bang quy nap ta chting minh dugc rang x, = cot 2—3 n > 1.
Tuong tu: Dt y, = tanb = v/3,b = ., ta ¢6
tan b tan b sinb 2s1n— cosé . ; s
— = tan - = tan —.
v 1+\/1+tan2b 14+ —— " 1+cosh 2(305212’ 2 3.2
Bang quy nap ta chitng minh dudc rang y, = tan Jflg, n > 1.
Tt d6 suy ra
‘ s ; s cot T T 2tanm 2 Vn > 1
nYn — oo val = )
Tt = OO ong My T 3 T T han? T 1 - tan? 5
Ta thiy t u > 0; t Tt 1nén € (2;3); ¥
an® — an® — an—:—, Tnln :3); Vn =
)4 R TE 913 6 3 Y

Va lim y, = lim tan = 0. Ta c6 diéu phai chiing minh.
n—00 n—00 2”_13
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Bai 1. 16 (HV Phong kh6ng Khong quan, PH. Quan). 1. Trude hét, ta thay
rang a, > 0vab, > 0vSi moi n. Quan sat thay rang

an + 20, T, + 2
a, +b, x,+1

Tpt1 =
Khi do, ta co

V21
Tpt1 — \/§| = ’mn - \/5’

T, +1
(\/§ — )|z, — V2|

Nhu vdy, ta c6 diéu cin phai chiing minh.
2. Dua vao phan trudc, ta stt dung cong thiic quy nap ta c6

1
|»’Un+1 - \/§| < 2—n‘$1 - \/5‘

Ta suy ra ngay |z,.1 — V2| — 0 khi n — co. Do dé, gi6i han day sb cin
tim1a lim z,, = V2.

T—00

2 CHUOI SO

Bai 2.1 (DH Giao théng Van Tai, N.T. Huyén). a) Theo dé bai, ta ¢6 Gnt1 _
Qp,
an
M <y 24, +1>0
pe—— (vi a an + ).
Vay {a,} 1a day don diéu giam.
2
Mat khac a1 = w———>0néntontai lim a, =1>0.
a; — ap +1 n—+o00

— Neéu a; > 1 thi theo quy nap a,, > 1, Vnnén ! > 1. Cho n — +oo, ta

co 2 |

=0 (loai)
= o P-24+1=0s -
2—1+1 * {l =1
Vay lim a, = 1.

n—-+oo
— Néu 0 < a; < 1 thi theo quy nap a,, < 1, Vn. Day don diéu gidm nén
[ < 1. Chon — +oo, ta co

l2

= —
P—-i+1

[=0
3 _ 972 _
=y 20+ 1 O@LZI (loai)

Vay lim a, =0.

n—-+o0o
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a? a, — 1
b) Tacdap —1=——" — —]=—_""°
) (i1 a? —a, +1 a? —a, +1
N 1 az —a,+1 ai—anJr 1 N 1
— == :an
Qpyp — 1 a, — 1 a, — 1 a, — 1 a, — 1
1
= a, = —

an+1—1 an—l.

" 1 1 <% 1 1
Do dé = — = n = li — .
;ak a,—1 a3 —1 ;a n—1>IJIrlooan—1 a; — 1
V4 +w
— Néua; < 1thi lim an:OnénZan:—l—

n—-+o0o

1 ay

al—lzl—al'

n=1

n—-+o0o

—+o00
— Néua, >1thi lim a,=1nén Z a, = +oo (chudi phan ky).
n=1

Bai 2.2 (DH M35 - Dia chit, H. N. Hu4n). Theo céng thiic Taylor

60

n+1

n!
n!e:n!+n!+§+...+

Trong d6 0 < 6 < 1. Xét vé phai, tit ca cac sb hang, trit s6 hang cubi cung,
déu 1a so nguyén. S6 hang cudi cing nh6 hon mét khin > 2vavif € (0,1).
Vi thé

69

n+1

nle — [nle] =

Tac la
2021(2020!e — [2020l¢]) < € < e < 7.

Bai 2.3 (DH Thuy Lgi, N.H. Tho). St dung tiéu chyr?fn Da lam be, chiing té
chuoi héi tu trong (—1;1) Goi S(z) 1a tdong ctia chudi trong (—1;1).
V6i moi z € (—1;1), taco

Ti d6 (1 — 285" () — 25 (x) = 4

2N T / i 4
S V1—228 (x)—ﬁS(a:)——m
& (\/l—xQS’(x)>/ :\/1%:1:2'
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Do doé véiz € (—1;1),

arcsin x C
S'(x) =4 + = S(x) = 2(arcsinz)* + C arcsinz + D
(@) = 455+~ = S(0) = 2arcsina)
Dé théy:
' C
S'(z) =4 vy = S(x) = 2(arcsinz)* 4+ Carcsinz 4+ D.

V1 — a2 * V1 — 22

Tit §'(0) = S(0) =0=C =0=D.

Vay nén S(z) = 2(arcsinz)’, z € (—1;1).

Bai 2.4 (DH Tai nguyén va Méi trudng TP H6 Chi Minh). Xét
zh+9 (z, — 3) (23 + 3)

o=, +6 (a3 +3) — (- 3)

(%)

Tn41 —3=

Bang quy nap, ta chitng minh dudc z,, > 3,Vn > 1
(zn — 3)2
2 +3) — (v, — 3)

Do d6 41 > z,,Vn € N*. Vay (z,,), | tdng ngat.
Gia st (z,,) bi chén trén, ticla Ja € R: lim (z,) = a v6ia > 4.

n—-+oo

xn+1—azn:( > 0,Vn € N*

Theo dé ta cé
z+9

Tn41 =
x3 —x,+6

i +9 ) at+9
S a= a=3

= lim_(z,0) = lim (_—+6 BT

n—-+00 n—-+o00

a = 3 mau thuin (Vi a > 4). VAy (z,,) khong bi chin trén.
1 1 1
Tu = = —
S el R B
, 1 1
Do do = ,Vn € N*

343 Tn—3 Tpi1—3

li ! + ! + ! + + !
im it ——
notoo \ 23 +3 a3 +3  a3+3 3 +3

I 1 1 n 1 1 n n 1 1
= 1m — — e —
n—+00 561—3 [EQ—S ZL‘Q—3 .173—3 l’n—?) l‘n+1—3
. 1 1
= lim —
n—+oo \ 1 — 3 Tp+1 — 3

, 1 1 1
Do d6 lim — = lim =1.
n—too \ ;] —3  Tpy1 — 3 n—+oo \ L1 — 3
Vay i ! + ! + = +... .+ ! 1
im . = 1.
Y oo 3 +3  x3+3 a3+ 3 3+ 3
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3 HAM SO

Bai 3.1 (DH Béch khoa - PHQG Tp. HCM, PT. Thyc). 1. Taching minh bang
phan chiing. Gid st ton tai a € (0,1) sao cho

2021 . .
f” (t) > 7, VOl Mol ¢ € [O, CL] .
Dan dén
v 2021
/ % (t)dtz/ Lo, veelo.a).
0 o a
Ta dudc

F@-r 0= 0 5 )z P Ve .

Bat dang thiic cudi c6 duge vi f'(0) > 0. bic biét, tit bit ding thiic
cuoi ta co
2021
f'(a) = :

a

Tit /7 (2) > 0 ta cling ¢é f' (x) > f' (a), v6i moi z € [a,1]. Dan dén

/Olf’(x)d:v:/Oaf’(a:)d:r+/a1f'(x)d:v
[ [

a

2021 19021

> + dx
2 o Q

~ 2021 2021
a 2

2021
>
D)

A A x \ A 7. 3 2021
Ta nhan dugc mau thuan vi ve trai bang f (1) — f(0) < f (1) < —5

2. Xét ham sb
x

10 = T 1)

9

7, 1 ’ 2 \ ~ 7 . A ~ \ A ,
vlice € (O, 5) kha nho va sé xac dinh cu thé sau. Ro rang ham so g cé
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dao ham lién tuc téi cAp hai trén doan [0, 1]. Thém nita
, x 1
g (r) = + - >0, Vzel0,1],
@r2) (1-l(z+2)’  1-W(5+9)
_ 3r4de— (z+4e)In (% +¢)

(x + 25)2 (1 —In (% +€))3

7

>0, Vzel0,1].

Ta cling ¢6 0 < g (x) < 1, v6i moi z € [0,1]. Tl céng thiic ctia g” ta c6

4e

5 5, Vte[0,¢].
(e4+2¢)” (1 —1In(e))

g7 (t) =

Cubi cling vi
4 - 2021
9e(1—In(e))® =~ e

v6i ¢ dl nhd, tic 1a tdn tai ¢y sao cho (1) dung véi moi ¢ < &,. Ta di
dén diéu can ching minh bdi chon a = &.

(1)

Bai 3.2 (DH Béch khoa - DHQG Tp. HCM, PT. Thuc ). D& khing dinh yéu
cAu bai toan, 1o rang ta chi can chi ra trén mdi doan con [z1, 23] (V6i 21 < 23)
bét ky ctia khoang (—2021,2021), ham sb f(z) phai c6 dang mét da thiic bac
hai 10112% + ax + b.

Goi p(x) la da thic bac hai c6 dang 10112* + az + b sao cho p(z;) = f(71)
va p(x5) = f(x,). D& thay ton tai va duy nhit mét da thitc nhu vy béi vi hé
phuong trinh

101123 + azy + b = f(x1)
101123 + azg + b = f(x3)

1uén ton tai va duy nhét nghiém (a, b).

Bay gi0 ta chi cin chi ra f(z) = p(z), v6i moi = € [x1,25]. Piéu nay c6 thé
thuc hién bang phan ching.
— Trudng hop 1. Gid st ton tai t € (11, 25) sao cho f () > p (¢).

Chon ¢ > 0 sao cho f(t) — p(t) + (t — x1)(t — x2) > 0. Ta ludén chon
dudc ¢ nhu vay vi f(t) — ( ) > 0. Tuy nhién khi d6 ham sb f( ) —
(p(:zc) —&(x — z1) (2 — x2)) s€ o cuc dai dia phUOng tai mot diém Zo
nao dé thudc khoang ( 2021 2021) Piéu nay c6 dude vi tai hai dau
mut z; va x, thi ham so triét tiéu, va tai t (xl, x9) thi ham ) dat gia
tri duong. Do d6 gi tri 16n nhit ctia ham sb trén doan [z, z,] xay ra
ta1 mot diém thuoc khoang (1, x2).
Pén d4y ta c6 mau thuln vi dao ham cép hai cua parabol p(z) —e(z —
1) (z — 1) tai o nhd hon 2022, trai véi gia thiét bai toan.
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— Trudng hop 2. Gia st ton tai ¢ (xl,mg) sao cho f(t) < p(t). Ta
14p ludn mot cach tuong tu bang viée chon e > 0 sao cho f@t) —
p(t) —e(t — x1)(t — x9) < 0. Tat d6 ket ludn rang ham sb f( ) —
(p(x) +e(x — x1)(x — 22)) s€ co cuc tleu dia phUOng tai mot diém T
nao do6 thudc khoang (—2021,2021). Diéu nay méu thuln véi gia thiét
cta bai toan.
Bing viéc xét hai trudng hop nhu trén, ta cé diéu phai chiing minh.
Ghi chi. Néu bai todn cho gid thiét ham sé f la khd vi lién tuc t6i cdp hai thi
161 gidi c6 thé dé dang thdy dugc bdng khai trién Taylor. Tuy nhién & ddy ta chi
yéu cdu f la ham lién tuc.

Bai 3.3 (DH Béch khoa - PHQG Tp. HCM, PT. Thuc ). Goi z va y 14n lugt 1a
canh cta hinh Vuéng Vé ban kinh ctia hinh tron (don vi mét). Theo gia thiét
bai toan ta co x? + my? = 2022. D6 dai clia doan day ban dau 1a 4z + 27y.

Do do ta muon tim gia tri 16n nhét ctia ham sb f (x y) = 4z + 27y v6i rang
budc z* +my* = 2022. Bai todn nay c6 thé gidi quyét bang phuong phap nhan
tt Lagrange hodc c6 thé st dung bét dang thitc Bunhiacopxki nhu sau:

Az + 21y < VA2 + dm/2? + my? = V42 + 47 - /2022,
v6i diu ddng thitc xay ra khi va chi khi

T YT
VN

Nhu Vay ty 1é glufa canh ctia hinh vubng va ban kinh ctia hinh tron 1 2 néu
ta mubn d6 dai ctia doan diy ban diu 13 16n nhét.
Gi4 tri 16n nhit clia dd dai doan d4y thda mén yéu cAu bai toan 13 V42 + 4r -

V2022 (m).

Bai 3.4 (DH ba Lat, D.T. Hiép). V6i mbi n € N, xét ham s

—2021x

gn(x) = e f(x).

Khi d6, g, () 1a kha vi trén [a, b] va g,(a) = g.(b) = 0. Theo Dinh Iy Rolle, ton
tai z,, € (a,b) sao cho g, (x,) = 0.
Mait khac, ta co
, st 2021
(@) =" [f(2) = ——=f(2)].

Do do, ttt g, (z,) = 0 ta nhan dudc

) = 2 f ) =0,
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tic la
f'(x,) 2021
f(zn) n
Ta cling co
lim n({e—1) = 1.
n—oo
Do d6

| flle) . 2021
SR Dfen) (-1

Bai 3.5 (DH Da Lat, D.T. Hiép). Xét ham sb
g(x) =e " f(z).

Khi 6, ham sb ¢() lién tuc trén [0, 1], kha vi trong (0, 1) va théa min

Theo Pinh Iy Rolle, ton tai ¢ € (0, 1) sao cho ¢/(c) = 0.
Ta cling co

Do do, ta nhan dugc

Bai 3.6 (PH béng Thap). 1. \Ap dung Dinh ly gia tri trung binh Lagrange
cho ham f(x) trén [a, b], ton tai ¢; € (a,b) sao cho

1) = f()

fller) = -

Ap dung binh ly gia tri trung binh Cauchy cho hai ham f(z) va g(z) :=
(b — ) f(zx) trén [a, b], ton tai ¢; € (a,b) sao cho

['lea) _ f(b) — fla)
gle2)  g(b) —gla)’

Piéu nay tuong duong véi

f’(Cz) _ f(b) -/
—fle2) + (b—)f'(c2)  (b—a)f(a)  fla)

Do do:
f(a)f'(c2) + flea) ['(c1)

b—CQ

= f'(e1) f(ca).
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2. bét g(x) = %f(xf + f'(z). Khi d6 ¢(0) = 0. Ta sé chitng minh ton tai

c e (0,1) d€ g(c) = 0.

That vay, vi f(x) > 0 v6i moi = € [0, 1] nén ham h(z) = g - % Xac
Xz

dinh [0, 1]. Khi d6 h(0) = h(1) = —%. Ap dung dinh Iy Rolle cho ham

s6 h(z) trén [0,1], ta im thiy ¢ € (0,1) thod man /'(c) = 0. Do dé

g(c) = f(c)*h'(c) = 0. Vay g(0) = g(c) = 0.

Do d6 ton tai ¢ € (0,¢) sao cho

g'(&) = ff )+ f'(§) = 0.
Bai 3.7 (DH Giao thong Van Tai, N.T. Huyén). Goi khoang cach tit chan thang
dén chan cot d6 BD = z (m). Ta ¢c6 BH = V9 + 22. Theo dinh 1i Ta - 1ét,

BH BD BH-BC  z+04 5 Mo i Ay
B = BC = AB = D - 2 -9 + z2. Bai toan tré thanh tim

z>0dé f(z) = AB = -v/9 + 22 dat gi4 tri nhé nhét.
, 0,4v9+ 22 x+04
f ('T) - - 2 + 5°
x V9 + 22
f(#) =04 04(9+2%) =2*(z+04) & 2° =3,6 < 2z = {/3,6. Ta co bang
bién thién

Q

VAy chiéu dai nhé nhit ctia cai thang théa méin yéu ciula AB,,;, = f ( ¥ 3,6)
5,9m.

Bai 3.8 (DH Hang Hai Viét Nam, H.V. Hung). Xét ham g(z) = ¢ ”.f(x). Ham
lién tuc trén [0, +00), kha vi trén (0, +o00) va thoa méan:

§(2) = . (f' (@) ~ f@) A0 Va € (0, +00).

Do tinh chét Darboux ctia dao ham ta suy ra ¢'(x) phai gilt nguyén mot diu
trén (0, +00). VAy co6 hai kha ning:
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i. ¢'(x) > 0v6imoiz e (0,400);

ii. ¢'(z) < 0v6i moix e (0,+00).
Néu x4y ra trudng hop i) thi g(z) 12 ham thuc su ting trén [0; +0c), néi riéng
ta co g(1) > g(0) = f(0) = 0 va g(x) > ¢(1) v6i moi = € (1,400). Vay
f(z) = e".g(x) > g(1).e” v6i moi z € (1,400). Vi lim g(1).e” = +oc thita

T—r+00
suy ra $l_1>r£100f(a:) = +00.
Néu xay ra trudng hop ii) thi ta c6: f/(z) — f(z) < 0 v6i moi z € (0, +00) <
—f'(x) + f(x) > 0v6imoi z € (0, +00).
Vay ham h(z) = e *.(— f(z)) c6 dao ham 1/ (z) = e *(—f'(z) + f(z)) > 0 v6i
moi = € (0; +00). Ly luan tuong tu nhu truong hgp i) ta suy ra:

—f(x) = e".h(x) > h(1).e” v6i moi x € (1;+00) (2)

Lai do h(1) > h(0) = 0 tu (2) ta nhan dugc lim (—f(z)) = +oo. Téng hop

T——+00

cac két qua nhan dudc ta cé lim |f(z)| = +oo.
r—+00

Bai 3.9 (DH Hung Vuong - Phu Tho, TA. Tudn). Vi lim = a > 0 nén

r—+00
o SO )+ )
T—r—+00 n .
Theo dinh ly gia tri trung binh ton tai ¢; € [0;1] ;2 € [1;2],...,¢, € [n — 1;7]
sao cho:

/nf(x)da:—/lf(x)dx—l—jf Yda+- - —i—/f Ydx = f(c1)+fe2)+ -+ f(cn).

Vi lim =a > 0nén
T—r—+00

nl—lglooﬁ/f dx:nﬁrfoo f(01)+f(02)n+~~~—|—f(cn) W
Do do:
. n B

T

Bai 3.10 (PH Hung Vuong - Phit Tho, T.A. Tuin). Xét ham F(z) = / f(t)dt.

0
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Ta co: F(0) =0; F'(z) = f(x). Va

Do doé

1
/F(a:)d:c = 0. (3)
0

Mt khac: vi ham F(z) lién tuc trén [0;1] nén néu F(z) > 0,Vz € (0;1) thi
1 1

/ F(z)dz > 0, néu F(z) < 0,V € (0: 1) thi / F(z)dz < 0, trdi véi (3).

o ) 0

Vay ton tai b € (0;1) dé F(b) = 0.

Xét ham g(z) = 22*?' F(z). Ta c6: ¢'(z) = 2021.2%°% F(z) + 2*°*' f(x); g(0) =

9(b) = 0; ham g(z) lién tuc trén [0; b] va kha vi trong (0; b).

Theo dinh ly Rolle ton tai ¢ € (0;b) C (0; 1) sao cho ¢/(c) = 0. Tit d6 ta cé:

2021.c** . F(c) + 2. f(c) = 0 hay 2021 / f(z)dz = —c.f(c).

Bai 3.11 (PH Kién triic). a) D(z) = (100 — z).z va R(z) = (100 — z) —

z? — 40z — 50.
b) [max R(z) = 400, xay ra khi z = 15.
0,1

) Ap dung y b), c6ng ty nén san xuét 15 ti vi mbi thang.

1 1
Bai 3.12 (DH Kién triic). e T 0 < / [f(z) + 2270 / f?(z)dz +
0 0
1
1
/ fla STV
0

e Sit dung tich phan ting phan cho tich phn thi hai ta dudc

1

1 1
O S /[f/(x) 2020 dx /f/2 dx_'_zf 4040/f 2019 dx+4042
0 0 0
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. 1
e Két hop f(1) = ~ 5083 ta dudc

1 1 1
0< /[f’(x) + 222 dr < /f’Q(x) dr — 4040/f(x) 2?9 dz < 0.
0 0 0
! N 6061
2021 2021.8082°

2021
Bai 3.13 (DH Kién triic). e Xét | = / f(z)dz. Dat t = 2021 — x thi I =
0

Do d6 f'(z) = —2** = f(z) =

2021

/ f(2021 — z) dz.
0

2021
Suy ra 2/ = /[f(x)+f(2021—x)] de =0=1=0.

0
2021z

o Xét g(z) = (2021 — ). / f(t) dt théa man Dinh ly Rolle trén [0; 2021]

0
va

2021—x
d(z) = —2021(2021 — x)2*20 . / f(t)dt + (2021 — 2)?92 £(2021 — ).
0
Ap dung binh 1y Rolle, két hop véi £(2021 — ¢) = —f(c) ta c6 diéu phai
chting minh.

Bai 3.14 (DH M4 - bia chit, P T. Cudng). Ta sé chting minh rang f c6 it nhat
n + 1 nghiém trong (0, 1).

1
V6in = 0,/ f(z)dx = 0, khi d6 ro rang f(x) = 0 v6i gia tri = nao do.
0
Budc chuyén n — n+1. Gia stt g(z) = / f(t)dt. Ro rangla g(0) = g(1) = 0.
0

LAy tich phan ting phan, ta tim dudc

0= /01 o* f(z)dr = —k:/ol "1 g(z)d.

Theo gia thiét quy nap, g(z) ¢6 n + 1 nghiém trong (0,1). Vi 0 va 1 cfing 1a
nghiém ctia g(z) (tlic no co tat ca n + 3 nghiém). Tu day suy ra f(z) cd n + 2
nghiém trong (0, 1).
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Bai 3.15 (DH M4 - bia chit, H. N. Hudn). Yén ngua c6 hai dudng thang tao
lap

{ alz —y
Blr+y) =a.
Con sdu diu tién bo theo dudng thang di qua diém O(0, 0, 0) trong mot ho
t6i diém cit clia dudng thang nay véi dudng thang khac chia diém (0,2,0)
trong ho khac. Sau dé ct theo dudng thing nay d€ két thiic hanh trinh. Vi
du: dau tién bt dau tir diém (0,0, 0) di chuyén theo dudng thang

Y=z,
z=0
t6i diém (1,1,0). Sau d6 theo dudng thang
r—y=z,
rT+y=2
t6i diém (2,0, 2).
Bai 3.16 (DH M4 - Dia chit, P T. Cudng). Gia st

T(x) = iQ”x”, Ux) = iélnxn, V(z) = i8"m", W(x) = i 16"x".
n=0 n=0 n=0 n=0

Lo L,
Khi do6 véi |z| < 76 ©©

T(2)U(x)V (2)W(z) =) ( > 2"”41’8616”!) z"

n=0 \a+b+c+d=n

D& dang tim dudc cac tong

o 1 1 1
1 -—2z

T(x)

Titc

T(z)U(x)V ()W (x) = =

1 1 2 1 1 64 1

1
8

12 1-2¢ 3 1—4r 3 1-8: 21 1—6z
8
3

Y %W(m).

12 3
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Tu do6 co
1 2 8 64
2x4b 61 d:__2n _4'(1,__ n _1 n
> 8°16 52+ 3 28"+ 5716
a+b+ct+d=n

Bai 3.17 (DH Su pham Ha Noi 2). Ta c6
2r+a+b va+z—Vb+x)?
Fa) = - - :

+ —_=

2atobrn 2/t
Do d6, f la ham tang thuc su trén (0, +o00) . Mat khac, ta c6
£(0) = Vab

va
2>+ (a+2)(b+ )

lim f(z)= lim

a+b+a—b _a+b
= lim = .
T ddy, ta duge bang bién thién cta ham sb f (a;).
x 0 +00
f(x) +
a+b
f(z) -
Vab
Cht ¥ rang
—2Vab+b
Vab < Vab + 1(va - VB = Vab + “ 2D
_a+2Vab+b
B 4
_a+b_a—2\/%+b
2 4

2 2

a+b <\/_—x/l3>2< ath

2

Do dé, tit bang bién thién ctia ham sb, ta thiy ring ton tai duy mét s6 thuc

a € (0,+00) sao cho

(@)= Vab+ ¢ (va— Vi)



3. HAM SO 169

Bai 3.18 (DH Su pham Ha Néi 2). it HM =z, 0 < = < 10. Khi d, ta ¢6
NK =MP =10 - z.

Cht y rang

AM =~ AH? 4+ HM? = Va2 + 9,

va

BN = VBK? + NK2 = /28 + (10 — x)2.

Goi m la gia thanh xay dung mot km dudng bén A, suy ra gia thanh xay dung
mot km bén B la 1—§m. Vay gia thanh xay dung hai doan duong AM va BN

la

1 1
T =mvVar?+ 9+1—§m\/28 +(10—2)2=m (\/952 +9+ 1—§\/28 + (10 — x)2) :

D€ gia thanh x4y dung thip nhit thi ham sb

f(z) = Va2 +9+ %J% + (10 — )2

dat gi4 tri nhé nhét. Ta c6

T 16 10—z
22+9 15 /28 4+ (10 — 2)?

f'(x) =
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Diéu nay suy ra
T 16 10—z

249 15 /28 + (10 — z)?
& 1524/28 + (10 — 2)2 = 16(10 — 2)v22 + 9
& 22527 (128 — 20z + x%) = 256 (100 — 20z + 2°) (2* 4 9)
& 31" — 6202° — 89622 — 46080z + 230400 = 0
& (z —4) (312° — 4962” — 2880z — 57600) = 0

r=4
312% — 49622 — 2880z — 57600 = 0.

f'(x) =0«

=

Cha ¥ rang, phuong trinh 312% — 49622 — 2880z — 57600 = 0 v6 nghiém trén
(0,10). VAy khi 2 = 4 thi gi thanh sé nhé nhit, khi d6 AM = /42 + 9 = 5km.
Nhu vay, d€ chi phi x4y cAu it tén kém nhAt thi diém M nim trén bd song va
cach thanh phb A 5km.

Bai 3.19 (Trudng DH Su pham - PH Hué, N.V. Hanh). Dit g(z) = f(z) — 2.
Ta can ching minh g(z) = ¢(0) v6i moi z € R. T gia thiét ta c6

2t) — t
L gla+20) — glatt)
t—0 t

=0

v6i moi z € R. Ta cin xét trudng hop = > 0. Trudng hop = < 0 dudc ching
minh tuong tu.

V6i moi £ > 0, do ¢ lién tuc tai 0 va gia thiét gi6i han ctia ham ¢ & trén, nén
ton tai & > 0 sao cho |g(t) — g(0)| < e va

’g(a+2t) —gla+1)
t

<é€

v6i moi ¢, |t| < J, a € [0, x]. Bay gio ta chon 0 < h < § sao chon = z/h € N*.
batag=0,ay = h,...,a, = kh,...,a, = nh = z.Khi do ta co

lg(z) — g(0)] < Z lg(ar) — g(ar_1)| < nhe = xe.

Cho ¢ — 0 ta c6 diéu cin ching minh.

Bai 3.20 (Trudng DH Su pham - PH Hué, N.V. Hanh). Ti gia thiét ta suy ra
f1a don 4nh. Do f don 4nh va lién tuc nén don diéu. Khong méit tinh tdng
quat, ta ¢ thé gia st f don diéu ting. Biy gid ta cAn chling minh phuong
trinh f(z) = A ludn c6 nghiém v6i moi . Piéu nay sé c¢6 duge néu ta chimng
té rang xE\T@o f(z) = +oo va xgmoo f(z) = —o0.
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Thét vAy, néu f bi chin trén thi do f don diéu ting nén ton tai giéi han
lim f(z) = L hitu han. Tu gia thiét ta c6

T—-+00

[f(@) = f(f(2)] = S|z = f@)],

Cho z — 400 ta ¢6 diéu méu thuln. Vay f khong bi chan trén. Tuong tu ta
cling chitng minh dudc f khong bi chan dudi.

Bai 3.21 (Trudng DH Su pham - DPH Hué, N.V. Hanh). Trudc hét ta chting
minh bé dé sau:

B dé: Cho ¢ 1a mot ham kha vi dén cp 2 trén R sao cho ¢”(z) < 0 v6i moi
2 € R. Néu ham sb ¢(x) bi chin duéi thi ton tai C' € R sao cho g(z) = C véi
moi z € R.

Chiing minh bé dé: Do ¢’(z) < 0 v6i moi z nén ¢'(z) 14 mét ham don diéu
gidm. V6i moi a < b < ¢ < d, Pinh Iy Lagrange suy ra tdn tai a < & < b <
&y < ¢ < & < dsao cho

g(a) — g(b)
a—2b

g9(b) — g(c)
b—c

=9(&) = w =¢'(&).

=g(&) >
Gia stt g bi chin duéi, tic 12 ton tai M sao cho g(z) > M véi moi z € R. Liy
batky a,8 € R, a # 3. Khi d6 v6i moi z > |o| + || tacd —z < a < 8 < x.
Ti nhan xét trén ta thay

9(=z) — f(®) > g9(@) — f(B) > 9(8) — f(x)

—r—« a—pf b—x

v6i moi 2 > |a| + |b|. Két hop véi gia thiét g(z) > M va g(—z) > M ta cb

f0)~ M _ gl) = £(8) _ M —g(8)
r+a —  a—p T xz—-p

Cho z — 400 ta c6 dudc g(a) = ggﬁ). Do vay ¢ 13 ham hang.
Chung ta quay lai bai toan ban dau, gia st f(z) > 0 v6i moi z € R. Khi dé
dét g(x) = e”/f(x) v6i x € R. Ta c6 ham g xac dinh, bi chdn duéi bdi 0 va
kha vi dén cap 2 trén R. Hon nita

e’ [f(2)? — f(2)f"(z) — 2f(z) f'(z) + 2(f'(2))’]

J"(z) = T <0

méi moi € R. Ap dung b8 dé trén, ta suy ra g(z) 1a ham hang. Do d6 ton
tai C' sao cho f(z) = Ce” v6i moi x € R.
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Bai 3.22 (PH Tai nguyén va Mbi trusng TR H6 Chi Minh). Khi z # 0, ta c6

f(z) =In(1 + %) sin (i)

va
2 1 1 1
f'(x) = N —1-1;11:2 sin (E) — Pln(l + %) cos (E) .
Xét
In(1+2%)s 1)
x?)sin | =
lim (M) — lim r
z—0 z—0 z—0

z—0 X

. <ln(1+:z: 1)
= lim rsin [ —
\ . . 1
Viz — 0 vasin <—) bi chén (bdi 1) nén hm (x sin ( )) =0va
xr T

lim (M) 1

z—0 [L’2

Do do
lim (M) = lim (Mx sin <l>) =1.0=0.
z—0 x—0 z—0 T2 T

Vay f'(0) =

Xét

e 20 (1\ 1 , 1
i%(f(x))_i%<1+x281n(§)_PIH(1+$)C0S<E)>‘

Chon day

1 . /
xn—%—>0kh1n—>+oo Ta co ngriloo(f (xy))=-1 (1)
1 . /
Yn = 2mr+_—>Okh1n—>+ooTaconl_1>IJIrloo(f(yn))—O (2)

Tu (1) va (2) suy ra lir% (f'(z)) khéng ton tai. Do d6 ham s f’ khéng lién
r—r
tuc tai x = 0.
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Bai 3.23 (PH Tai nguyén va Moi trusng TR H6 Chi Minh). Xét ham s6 F(xz) =
f(x) —sinz.
Ham F'(z) lién tuc trén [O, g} Ta cé:

™

/f dx—1<0—>/ ) — sin ] x:/QF(x)dx<0
0

Do d6, ton tai ¢ € [ 2] dé F(c) = 0.

Ma F(0) = f(0) > 0 nén ton tai ¢y € < > dé F(cy) = 0.
Ticla F(z) = 0 cé nghiém.
VAy f(x) = sinz c6 it nhit mot nghiém trong khodng <0, g)

Bai 3.24 (DH Thuy Lgi, N.H. Tho). Gia su ton tai 2, € (a;0] : f(xq) #0. T
tinh lién tuc ctia ham f suy ra f(z) # 0 v6i moi z € (a; 8) C (a;b] .
Khong mat tinh tong quat gia st f(z) > 0 véi

z € (a;p); fla) =0, a=a; f(B)>0.
Ap dung DL gi tri trung binh ctia hAm kha vi F(z) = In (f(x)) trong [a + ¢; A]:
f'0)
f()

véiy € (a+¢;8). Cho e — 07 ta co:+oo < C (8 — o), tit d6 dan t6i diu vo
ly. Vay ta dugc DPCM.

Bai 3.25 (DH Thuy Loi, N.H. Tho). Tt gia thiét (1) ta c6:

{f()+3ﬂ®=

In (f(8)) —In(fla+e))| =

(3-a-9<C(-a-2)

3f(=2)+f(6)=1
3

- f(—Q)—§
f(6):—§

Tur (1) ta cling co:

6 6

[ VIEe
/f(r)dx+3/f(4—x)da:— s )

-2 —2 -2

6 6 6
Détt:4—$:>/f(4—$)dx:/f(t)dt:/f(x)dx.
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Xét A = Rk dx
V2+x++V6—1x
—2
bat
t=4—2x=> A= d
) /\/6—t+\/2+t /\/6—:c+\/2+x ’
6
:>2A:/dx:8:>A:4.
-2
6 6 6
Khi d6 (2) tr(’jthénh:/f(:c)dx+3/f(x)dx:4:>/f(x)da::1.
—2 -2 -2
Vay

J:jxf'(x)dx:xf(x)|6_2—/6f(x)dx

I=6f(6)+2f (- /f

Bai 3.26 (DH Thuy Lgi, N.H. Tho). Goi = € (0,8) la khoang cach tit D dén
C.Tacod

=144+ 22, DA=8-u.
Khi d6 gi4 thanh xdy dung dudng 6ng 1a

y=8—1x+26V144 + 22

2,6 2,60 — V144 + 22 5,76z — 144
Ve Vidie (2,62 + /144 + 22)y/144 1 22
T dé:y =0 =z =>5vadsi diu - sang + nén y dat cuc tiéu.

Vay diém D cach A 1a 3 km.

=y =1+

x

Bai 3.27 (PH Tra Vinh, PM. Trién). Chting minh ring ham sb f(z) = 2°
dong bien trén (0; +00) va lirgl+ f(z)=0.
T—
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Ta co

((emlnm)/ Inz + xx—l)
“(2"(lnz+ 1) Inz +2"71)

- 1
=g" ((ln:c—l— Dnz + —) :
i

Néu z > 1 thilnz > 0nén f'(z) > 0.
A \ 1\? 1 1 .1 .
Neu0 <z < 1thi(lnz+1)lnx = (Inz+ = —12——Va—>1nen

2 4 x
fi(xz)>0. )
Do d6 f(x) dong bién trén (0; +00).

lim zlnz

Taco lim z* = e=—ot =1vi
z—0+
. . Inzx _ 1/z
lim 2lnz = lim — = lim 5 =
z—0t z—0T 1/ZE z—0t —]_/l’

Vay lim f(x)=0.

z—0t

Bai 3.28 (HV Phong khong Khéng quin, PH. Quéin). 1. T gi thiét bai toan,
ta thay rang

u(@)| = fu(z) = 0] = |u(z) = u(0)] < |x|

va
u?(x) — u(z)| =lu(z)(u(z) - 1)|
<|u(z)|u(z) — 1|
<|u(z)|(Ju(z)| + 1)
<l|z[(Jz| + 1)

Do do, ta co

A M A 5 \ \ 7.
2. Ta thay rang dé |p(u)| = 8 thi |u(z)] = z va |u(z) — 1] = z 4+ 1 v6i
z € [0,1]. biéu nay xay ra khi u(z) = —z.
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4 PHEP TINH VI PHAN

Bai 4.1 (DH Dbng Thap). Ta c6 thé thiy rang tit ca cac bd sb nguyén duong
(a,b) v6i a = b thoa man diéu kién cta bai toan.
Y ~ 4 \ L 2 . /4 -~ l
Bay gio ta s€ xét truong hop a # b. Gia st a < b. Khi dé ta dat f(x) := oy
T

v6i 2 > 0. Khi d6 a® = b khi va chi khi f(a) = f(b). Hon niia ta c6 f'(z) =

1 - 1 7. . A o o A \ 2 o A
—< 211 ?) v6i moi x > 0 nén f(x) tdng (chat) trén (0,¢) va giam (chat) trén
x
(e,00). Do dd ta cé a € (0,¢] va b € [e,00). Diéu nay suy ra a € {1,2}. V6i
a = 1 thi khong ton tai b trong khia = 2 ta c6 b = 4.
VAy ta c¢6 thém cac bo (2,4) va (4,2) cling thoa man bai toan.

Bai 4.2 (DH Giao thong Van Tai, N.T. Huyén). V6i x > 0 tuy y, Vk € N, theo
cong thitic Maclaurin, ta c6

f1O) 0 5 fE0) p fP0)

f(x):f(0)+ 1 T+ 9] x +W$ + il ¥, veil < < .
— f00) 4 (k+1) A phg) eg A

Suyra, f(z) = ST .Do f (t) > 0,Vt > 0nén f"(t) tang trén [0, +-00),

\ 2 o(k) (k;)‘ f(k) (:L‘) k

tu do f(0) < f(z). Suyra f(r) < ——=a".

k!
V6i & > 0 va ¥n € N, khai trién Taylor ham f(2z) tai z, ta dudc

fz) (=) 5 fO (@) o f0) L,
L TR R S Y P SR !

fQ2x) = f(x)

trong d6 0 < x < (8 < 2x.
Nén f(2z) > nf(z) véimoi xz > 0 vaVn € N. Vay f(z) =0, Vo > 0.
Bai 4.3 (DH Hang Hai Viét Nam, PQ. Khai). Ta c6 deg P(z) = deg Q(x)
Vi Q(z) v6 nghiém nén deg Q(z) chan, gid stt P(z) cé nghiém, vi deg P(x)
chan nén P(z) c6 it nhat 2 nghiém.
Khi P(r) c6 nghiém kép = = x, ta c6 2 cling 1a mot nghiém cta P'(z) suy
ra Q(z) c6 nghiém x = o, miu thuan véi gia thiét.
Khi P(x) c6 hai nghiém phéan biét x; < 5.
Xét f(x) = e2021° P(z) ta ¢6: f(x) cb hai nghiém phan biét z; <

2020 202 202
f(z) = 20216£Tg$P(x) + e%xP’(x)
_ 201216333?96(202013@) 4+ 2021P(z)) 201216383(396@(@

Vi f(x) c6 hai nghi€ém nén theo dinh ly Rolle suy ra f/(x) c6 it nhat 1
nghiém hay Q(x) c6 nghiém méu thuan véi gia thiét.
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Vay P(z) vo nghiém.

Bai 4.4 (PH Tai nguyén va Méi trudng TP H6 Chi Minh). Vi moi sb thuc =,
2|z|
20+ a2+ 1
2| — x|
(—2)6 4+ (—2)2+1

thay = béi —z vao biéu thitc f'(z) + 2f'(—z) = (1), ta dugc

f(=z)+2f(z) =

2|x|
hay 21 "(—2) = ———F— (2).
2l @)+ )= 5r g O
Nhén hai vé cta (2) v6i 2, sau do trit theo vé cho (1), rat gon suy ra
2 ||
, -_—, _—_—_—_———————ee
i) = 3 a0+ a2 +1

v6i moi sb thuc z. Xét

2 ||
I= Ydx = ————dx
/f / 36+ a2+ 1

bat u = —ux, khi d6 ta dudc du = —dx.
P6ican: Khiz = -3 = u=3vaz =2= u=—2. Ta dudc

29 — 39
A o S EP Y S
5 3 (—u)b+(—u)?+1 o3 ub+ut+1
s f o
3;1:6+x2+1

MAJ:/;mexzﬂm—fvw 3)

1= [ rie= 1@ - -2)
Tu (3) va (4), ta dudc: f(2) — f(—3) = f(3) — f(—2) suy ra
T=f=2)-fB)=/f(=3)-f2)=b-a

Bai 4.5 (PH Thuy Loi, N.H. Tho). Do P®)(z) = 0 Vz € R suy ra P(z) 1a da
thitc bac 2;
Lai c6 P(0) = P(1) = 0 nén P(x) = kx(x — 1),
Két hop v6i P(2) =2 = k = 1, tc 1a P(z) = z(z — 1).
Tu do:
1 1 1 1 1 L1 202

A= = =1- - ,
PR TP@019) T Tx2 2x3 2020 x 2021 2021 2021
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Bai 4.6 (DH Thuy Lgi, N.H. Tho). Xét ham sb g(z) = (f”(x))’e~2*: ham nay
kha vi trén R.

Khi d6 ¢'(z) = 2f"(x) [f"(z) — f"(x)] e > =0, Yz € R.

Tit 6 g() 12 ham hang, do d6

f"(x) = ce® — f'(x) = ce® +a — f(x) = ce® + ax + .
Két hop véi gia thiét ta nhan dudca =b=c =1,
vay
flx)y=e"4+z+1.

Bai 4.7 (HV Phong khéng Khong quin, PH. Quin). Bai todn quy vé tim
cuc tri ctia ham hai bién dbi v6i ham 7 (g, ¢2). Bdng phuong phap nhan ti
Lagrange, dé& dang tim dudc cuc tri ham 16i nhuén dat dudc khi ¢, = ¢, = 20
va (20, 20) = 27908.

Bai 4.8 (HV Phong khong Khong quéan, PH. Quéan). bat g(x) := %f2(3:) +
I3 Y 1 / \ / ! "
f'(w). Ta thay rang g(0) = 5*(0) + f'(0) = 0va ¢'(x) = f(«)f'(x) + f"(x).

Nhu vy, ta cin chitng minh tén tai sb thuc 7 € (0,1) sao cho g(n) = 0.
Trudc hét, ta gia thiét rang f(z) # 0 v6i moi = € R. Khi do, dat

T 1
h(z) == — —.
D=y W
~ 7 \ 1 pY 7
Dé thay rang h(0) = h(l) = —5 nén ton tai so thuc n € (0,1) sao cho

h’( ) = 0. Mt khac, g = f*h'. Do do, tontalne (0, 1) dé g(n) = 0.

Tiép theo, ta gid thiét rang f(z) = 0 c6 it nhat mot nghiém thuc. Vi tip
{r € R: f(x) = 0} la tap dong nén ta c6 thé gia thidt rang z 1a sb thuc
nhé nhét trong (0,1) va z, 1a sb thuc 16n nhat trong (0, 1) sao cho f(z1) =
f(zz) =0.Suyra0 < z; < z < 1. Tit gia thiét vé gia tri ciia ham s6 f tai 0
valtacod f > 0trén [0,2) va (29, 1]. Do do, f'(z1) < 0va f'(z5) > 0. Khi do,
g'(z1) = f'(z1) <0vag(z) = f(z) >0. St dung dinh ly gia tri trung binh
cho ham lién tuc, suy ra ton tai n € [z, z2] sao cho g(n ) 0.

De cho mét vi du vé ham bAc hai, ta gid st f(r) = az? —i— bx + c. Stt dung cac
diéu kién ctia bai toan dé dang kiém tra dudc f(z) = 22 — 22 + 2 14 mot ham
théa man yéu ciu.

5 PHEP TINH TICH PHAN

Bai 5.1 (DH Bach khoa - PHQG Tp. HCM, PT. Thuc).  a. Ap dung khai trién
Taylor ta dudc

f(x) = f(2021) + f'(2021) (z — 2021) + %f”(ax) (z — 2021)%.
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Két hop véi gia thiét bai toan ta thu dugc

f(x) > f(2021) + f/(2021) (x — 2021),Vz € (—o00,2023) .

~ 7
A

Dan den
2022 2022
/ f(t)etdt > / (f (2021) + £/ (2021) (t — 2021)) €'dt, Vx € (—o0, 2022) .

Tich phan & vé phai bang
f(2021) €22 — e” (f (2021) + £/ (2021) (z — 2022)),

biéu thiic nay tién dén f (2021) ¢*°** khi z — —oc.
Tir d6 ta két ludn dudc rang

2022

lim f(t)eldt > e** £(2021).
T——00 e

b. Dua vao 14p luén trén ta thiy d€ diu ding thic xay ra cé thé don gian
chon ham tuyén tinh f(z) = az + b, v6i q, b la cac hang so tuy y va
a # 0 (diéu nay dam bao f khong la ham hang).

Kiém tra lai ta théy

2022
lim ft)etdt = e**** (2021a + b) = €***2 £(2021),

T—r—00 T

thoa yéu cau.

Bai 5.2 (DH Bach khoa - DHQG Tp. HCM, PT. Thuc). a. Tu gia thiét bai
toan ta co
(3)

f(z)

~~

g(x) > Ve € (0, 400).

Dan den
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Tich phan & vé phai c6 thé viét lai thanh

2x t T 13
29 1n (f (%)) t 2 In (f (1))
- /2 roh /2 e
[, o),
e t 2
L [rmuw, - reco,
. 1 .t

Vi f 14 ham sb khéng gidm ta c6

/xln(J;(t»dtz/sztzln(f(x))/zx%dt:(ln?)ln(f(a:)).

xT xT t

Tit f(t) < 1, véimoi t € (0, +o0) nén In (f (t)) /t < 0. Din dén

[,

t

Ta thu dudc

/(%)
2y I ( 700
aay> [T
2x t

diéu phai chitng minh.
b. V6i moi £ > 0 cb dinh, xét ham sb f va g 1a cac ham sb hing nhu sau:
f(x) =e 2 vag(z) =1, véi moi z € (0, 400).
RO rang cac ham s6 nay théa mén diéu kién ctia bai toan. Tuy nhién bat
dang thiic
Alz,y)
In2

In(f (z)) <

13 khong diing vi vé trai bang —e /2, trong khi vé phai 13 —e.

Ghi chil. Cdc két ludn ctia bai todn vdn diing néu ta thay gid thiét ham sb f
khéng gidm thanh khéng tdng. Tuy nhién trong tinh hubng nay bai todn tré
nén khd don gidn vi néu f khéng ting thi ta dé dang suy ra g > 1. Do dé
A(z,y) >0, trong khiIn (f (z)) < 0.
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Bai 5.3 (DH bong Thép). V6i moi sb thuc a, b ta cb

/1(f(a:)+ax—|—b)2dx20.

Do dé ta ¢co ,

/1f2($)d$2—a——bZ—ab—Q(cH—b).
0 3

3 3

Dé_it P((I,b) = —% —b2 _ab—2(a+b) Vé gp(a) = % — (b+2)a—2b—bg. Khl
— _ 2
d6 gia tri 16n nhat ctua ¢ dat tai ap = w Do do6 p(ag) =4 — (b 42) ,

VAy gia tri 16n nhét ctia P(a,b) 12 4 tai ag = —6 va by = 2.

Bai 5.4 (DH Giao théng Van Tai, N.T. Huyén). Dat F(z) = /f(t)dt =

F'(z) = f(x), Vx € (0,1).

1 1

1
Theo gia thiét, /f(x)dx = /a:f(a:)da: = /xdF(a:)
0

0 0

= 2F(z)|, - /F(x)dx

Xét g(z) = 6‘2021’3/F(t)dt, Vz € [0,1]. Nhan thiy, g(z) thdéa man cac diéu

0
kién ctia dinh 1y Rolle trén [0, 1] nén tbn tai z, € (0,1) sao cho ¢'(x,) = 0.

x zo
Ma ¢'(z) = e 2% | F(x) — 2021/F(t)dt = F(x9) — 2021/F(t)dt = 0.

0 0
x

Xét ham h(z) = F(z)—2021 / F(t)dt, h(z) théa man dinh I Rolle trén [0, z,)

0
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nén ton tai ¢ € (0,z,) sao cho h'(c) = 0.

Lai c6 I (z) = F'(x) — 2021F(z) nén I'(c) = 0 < f(c) — 2021 / F(t)dt = 0.
0

Véy ton tai ¢ € (0,1) sao cho f(c) = 2021 / f(z)dx

N o . N gAY 2. N ~ d
Bai 5.5 (DH Giao thong Van Tai, N.T. Huyén). bat x = tant = er = dt.
x
11 w/4
, 1
Khi doI:/de: /ln(l—l—tant)dt.
1+ 2?2
0 0 -
—tanu
Détt:z—uidt:—du, tant = ——.
4 1+ tanu
w/4 0 5 /4 w/4
I = In(1 +tant)dt = [ In| —— | (—du) = [ In2du — [ In(1
/n( + tant) /n(1+tanu)( u) /n u /n( +
0 /4 0 0

tanu)du
:>I:£1n2—1:>[:gln2.

Bai 5.6 (PH Giao théng Vin Tai, N.T. Huyén). Ta c¢6: 0 < (f(z) —z)* =
fA(z) — 2z f(x) + 22
1

1
LAy tich phén hai vé: 0 < /(f(x) —z)’dr = /fz(x)dx - 2/:cf(:v)dx + %
0

0
:>0/f2(37)d O/xf d:c——

Theo cong thu’c tich phan tung phan ta co:
1

O/xf( :/xd/f /f £t
[ [ | romoc-
/f / dxo/l

1 1
. 1 — 2?2
V:z: € [0,1] nen/:cf(x)d:c 2/ dx
0 0

1

T

;//fdtdx
0

f(t)dt d:zc—/ [/f dt] dx

0

8 \HO\H

Theo gi4 thiét, t)dt >
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1
3 1 1 1 1
1 1
vay | fAx)de > 2 [ af(z)de — 5 = [ af(z)de + [ xf(x)dx_] >
o= oo - fooe | oo

1

/:Uf(x)dx > %

0

Bai 5.7 (DH Hang Hai Viét Nam, H.V. Hung). Ta ¢4 1 + 2/ (f(1)%dt <
0

e / (F()2dt < / ¢ dt. VAy tlf gia thiét va bt ding thic Cauchy-
0 0

Schwartz ta suy ra:
(/ et.f(t)dt)z < / (f(t))%lt./ edt < (/ e*dt)’ véimoixr >0 (1)
0 0 0 0
Bét d:fmg thiic (1) kéo theo bat dazmg thuc:

/ el f(t)dt < / e*'dt v6i moi z > 0.
0 0

T

T do ta co / el.(e' — f(t))dt > 0 v6i moi z > 0. Pat G(x) = / el.(e' —
0 0
f(t))dt. Khi do:

G'(z) = e*(e" — f(x)) va G(z) > 0 v6i moi = > 0.

/0 (e )t = /Oxe‘t.G’(t)dt:e‘tG(t)}g + / "t Gt

0

= e “G(x) +/ e ".G(t)dt >0
0
v6i moi z > 0. Suy ra:
/ f(tdt < / eldt <1 +/ f(t)dt < e* v6i moi z > 0.
0 0 0

Bai 5.8 (DH Hung Vuong - Phit Tho, TA. Tun). Dit h(z) = f(z) — thi h(z)

lién tuc trén [0; 1], do do rn[%>1<] h(xz) = c. Khi do:
z€|0;

1 1 1 1

Jsaen ~geNar< [cdo—c nay [ fglenar<er [y

0 0 0 0
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Mit khac ta co:

+) Néu ¢ < 0 thi do f(z) # 0,Vz € [0;1], ta ¢6
1
/f(x)da: >0>c. 2)

+) Néu ¢ > 0, gid st Iz € [0; 1] dé:
h(%) = f(%) —Tp =C hay f(xo) =z + cC.

Vio < f(z) <1,Vz € [0;1] va f(z) tdng thuc sunén ta co: 1 > f(xg) = z9+c¢
va
1 1 1
flx)dz > | f(x)dx > [ f(xo)dx = (c+ o) (1 — xp).
[rioez [ =]

=ctag—crg—ri=ct+ao(l—c—x0)>c. (3)

T (2) va (3) ta ludn cé: ¢ <

/1f d:c<c—|—/g Ydx < /1f d:c—i—/g )da::/l[f(gc)_kg(a;)]dx.

Bai 5.9 (DH M3 - Dia chit, H. N. Hu4n).

2020 1 2020 1
Z/ f dl’ _/ d.T >/ 2020 2020/f202052021d1,’

0

f(z)dx. Do do:

o — _

1 1
= 2020 / 2 dr > 2020 / F101 g0 — 2020,
0 0

0<f<1
Loi giai tha hai 1
Vi ham s6 nhén cac gia tri tir 0 t6i 1 va tich phan / % (z)dz = 1, nén
f(z) = 1. Vivay ’

2020 2020

Z/ fix dx— 1_2020
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Bai 5.10 (DH Su pham Ha No6i 2). V6in € N, ta ¢

/le" (/; f(t)dt) dr = %H /01 (/; f(t)dt) d (")

1 +1 ! - !
" t)dt
—a s

‘ 1
+ — 2" (2)d.
=y | f(x)

Diéu nay suy ra

/le"+1f($)d$ =(n+1) /01 " (/: f(t)dt) d.

Mt khac, stt dung gia thiét ta duge

/01 " ([f(t)dt) dr > /01 ol _2”@2(13:.

Do dé
1 1 2
/0 x”+1f(w)dm2(n+1)/o m”l mdx:n_ll_g. 4)
St dung bt dang thitc AM-GM, ta suy ra
P z) +na™™ > (n+ Da" f(x).
Vi vay, ta dudc
1 1 1
/ [ (x)dr + n/ 2" dr > (n + 1)/ 2" f(x)dx. (5)
0 0 0
St dung (4), ta c6
1 1 1
(n+ 1)/ 2" f(z)dx = n/ :E”f(x)dx—f—/ 2" f(z)dx
0 0 0
1
> " .
_n—|—2+/0 " f(z)dz (6)

Tu (5) va (6), ta dudc

b ont n n '
" d > " dz.
R e el

Piéu nay chimng t6

/0 L e > /0 o)

V6i n = 2020, ta dugc két qua ctia bai toan.
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Bai 5.11 (PH Tai nguyén va Méi trudng TP H5 Chi Minh). Ta c6

d <2 2
sz+1—/ T _/sm T + Cos wda:

cos?k+1 ¢ cos?k+1 g

sin? dr + 1
= —Qax _—
cos?k+1 ¢ cos2k—1 g

. sinx Qe+ I
= [ sine—————dx + Iy;_4.
cos?k+1 g

sin x 1 1
Iy = —22 [ gt Iy
T Skcos?kx 2k / cosZt—1 5" +f2p

B sinx 1 Y
2k cos? 2k 2kt

Ta suy ra cong thiic truy hoi.

V6i k =1 ta ¢o:
1 i 1 1
13:/ dr = S ——/ dx.
cos3 x 2cos?2x 2 ) cosx

< 1odt 1—¢
bat ¢t = tan E, thi - =dx, cosx = . Ta dudgc
2 21+t 1+t
sin 1 + tan 3
Ig ==
2cos?x 1 —tang
N o 2 . 7 1
Bai 5.12 (PH Thuy Lgi, N.H. Tho). Xét g (z) =
2?24+2r+ 1+t + 62241
voiz € [-1;1].
Ta nhan thay:
1 1
O = - — =
g0 =35 9@ +g(-2)= 5~
(2?2 4+2x+1) — Vot + 622 + 1

9(x) = 4(z3 + )

0

Dodé[:/g(a:)der]g(az)dx.

-1
0

Xét I} = / g (z) dz théng qua phép d6i bién = = —¢ ta sé nhan dugc

-1

I = ]g (—z) dz.



5. PHEP TINH TICH PHAN 187

1

SuyraI:/(g(—x)—i—g(x))dx:/ d :g

2+ 1
0

Bai 5.13 (DH Thuy Lgi, N.H. Tho). Dit

r=5—t= T—z=t+2
dx = —dt

I\‘)O N
boi can

In(t + 2) In(z + 2)

VIn(7 —t) +y/In(t + 2) N Z VIn(7 — 2) + v/In(z + 2)

dx

2
Khid(’):[:—/
3

Va:

N | —

3
:>QI:I+I:/dx:1:>I:
2

Bai 5.14 (DH Tra Vinh, C.H. Hoa ). Tinh tich phan

27
I:/ln (sina:+ 1—|—sin2x> dx.
0
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Ta co

27
[:/ln (sinx—i— 1—i—sin2x) dx

27
:/ln (sinx—i— 1 + sin? x) dx—i—/ln (sinx+ 1—|—Sin2m> dx
0

™

In (sin x4+ V' 1+ sin? x) dzx

O\:\

4 ] In (Sin(27r — )+ /14 sin?(2r — x)) d(2r — 1)

In (sinx+ 1+Sin2x> d:v+/ln <—sin:x+ 1+Sin2$) dx
0
:/lnlda:
0
=0.

Bai 5.15 (HV Phong khong Khong quan, PH. Quan). 1. Dat

—exp</6 >t€a+oo)

Ta thiy ring ham v thda mén o' (¢) = B(t) v(t), t € [a, +00), Vi v(a) = 1
va v(t) > 0 v6i moi t € [a,+00). St dung cong thic dao ham cta
thuong, ta co

d u(t) u'(t)v(t) —v'(t) u(t)

dtu(t) v2(t)

w00l = BOUOUE o
2 (1) = ) T0)

3 O\ﬁ

Do d6, dao ham ctia ham s6 u(t)/v(¢) khéng duong va gia tri ham sb bi
chén trén boi
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2. Ta thay rang khi «/(¢) < (t)u(t) thi

du(t) _u(t)ot) —v'(t)u(t)
dt v(t) v2(t
)

= <0, te€]la,+00).

v3(t)
c/\\ \ 14 ~ \ \ u(t) \ \ LAY .2 7 \
biéu nay c6 nghia la ham W la ham don diéu giam thuc su, tac la
v
u(t) _ula) _
o) < o) u(a), té€la,+00),

6 PHUONG TRINH HAM

Bai 6.1 (DH Pong Thap). 1. Goi s(¢) 1a phuong trinh quing dudng di clia
tén lta theo thoi gian. Ta c6: sy := s(0) = 0, 51 := s(10) = 41, s :=
s(20) = 84, s3 := s(30) = 129. Do d6

Ay | O 41 84 129
Ay 41 43 45
Ay 2 2

Gia st phuong trinh ham quang dudng tén lta di 1a: s(t) = at® + bt +c.
Lan lugt thay s(0) = 0, s(10) = 41, s(20) = 84 vao phuong trinh trén ta

1
dudca=—,b=4,c=0. V4
2C4= 100 € ay

2

s(t) = 100 + 4t (m)

v6it > 0. Goi T 1a thoi diém tén ltta dén vi tri B. Khi d6 s(T) = 144000.
Do dé ta ¢6 T' = 3600 gidy. VAy tén ltta dén B sau mot gié dong ho.

2. Ap dung dinh ly Lagrange cho ham s(t) trén [0,3600], ton tai ¢ €
(0,3600) thoa man

$(3600) — s(0) 144000
3600 3600

trong dé vy, 1a vAn tbc trung binh clia tén lta trén quing dudng di dugc.
Do do

= 40m/s,

s'(c) = vy =
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&
— +4 = 40.
50+

Diéu nay tuong duong véi ¢ = 1800. VAy sau 30 phit tén lta sé dat vin
toc bang van toc trung binh trén quang duong di dudc.

Bai 6.2 (DH Giao théng Van Tai, N.T. Huyén). Dat f(x) = 2021%g(z), v6i moi
zr € R. )
Theo gid thiét, f(z + 0) > 2021°*% nén
g(z) > 1, V.
Vi f(z +y) > f(z)f(y) nén 2021"¥g(x + y) > 2021%g(x)2021%¢(y), suy ra
9(x +y) = g(x)g(y), Yz, Vy.
V6i z =y = 0, ta dudgc

9(0) = g(0) - g(0) = 1 = g(0) = 1.

g(r) >
)

V6i x = —y, ta co {
g(—x

IV =

1

1=g(0) =gz + (—)) = g(x)g(—z) = g(x).

nén g(x) = 1 véi moi = € R.
Vay f(z) = 2021% v6i moi x € R.

Bai 6.3 (PH Hung Vuong - Phti Tho, TA. Tuin). Tim tit cd cic ham sb
f :R — R thoa man diéu kién

ff@)+y) =fle+y) +afly) —ay—z+1LVr,y eR. €5
Tt (1) cho y = 0 ta dugc:
f(f(x) = f(z)+z.f(0) —x+ 1,Vz € R. (2)

Trong (2) cho = = 0 ta dugc:

f(f(0)) = f(0) + 1. (3)
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Tt (1) thay y béi f(y) ta dudc:
)+ W) = fle+ fy) +xf(fy) —xfly) —z+1LVe,y e R (4
Thay (1), (2) vao (4) ta dudc:
f(f@)+ fy) =fle+y) +yfl@) —ay—y+1

+x[f(y) +yf0)—y+ 1] —af(y) —z+ 1.
=f(z+y) +yf(z) +2yf(0) — 22y —y + 2.

Vay

f(f @)+ f(y) = fx+y) +yf(z) +2yf(0) — 22y —y +2,Va,y € R. (5)

Trong (5) hoan vi z va y ta dudc:
FUf@) + f(y) = fl@+y) +2f(y) + 2y f(0) — 22y —z +2,Ve,y €R. (6)
Tit (5) va (6) suy ra:
yf(@) —xf(y) —y+x=0Vr,y eR. (7)

Trong (7) 14y (2;y) = (0;1) ta duge: f(0) —1 =0« f(0) = 1.
Tit (3) suy ra f(f(0)) = 2. T (7) thay y = f(0) va st dung f(0) = 1; f(f(0)) =
2 ta dudc:
flz)—2z—14+2=0,VreR= f(z) =2+ 1,Vz e R.
Thtt lai thdy thod man bai toan. Ay f(z) = z + 1,Vz € R.

Bai 6.4 (DH MO - bia chét, H. N. Hu4n). V& phai dbi xing véi z va y. T dé
suy ra vé trai cling doi xtng v6i = va y hay

Fz 4 2020y) = f(y + 2020z).

Pt y = —2020z, ta ¢ f(0) = f((1 — 2020%)z) v6i moi z. Diéu dé c6 nghia
13 f(z) = C' = const. Thé vao phuong trinh dau, ta thu dude C = C?. Titc 1a
C'=0hoacC =1.

bap an f(z) =0 hay f(z) = 1.

Bai 6.5 (DH M6 - Dia chit, H. N. Hu4n). RG rang f f 13 ham kha vi lién tuc
cap 2 vi tt phuong trinh suy ra f’ 1a ham kha vi lién tuc. Gia s M = sup |f].
R

Ta sé chiing minh 1a M = 0 bang phan chitng. Gia st M > 0. Xét gia tri =
thdoa méan |f(z)| > 3M /4.
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Theo cong thitc Taylor, ton tai ¢ € (2, z + 1) sao cho

fx)=flz+D)+ f(z+ Dz —(x+1)] + f”2(c) [z — (x+ 1))

Titc 14 f"(c¢) = 4f(z) — 2f(z + 1). Thé nhung f"(c) = f'(c— 1) = f(c—2). Vi
vay f(c—2) =4f(z) = 2f(z +1).

Tu day, ta thu dudc

[f(e=2)[ = [4f(x) = 2f(x + )| Z 4] f ()| = 2[f(x + 1)| > 3M —2M = M.

Mé4u thuln. Diéu dé cé nghia M = 0.

Bi 6.6 (DH Tra Vinh, C.H. Hod ). Diity =

r—1 ém:z—i, y# L
Thay vao phuong trinh da cho ta c6
fly) =2f <%) + ﬁg_ .
hay
R
Thay y bdi z, ta ¢6 f(z) = 2f (ii) N 3(562— 1)

Nhan déng thitc di cho véi 2 rdi cong v6i ddng thic nay, ta dudc:

3(z—1)

r—1 r—1 2

21 (257) + s = ap(e)+ 2 v 2r ()
Suy ra
3f(x)+3($_1> 6

1—=x 2
5 +x_1—0<:>f(x)—

Tht lai ta thdy thod mén diéu kién.
A 4 \ A A by \ ]. — X 2
Vay cac ham so can tim la: f(z) =

x + , % 1va f(1) 1a mot sb tuy
. 2 1—=z
Yy
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Bai 6.7 (PH Tra Vinh, C.H. Hoa ). Ta ¢o

o= [ (G5 -1) = | () o2 feee s

1

1
/ 2 /
Suy ra / (f (a:)) dzr > 1. Ma theo gia thuyét thi / (f CB)) dr < 1. Nén
0

(@) / UFtw)
ta co /1 (f’(x) - 1)2dx = 0.
/7t
Do f(x) kha vi, lién tuc trén [0; 1], nén ta dugc % =1, Vz € [0;1].

Suy ra f'(z) = f(z), Vo € [0;1], f(z) = ce”, Vo € [0;1], ¢ > 0. Thit lai ta thay
ham s6 thoa dé bai.



